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ABSTRACT

Defining the averaging time required for measuring meaningful turbulence statistics is a central problem in
boundary layer meteorology. Path-averaging scintillation instruments are presumed to confer some time-averaging
benefits when the objective is to measure surface fluxes, but that hypothesis has not been tested definitively.
This study uses scintillometer measurements of the inner scale (l0) and the refractive index structure parameter
( ) to investigate this question of required averaging time. The first conclusion is that the beta probability2C n

distribution is useful for representing and l0 measurements. Consequently, beta distributions are used to set2C n

confidence limits on and l0 values obtained over various averaging periods. When the and l0 time series2 2C Cn n

are stationary, a short-term average of or l0 can be as accurate as a long-term average. However, as with2C n

point measurements, when time series of path averaged or l0 values are nonstationary, turbulent surface fluxes2C n

inferred from these and l0 values can be variable and uncertain—problems that path averaging was presumed2C n

to mitigate. Because nonstationarity is a limiting condition, the last topic is quantifying the nonstationarity with
a published nonstationarity ratio and also by simply counting zero crossings in the time series.

1. Introduction

The wide-ranging fields of atmospheric optics and
boundary layer meteorology intersect when the subject
is optical turbulence. The classic works by Tatarskii
(1961, 1971) and Chernov (1967) define the scope of
this intersection. In more recent work, Andreas (1990)
assembled classic papers from both disciplines that fo-
cus on obtaining turbulent fluxes in the atmospheric
boundary layer from propagation statistics obtained at
optical or other electromagnetic (EM) wavelengths.

This idea of using the propagation statistics of EM
waves—especially those that quantify scintillation—to
infer turbulent properties of the atmospheric boundary
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layer has been around for at least 30 yr (e.g., Strohbehn
1970; Gray and Waterman 1970; Gurvich et al. 1974).
Because of the need to evaluate the surface energy bud-
get over terrain that may be inhomogeneous, the em-
phasis in the last 15 yr has been on using scintillation
to infer the surface fluxes of heat, moisture, and mo-
mentum (e.g., Kohsiek and Herben 1983; Hill et al.
1988, 1992a,b; Andreas 1989b, 1992; Thiermann and
Grassl 1992; Green et al. 1994; De Bruin et al. 1995,
2002; Nieveen and Green 1999; Hartogensis et al.
2002).

Two propagation statistics are commonly used to es-
timate turbulent fluxes in the atmospheric surface layer:
the refractive index structure parameter and the inner2C n

scale of turbulence l0. The refractive index structure
parameter sets the level of the inertial–convective sub-
range for the one-dimensional refractive index spectrum
Fn (e.g., Andreas 1987):

2 25/3F (k) 5 0.249C k ,n n (1)
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where k is the magnitude of the turbulence wavenumber.
The refractive index spectrum in the inertial–convective
subrange, however, can also be expressed in more fa-
miliar meteorological variables:

21/3 25/3F (k) 5 b N « k ,n n n (2)

where Nn is the dissipation rate of the variance in re-
fractive index, « is the dissipation rate of turbulent ki-
netic energy, and bn (;0.4; Andreas 1987) is the Kol-
mogorov (or Corrsin) constant for the refractive index
spectrum.

For the optical wavelengths that we use, relates2C n

directly to the temperature structure parameter 2C T

through
2 2 2C 5 A (l, P, T, Q)C .n T (3)

Here, A is a known function of the EM wavelength (l)
and the average barometric pressure (P), temperature
(T), and specific humidity (Q) (e.g., Andreas 1988b).

In (3), we ignore contributions from the humidity and
temperature–humidity structure parameters, which are
usually negligible unless the absolute value of the
Bowen ratio is small (e.g., Wesely and Alcarez 1973;
Wesely 1976; Thiermann and Grassl 1992; Hill et al.
1992b). Over sea ice, where we made our measurements,
the magnitude of the Bowen ratio is almost always large
enough for (3) to be a good approximation (Andreas
and Cash 1996).

Because the temperature spectrum also obeys equa-
tions like (1) and (2), we can rewrite (3) as

2 2 21/3C 5 A (b /0.249)N « ,n T T (4)

where bT is the Kolmogorov constant for the temper-
ature spectrum, and NT is the dissipation rate of tem-
perature variance. As a result, is related to dissipation2C n

rates that are commonly used in the inertial–dissipation
method for flux estimation (e.g., Fairall and Larsen
1986).

The inner scale l0 likewise relates to features of the
refractive index spectrum; l0 is approximately the tur-
bulent eddy size that separates the inertial–convective
subrange from the dissipation region and is roughly 7
times as large as the Kolmogorov microscale. Because
at optical wavelengths the temperature spectrum and the
refractive index spectrum have identical shapes at large
wavenumbers, we can write (Hill and Clifford 1978)

3/4 21/4l 5 [9G(1/3)b D] « ,0 T (5)

where G is the gamma function and D is the thermal
diffusivity of air. Like , l0 is related to a dissipation2C n

value (i.e., «) that is required for using the inertial–
dissipation method to estimate the turbulent surface
fluxes.

The preferred method for estimating the surface stress
(or momentum flux) and the sensible heat flux from
these scintillation measurements uses similarity rela-
tions for the dissipation rate « and for the temperature
structure parameter. The two relevant equations are

(e.g., Andreas 1988b; Thiermann and Grassl 1992; Hill
1997)

1/2
2/3 2z C nt* 5 and (6)
2[ ]A g(z )

1/3
«kz

u* 5 . (7)[ ]f (z )«

Here, z is the path height, k is the von Kármán constant,
and g(z) and f«(z) are semiempirical Monin–Obukhov
similarity functions of the stability parameter z 5 z/L,
where L is the Obukhov length (see the appendix). Also
in these, u* is the friction velocity and t* is a temper-
ature flux scale such that t 5 r is the surface stress2u*
and Hs 5 2rcpu*t* is the surface sensible heat flux,
where r is the air density and cp is the specific heat of
air at constant pressure. Note that, because of the square
root, (6) is ambiguous as to the sign of t*; we must
evaluate this by other means.

Using scintillation to estimate the turbulent surface
fluxes is attractive because the EM waves propagate
over a finite path. The propagation statistics are thus
path averaged, as would be any turbulence quantity de-
rived from them. Presumably, such path averaging mit-
igates the effects of minor nonstationarity or surface
heterogeneity that often confound turbulence measure-
ments made with point sensors.

A second supposed benefit of using EM propagation
measurements of and l0 to determine u* and t* is2C n

that statistically reliable values of and l0 can be ob-2C n

tained with very short averaging times, on the order of
1 min or less (Wyngaard and Clifford 1978; Frehlich
1988, 1992). By extension, this result would seem to
suggest that t and Hs could also be measured using path-
averaging instruments with much shorter averaging
times than the 30–60 min of averaging typically re-
quired for point measurements (Haugen et al. 1971;
Wyngaard 1973; Sreenivasan et al. 1978).

The rationale for this idea that short flux-averaging
times are possible is that a path-averaging sensor sam-
ples many more turbulent eddies per unit time than a
point sensor (Andreas 1988a). Some of those eddies
would, presumably, be the larger ones that manifest as
nonstationarity in a time series of point measurements.
The path averaging supposedly would smooth out the
effects of these large eddies and thereby reduce the sam-
pling error common in point measurements of turbulent
fluxes.

Even if this scenario is accurate, though, we are still
skeptical that path-averaged scintillation statistics can
routinely yield meaningful estimates of t and Hs for
averaging times on the order of minutes. Obtaining these
turbulent flux estimates requires convolving the scin-
tillation statistics and l0 (or, equivalently, «) itera-2C n

tively with the Monin–Obukhov similarity functions
g(z) and f«(z) in (6) and (7). All evaluations of these
similarity functions that we know of, however, are based
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on point measurements of mean meteorological and tur-
bulence quantities averaged for 30–60 min (e.g., Bus-
inger et al. 1971; Dyer and Bradley 1982; Högström
1988; Oncley et al. 1996; Edson and Fairall 1998). It
is not obvious to us that, in general, combining minute
averages of and l0 with functions based on at least2C n

30-min averages yields meaningful values of t and Hs

(cf. Andreas 1988a). If short-term averages of and2C n

l0 are representative of time series averaged for, say,
30–60 min, however, using these short-term averages
in (6) and (7) to estimate t and Hs may be defensible.

Here we address these issues of how to properly av-
erage scintillation-derived values of and l0 for the2C n

purpose of estimating the turbulent surface fluxes. First
we review the time-averaging constraints for evaluating
Monin–Obukhov similarity functions to highlight our
concern over combining similarity functions and short-
term scintillometer averages. Next we show samples of
histograms for and l0 values selected from 600 h of2C n

scintillometer data collected during the experiment to
study the Surface Heat Budget of the Arctic Ocean
(SHEBA). We find that beta probability distributions fit
both variables well. Using these beta distributions, we
then compute error bars for several representative hour-
long time series of SHEBA and l0 values. This error2C n

analysis reveals that nonstationarity can have pro-
nounced effects on these path-averaged and l0 values,2C n

contrary to some of our earlier speculation. As a result,
we conclude that short-term averages of and l0 can2C n

yield reliable short-term averages of t and Hs only for
quasi-stationary time series.

2. Observations

SHEBA was a multidisciplinary, yearlong experiment
on drifting sea ice in the Beaufort Gyre (Uttal et al.
2002). Andreas et al. (1999) and Persson et al. (2002)
describe our SHEBA program. Andreas et al. (1999)
show a picture of the scintillometer we used to obtain
the data reported here, and Andreas et al. (2000) give
a preliminary report of our current analysis.

Our SHEBA scintillometer was an SLS20 system
made by Scintec Atmosphärenmesstechnik GmbH of
Tübingen, Germany (Thiermann 1992). Its source is a
laser of 0.685-mm wavelength. We operated this system
over a 350-m path at a height of 2.88 m for our 1997
SHEBA measurements and over a 300-m path at a height
of 2.60 m for our 1998 measurements. The surface was
generally snow-covered sea ice.

The fundamental data that the SLS20 reports are min-
ute averages of and l0. To fairly compare the 19972C n

and 1998 datasets, we extrapolated both the and l0
2C n

values from the two sets to a common height of 3 m
on the basis of (5), (6), and (7) by ignoring the small
effects of stability on the extrapolation (Andreas et al.
2000).

De Bruin et al. (2002) and Hartogensis et al. (2002)
raise issues about some apparent biases in values of u*

and Hs derived from SLS20 measurements. De Bruin et
al. speculate that these biases may result from a small
signal-to-noise ratio or from the effects of inactive tur-
bulence. Hartogensis et al. reduce these biases by as-
suming that the separation between the split beams at
the laser’s source is 2.6 mm instead of the 2.7 mm that
the manufacturer claims.

While we cannot rule out the possibility that similar
biases affect our SLS20 measurements, their effects are
secondary to our theme here. Hartogensis et al. (2002)
demonstrate that SLS20 measurements of « and are2C n

correlated with measurements of these same quantities
made with small, fast-responding point instruments.
That is, the scintillometer is responding to l0 and ,2C n

and that property makes it adequate for our purpose.
We are not here to prove that scintillometers can mea-
sure u* and Hs accurately but rather to consider the more
fundamental question of how to average scintillometer
data to obtain these values.

Figure 1 shows a daylong time series of minute-av-
eraged and l0 values. Generally, l0 is inversely related2C n

to the wind speed; higher wind speeds increase the dis-
sipation rate of turbulent kinetic energy, which, in turn,
is associated with smaller l0 values [see (5)]. The be-
havior of is not as easy to understand. On the one2C n

hand, higher wind speeds usually foster mixing, which
erodes any vertical temperature gradient, and so de-2C n

creases (cf. Frederickson et al. 2000). On the other hand,
if some process, such as radiative heating or cooling,
can maintain a vertical temperature gradient, a higher
wind speed would increase the magnitude of the sensible
heat flux and, thereby, increase .2C n

Later we will compute statistics from series of and2C n

l0, such as in Fig. 1, and derive confidence limits from
these statistics. Such analyses get complicated if adja-
cent samples in the time series are correlated. The au-
tocorrelation function quantifies the decorrelation time
of a random process; the integral of the autocorrelation
function over all time lags defines the interscale I (e.g.,
Lumley and Panofsky 1964, p. 36ff ) that represents this
decorrelation time. Sample values separated in time by
intervals of I or longer are essentially uncorrelated or
independent.

As an estimate for the integral scale in the neutrally
stratified atmospheric surface layer, Wyngaard (1973)
uses I ; z/U. Sreenivasan et al. (1978) build on Wyn-
gaard’s analysis and, from high-frequency time series
of temperature, humidity, and velocity components,
compute autocorrelation functions. From these auto-
correlation functions, they deduce

4z
I 5 . (8)

U

We use (8) to estimate the integral scale in our scin-
tillometer data. Our scintillometer operated at heights a
bit under 3 m; in (8), we, thus, use 3 m for z. The
integral scale clearly increases as the wind speed de-
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FIG. 1. A day of 1-min-averaged (bottom) inner scale (l0) and (top) refractive index structure parameter ( ) values at a height of 3 m2C n

from SHEBA.

creases; hence, the longest decorrelation time is asso-
ciated with the lightest winds. In fewer than 10 of the
600 h of scintillometer data that survived our quality
controls was the average hourly wind speed less than
1 m s21. Substituting 1 m s21 and z 5 3 m in (8) gives
12 s as a conservative estimate for the decorrelation
time of our raw scintillometer data. For most of the
data, the decorrelation time is much shorter because the
wind speed was higher. Because the only scintillometer
data we use in our subsequent analyses are minute av-
erages, we can be confident that these minute-averaged

and l0 values are independent. We thus need not2C n

worry about the complicating effects of correlated data
in our statistical analysis.

3. Averaging to establish Monin–Obukhov
similarity theory

Equations (6) and (7) are derived from Monin–Obu-
khov similarity theory. Evaluating the similarity func-
tions g(z) and f«(z) that make (6) and (7) work requires

measuring both means and covariances. In particular,
we must measure the mean wind speed (U) and tem-
perature (T) profiles and the covariances (52 ) and2uw u*

(52u*t*), where the overbar denotes averaging. Towt
have confidence in the resulting similarity functions, we
must have confidence in the statistical properties of
these averages. That is, we must average long enough
to ensure reliable statistics.

Lumley and Panofsky (1964, p. 35ff ), Wyngaard
(1973), Sreenivasan et al. (1978), Andreas (1988a), and
Lenschow et al. (1994), among others, estimate how
long is long enough to average. Here we rely on the
analyses by Wyngaard and Sreenivasan et al.

Building on work by Lumley and Panofsky (1964),
Wyngaard (1973) estimates the averaging time Tx re-
quired to reduce the error in a measured mean tox
dx asx

2x
T 5 2I , (9)x x 22d xx

where Ix denotes the integral scale of variable x, and
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is the ensemble variance about . Sreenivasan et al.2x x
(1978) evaluate Ix for quantities like U, T, , anduw

. In general, they findwt

a zxI 5 , (10)x U

where ax is 3.9, 4.9, 1.2, and 1.2 for U, T, , anduw
, respectively.wt
Evaluating the Monin–Obukhov similarity functions

requires measuring the vertical gradients in wind speed
and potential temperature. We must, thus, require an
accuracy in individual wind speed and temperature mea-
surements of, say, 5 cm s21 and 0.1 K, respectively. For
a 5 m s21 wind speed, this makes dU 5 0.01; for an
average temperature of 293 K, dT 5 0.00034.

To estimate the averaging time for finding the vertical
gradient in wind speed, we combine (9) and (10) to get

23.9z sU4T 5 2 3 10 , (11)U 21 21 2U U

where is the variance in the longitudinal component2s U

of the wind vector. Typically, sU/U ø 0.1 (e.g., Arya
1988). Hence, for a 10-m profiling tower in a 5 m s21

wind, TU ø 1600 s ø 26 min is an approximate aver-
aging time.

Similarly, to measure the mean vertical temperature
gradient, we must average according to

24.9z sT7T 5 1.7 3 10 . (12)T 21 21 2U T

When the sensible heat flux is on the order of 100 W m22,
is about 0.5 K2. Hence, for an average temperature2s T

of 293 K and the other conditions as above, TT ø 970
s ø 16 min is an approximate averaging time.

That is, measuring the mean profiles necessary to
determine the Monin–Obukhov similarity functions re-
quires averaging for 15–30 min.

To estimate the flux-averaging time, Wyngaard (1973)
and Sreenivasan et al. (1978) write (9) as

222a z (wx) 2 wxwxT 5 , (13)wx 22 [ ]d U wxwx

where x is now the fluctuation in either the longitudinal
velocity (u) or temperature (t). From Kansas data, Wyn-
gaard estimates the bracketed quantity in (13) to be
about 10 for both and for near-neutral stratifi-uw wt
cation. Sreenivasan et al. report that this quantity is 15
and 32, respectively, for and .uw wt

An error of 10% (i.e., dwx 5 0.1) is about the best that
has been demonstrated for eddy correlation measurements
of the turbulent surface fluxes. Thus, for a measurement
height of 5 m, a mean wind speed of 5 m s21, and with
awx 5 1.2 from Sreenivasan et al. (1978) for both anduw

, (13) gives Tuw 5 Twt ø 40 min when we use Wyn-wt
gaard’s (1973) value for the bracketed term in (13). When

we use the estimates for this term from Sreenivasan et al.,
Tuw ø 60 min and Twt ø 128 min.

In summary, using eddy correlation to measure the
momentum and heat fluxes to within 10% for evaluating
the Monin–Obukhov similarity functions requires
roughly 1 h of averaging. (Admittedly, we have ignored
stratification effects on these estimates for simplicity
and because these effects are not well known for the
required covariance statistics.) We could, of course, av-
erage the fluxes over shorter intervals to match the av-
eraging time of about 15 min we estimated for the wind
speed and temperature gradients. However, errors in the
fluxes would increase with shorter averaging. From (13)
we can estimate by how much. For example, reducing
the averaging time from 1 h to 15 min would increase
the flux error by a factor of 2—from 10% to 20% in
our analysis.

We provide this review to establish the averaging con-
straints under which typical Monin–Obukhov similarity
functions must be evaluated. Statistical theory and ex-
periment suggest that evaluating these functions from
only 15 min of averaging may be possible, but the results
will be quite scattered (cf. Haugen et al. 1971; Wyngaard
1973, p. 141), especially because z includes both u* and
t* and their uncertainties are additive [see (A3)]. In fact,
we know of no attempts to validate Monin–Obukhov
similarity theory with such short averages. Almost all
published similarity functions are based on averages of
30–60 min.

The hope is that scintillometer measurements, be-
cause of their path averaging, might provide relief from
these averaging constraints. However, the reality is that
computing surface fluxes from scintillation measure-
ments requires using similarity functions derived from
long averaging times. No evidence exists that Monin–
Obukhov similarity theory is also valid for the 1–10-
min fluxes often computed from scintillation data (e.g.,
Theirmann and Grassl 1992; De Bruin et al. 2002; Har-
togensis et al. 2002). To us, assuming that Monin–Obu-
khov similarity functions derived from 30–60 min av-
erages are equally valid when applied to short averages
is unjustified.

If, however, the path averaging in scintillation mea-
surements provides such a large, fast sample that, say,
10 min of averaging yields the same information that
30–60 min of averaging would, using existing Monin–
Obukhov similarity functions for computing scintillom-
eter-derived fluxes may be justified. In this paper, we
thus study whether short-term samples of scintillometer

and l0 values faithfully represent the behavior of2C n

these quantities over 1 h. If the answer is ‘‘yes’’ in
general, using short scintillometer averages and the
Monin–Obukhov similarity functions to compute short-
term fluxes is defensible because the path averaging has
mitigated the time-averaging constraints that hamper
point measurements. If the answer is ‘‘no,’’ however,
scintillometers confer no time-averaging benefits be-
cause their data must still pass through the traditional
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FIG. 2. Histograms of sixty 1-min-averaged (top) and (bottom)2C n

l0 values measured at SHEBA between 0700 and 0800 UTC 28 Nov
1997. The solid line is the beta distribution fitted to the histogram.
In the plot, the lower and upper limits of the beta distribution, a2C n

and b, are ln (10218 m22/3) and ln (10212 m22/3), respectively; in the
l0 plot, these limits are 0 and 20 mm.

Monin–Obukhov similarity functions to yield surface
fluxes.

4. and l0 distributions2C n

On using measurements of u* and Hs from another
Arctic experiment, the Arctic Ice Dynamics Joint Ex-
periment (AIDJEX), Andreas (1989a) inferred from2C n

a relation similar to (6) and found that a beta distribution
fitted seasonal histograms of these values well. Andreas
et al. (2000) show similar seasonal histograms of our
SHEBA and l0 measurements.2C n

Briefly, a beta distribution requires four parameters:
the mean and sample standard deviation sx of the datax
and lower (a) and upper (b) limits beyond which the
distribution is zero. Harr (1987, p. 79ff ) or Andreas
(1989a) provide more details on computing the beta
probability distribution.

While seasonal histograms of the AIDJEX and
SHEBA data establish the versatility of the beta distri-
bution in representing and l0 distributions, seasonal2C n

statistics are not really our interest here. Instead, we
necessarily concentrate on the short-term behavior of

and l0 and find the beta distribution equally useful.2C n

Figures 2–4 show histograms and beta distributions
fitted to only 1 h (i.e., sixty 1-min averages) of and2C n

l0 values for three different occasions. Because can2C n

range over several orders of magnitude (see Fig. 1), we
base calculations of the averages and standard devia-
tions used for fitting these histograms on ln( ) rath-2 2C Cn n

er than on . Later, we will base statistical analyses of2C n

these three periods on beta distributions. Therefore, we
present Figs. 2–4 to emphasize that beta distributions
can fit both broad and narrow histograms comprising
far fewer data points than in the seasonal histograms in
Andreas (1989a) or Andreas et al. (2000).

Although the beta distribution requires four param-
eters (i.e., , sx, a, b), rather than the two needed for ax
normal distribution, for example, the fit is not especially
sensitive to a and b. In the three histograms in Figs.2C n

2–4 and for the seasonal histograms in Andreas (1989a)
and Andreas et al. (2000), we used the same a and b
values, ln(10218) and ln(10212), respectively. Likewise,
for the three l0 histograms here, and for the seasonal
histograms in Andreas et al. (2000), we used the same
limits, 0 and 20 mm. We conclude that the beta distri-
bution is a useful tool for representing broad or narrow
histograms that result from few or many data samples.
For our Arctic scintillometer data, the fit is fairly in-
sensitive to the choices of a and b.

Although we have no theoretical justification for
choosing the beta distribution, Harr (1987, p. 77ff ) pro-
vides ample practical justification. Briefly, the beta dis-
tribution can be symmetric or skewed; it can approxi-
mate a normal or a lognormal distribution, where the
latter is commonly used to model propagation statistics
(e.g., Ben-Yosef and Goldner 1988; Frehlich 1992; Hill

and Frehlich 1997). It can even represent a ‘‘bathtub’’
distribution.

Despite the constant lower and upper limits we im-
pose on the and l0 values in Figs. 2–4, the beta2C n

distribution is able to reproduce both wide (e.g., Fig. 4)
and narrow (e.g., Figs. 2 and 3) and l0 histograms.2C n

This ability of the beta distribution with fixed lower and
upper limits to capture the features of the histogram,
even when there are few points, is important for our
later analysis.

Another important feature for our application is that
the beta distribution is bounded by a and b. Some l0

histograms that we have plotted (e.g., Andreas et al.
2000) look bell shaped; we could have tried fitting these
with a normal distribution. On occasion, however, the
normal distribution would have predicted a finite prob-
ability that l0 could be negative—a physical impossi-
bility. By using a beta distribution for l0 and setting the
a value to 0, we prevent this unphysical result.

5. Averaging and l0
2C n

With the knowledge that beta distributions can reli-
ably represent distributions of and l0, we can set2C n

confidence intervals for measurements of and l0. In2C n
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FIG. 3. As in Fig. 2, except these data are for 0900–1000 UTC 28
Nov 1997.

FIG. 4. As in Fig. 2, except these data are for 0700–0800 UTC 23
May 1998.

other words, we can investigate the role of averaging
time in determining the confidence we have in various
averages of and l0. Remember, the fundamental ques-2C n

tion we are researching is whether short-term averages
of and l0 can yield meaningful estimates of u* and2C n

Hs. Our view, again, is that, because of the need to use
empirical similarity functions to compute these fluxes,
the answer is ‘‘yes’’ only when the short-term mea-
surements of and l0 faithfully represent the behavior2C n

of the and l0 time series over 30–60 min.2C n

Define a time-dependent average X(t) and standard
deviation s(t) as

N1
X(t) 5 x and (14)O iN i51

N1
2 2 2s (t) 5 x 2 NX (t) . (15)O i[ ]N 2 1 i51

Here xi is the time series of minute averages of either
or l0, t 5 (N 2 1)Dt, and Dt is 1 min for our data.2C n

That is, X(t) and s(t) are the sample mean and sample
standard deviation for all data in a time series from the
first point to the Nth point, which corresponds to time t.

Figure 2 shows histograms for the and l0 values2C n

collected between 0700 and 0800 UTC 28 November
1997. Figure 5 shows the hour-long time series of these
minute-averaged and l0 values. The figure also in-2C n

cludes the averages (t) and l0(t) computed with (14)2C n

between time zero and time t and 90% confidence in-
tervals on the and l0 populations at each minute based2C n

on beta distributions computed from the average [X(t)]
and the standard deviation [s(t)] of each variable at time
t. [As before, for , all statistics are based on ln( ).]2 2C Cn n

The lower and upper limits of the beta distribution for
here again correspond to 10218 and 10212 m22/3; for2C n

l0, the limits are 0 and 20 mm.
In Fig. 5, we show 90% confidence intervals for the
and l0 populations (as opposed to confidence inter-2C n

vals on the respective means) because these intervals
represent the variability in the path-averaged atmo-
sphere as observed by the scintillometer. These intervals
also show how effective path-averaging instruments are
in smoothing out nonstationarity in the atmosphere.

Both the and l0 time series in Fig. 5 support the2C n

contention that statistically meaningful values of these
quantities can be obtained quite quickly. Here, after only
10 min of averaging, the 90% confidence intervals for
both the and l0 populations bracket the respective2C n

averages for the remainder of the hour and also bracket
almost all of the subsequent minute-averaged values.
That is, the first 10 min of data faithfully represent all
the and l0 values observed during the hour. For such2C n

series, using short-term averages of and l0—say 10-2C n

min averages—to make inertial–dissipation estimates of
u* and Hs seems reasonable. Averaging and l0 for2C n
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FIG. 5. Hour-long time series of the 1-min-averaged values of (top)
and (bottom) l0 and averages of these computed from (14) from2C n

time zero until the plotted time, t. The errors bars show 90% con-
fidence intervals on the population based on a beta distribution com-
puted from the average and standard deviation at time t [i.e., from
(14) and (15)].

FIG. 6. As in Fig. 5, but 2 h later.

30–60 min to match the averaging represented in the
Monin–Obukhov similarity functions would not have
changed the and l0 averages significantly.2C n

To confirm this conclusion, we estimated u* and Hs

from these time series using (5)–(7) and the similarity
functions g(z) and f«(z) given in the appendix. The
averages of the first 10 min of and l0 values give u*

2C n

and Hs values of 0.0745 m s21 and 26.68 W m22,
respectively, while the and l0 averages for the entire2C n

60-min series yield values of 0.0754 m s21 and
26.78 W m22. That is, the differences here between
fluxes based on 60-min averages and averages of only
the first 10 min of the series are about 1% for both u*
and Hs. In fact, the u* and Hs values computed from
the and l0 averages for each 10-min block within2C n

these 60-min series are within about 3% of the u* and
Hs values computed from the hourly averages of and2C n

l0. Again, these results support the premise that path-
averaging instruments provide accurate estimates of the
surface fluxes quickly.

The histograms in Fig. 3 and the time series in Fig.
6, however, present a different situation just 2 h later.
During this hour, has a downward trend while l0 has2C n

an upward trend. Both series also show shorter periods
of nonstationarity. As a result, the 90% confidence in-
terval for the population calculated from 10 min of2C n

data brackets fewer than one-half of the subsequent min-
ute averages and does not even include the average2C n

at the end of the hour. Likewise, the 90% confidence
interval for the l0 population obtained from 10 min of
averaging brackets fewer than one-half of the subse-
quent minute averages of l0 and barely includes the l0

average at the end of the hour. In other words, for the
data in Figs. 3 and 6, 10 min of averaging does not
faithfully predict the variability of the and l0 values2C n

that occur during this hour.
This example thus refutes the hypothesis that short-

term averages of and l0 can, in general, yield mean-2C n
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FIG. 7. As in Fig. 5, but in May 1998.

ingful estimates of the surface momentum and sensible
heat fluxes. Here, because of the nonstationarity, it is
not obvious that short-term and l0 averages can be2C n

meaningfully convolved with functions based on 30–
60 min of averaging. In essence, nonstationarity con-
founds path-averaging sensors just as it confounds point
sensors.

To demonstrate, we again compare u* and Hs values
computed from the first 10 min, of these and l0 series2C n

and from the entire series. For the first 10 min, and2C n

l0 averages yield u* and Hs values of 0.0844 m s21 and
28.18 W m22, respectively, while the 60-min averages
yield values of 0.0795 m s21 and 27.18 W m22. These
u* values differ by 6.1%, while the Hs values differ by
13.9%. The fourth 10-min block in these series produces
worse results; the u* and Hs values based on these 10-
min averages differ from values based on the 60-min
averages by 7.8% and 15.6%, respectively.

While these differences in the Hs estimate, in partic-
ular, are not large in magnitude, the percentage differ-
ences are significant. In midlatitudes, over land, where

Hs can be 200–300 W m22, for example, a 15% un-
certainty in Hs amounts to 30–45 W m22. Such an un-
certainty is much too large if we have intentions, for
instance, to ever use scintillation to improve climato-
logical estimates of the surface heat budget, where an
accuracy of 5–10 W m22 is essential (e.g., Mitchell
1989; Kiehl and Trenberth 1997).

Figure 7 shows another hour of and l0 values from2C n

May 1998 to emphasize these points. (The corresponding
histograms are in Fig. 4.) In contrast to Fig. 6, the 2C n

and l0 time series here do not have trends but do display
a lot of variability. As a result, although the confidence
interval on the population at 10 min brackets all sub-2C n

sequent averages, it brackets only about one-half of2C n

the subsequent 1-min averages. The situation is not quite
as bad for the l0 series, mainly because variability early
in the series leads to a large 90% confidence interval for
the population after 10 min of averaging. Still, 20% of
the subsequent minute-averaged l0 values are outside this
90% confidence interval, and the confidence interval for
the population after 1 h of averaging is 25% larger than
the confidence interval at 10 min.

Hence, again, 10 min of scintillometer data did not
provide a very accurate picture of the and l0 pop-2C n

ulations we encountered during this hour. Therefore, it
does not seem prudent to use, say, the 10-min-averaged

and l0 values from these series in inertial–dissipation2C n

estimates of the surface fluxes. The nonstationarity leads
to confidence intervals for the and l0 populations2C n

with widths that are significant fractions of the respec-
tive mean values: about 35% for and about 17% for2C n

l0 after 1 h of averaging. We would not be making very
reliable estimates of the surface fluxes.

To confirm this conclusion, we again compare cal-
culations of u* and Hs based on the first 10 min of these

and l0 times series and on the entire 60-min series.2C n

The first 10 min yields u* and Hs values of 0.0451 m s21

and 21.32 W m22, respectively, while the 60-min 2C n

and l0 averages yield values of 0.0488 m s21 and 21.42
W m22. These values differ by 7%–8%. Averages of

and l0 from the second 10-min block in these series,2C n

however, yield u* and Hs values that differ from the 60-
min averages by 22% and 24%, respectively. These are
large excursions from the long-term means despite the
fact that these data from 10–19 min were also used to
compute the 60-min averages.

The idea that path-averaging instruments can yield
meaningful estimates of turbulent surface fluxes in a
fraction of the time that point measurements can springs
from the hope that the path-averaging would quickly
sample enough turbulent eddies to minimize the effects
of nonstationarity. As Figs. 6 and 7 demonstrate, for
propagation paths of 300–350 m at least, this does not
happen in general. Nonstationarity is still a problem for
path-averaging instruments.

6. Quantifying the nonstationarity
Because nonstationarity presents sampling problems

for path-averaging sensors as well as for point sensors,
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TABLE 1. Calculations of the nonstationarity ratio from (16) for the
raw and l0 series shown in Figs. 5–7 for two choices of I and J.2Cn

‘‘Average’’ denotes the 1-h average, ‘‘crossings’’ counts the number
of times the series crosses this average, and ‘‘59/crossings’’ (or
M/C) is another measure of nonstationarity explained in the text.

28 Nov 1997
0700–0800

UTC
(Fig. 5)

28 Nov 1997
0900–1000

UTC
(Fig. 6)

23 May 1998
0700–0800

UTC
(Fig. 7)

C2
n

Average (m22/3) 4.14 3 10214 4.01 3 10214 3.27 3 10215

NR
I 5 6, J 5 10
I 5 10, J 5 6

2.75
2.97

7.05
5.27

2.23
2.23

Crossings
59/crossings

20
2.95

9
6.55

18
3.28

l0

Average (mm) 6.62 6.45 10.54
NR

I 5 6, J 5 10
I 5 10, J 5 6

1.63
1.68

6.54
5.36

3.77
3.35

Crossings
59/crossings

22
2.68

7
8.43

13
4.54

we use our scintillometer data to study ways to quantify
this nonstationarity. Mahrt (1998) defines a ‘‘nonsta-
tionarity ratio’’ just for this purpose. We adapt his meth-
od to our data.

To use Mahrt’s (1998) method, we divide our 60-
sample (i.e., 1 h) time series into I records of J samples
each, where I 3 J 5 60. Mahrt first defines the ‘‘within
record’’ standard deviation that then leads to an estimate
of the random error RE in the series. He next defines
the ‘‘between record’’ standard deviation sbtw. His non-
stationarity ratio is then

NR 5 s /RE.btw (16)

Conceptually, sbtw is large when nonstationarity pro-
duces long segments of the series that remain above or
below the series mean, as in both the and l0 series2C n

in Fig. 6. On the other hand, RE is large and NR tends
to be smaller when the time series has a large amount
of random variability, as in the plot in Fig. 7. Thus,2C n

Mahrt’s (1998) nonstationarity ratio compares the ef-
fects of coherent behavior with the inherent variability
in the time series. According to Mahrt, ‘‘for stationary
conditions, NR is approximately unity.’’ Nonstationarity
ratio values significantly larger than 1 indicate nonsta-
tionarity.

We have calculated NR twice each for the raw 60-
min and l0 time series plotted in Figs. 5–7 to see if2C n

this ratio can complement our analysis in the previous
section. In one case, I 5 6 and J 5 10; in the other
case, I 5 10 and J 5 6. Table 1 summarizes the results.

The first thing we notice in the table is that the NR
values calculated for the two I–J pairs are not neces-
sarily the same. For the and l0 traces in Figs. 5 and2C n

7, the respective NRs for the two I–J pairs are similar,
if not identical. For Fig. 6, however, the NRs for ,2C n

7.05 and 5.27, and for l0, 6.54 and 5.36, each differ by
over 20%. Mahrt (1998) does not suggest any guidelines
for choosing I or J, but, from the basis for his method,
we believe that the samples per record, J, should rep-
resent a period that is typical of the large-scale vari-
ability in the signal. The and l0 traces in Fig. 6 seem2C n

to have large-scale coherence for periods longer than 6
min. As a result, the J 5 10 and J 5 6 calculations
yield significantly different results for these series.

On the other hand, the nonstationarity ratios listed in
Table 1 both confirm some of our previous conclusions
that we based on confidence intervals and contrast with
them. For example, the and l0 traces in Fig. 5 are2C n

well behaved, and we had concluded that short-term
averages from these series would be useful for esti-
mating fluxes. Likewise, the NR values for these series
for both I–J pairs are consistent and are two of the three
smallest collections in the table. In particular, the NRs
for the l0 series, 1.6–1.7, are near 1, the value Mahrt
(1998) associates with a stationary time series.

The nonstationarity ratios also corroborate our eval-
uation of the and l0 series in Fig. 6. These both had2C n

unacceptable short-term behavior, largely because of
their trends, and the NRs for these are the four largest
values in the table. Evidently, if a series is stationary,
the choice of I and J is not too crucial: both I–J pairs
yield comparable NR values for both the and l0 traces2C n

in Fig. 5. When a series is nonstationary, however, as
is Fig. 6, different choices for I and J can yield markedly
different values of NR. These NR values, nevertheless,
are large and do suggest what they should—that the
series is nonstationary.

Last, the nonstationarity ratios for the and l0 series2C n

in Fig. 7 suggest conclusions that contrast with our ear-
lier discussion of these series. We had also judged these
two series unreliable for producing short-term averages
because of their large variability. The NRs of the 2C n

series in Fig. 7, however, both 2.23, are smaller than
the NR of the supposedly ‘‘good’’ series in Fig. 5.2C n

The NR values for the l0 series, 3.77 and 3.35, are larger
than the NRs for the series, although we had earlier2C n

concluded that the l0 series in Fig. 7 was ‘‘better’’ for
averaging than the series on the basis of our uncer-2C n

tainty analysis. These two discrepancies raise questions
about what nonstationarity means in general and what
Mahrt’s (1998) nonstationarity ratio quantifies in par-
ticular.

We see that NR, through its linear dependence on the
between-record variability sbtw in (16) tends to be large
if coherent sections of the record are above or below
the mean. On the other hand, because of its inverse
dependence on the random error, RE, NR tends to be
small if the time series has large-amplitude random var-
iability. The trace in Fig. 7 has such large-amplitude2C n

variability (i.e., large RE), but the events are not nec-
essarily coherent (i.e., small sbtw). As a result, the NR
for this series is relatively small despite error bars that
increase with time. The l0 trace in Fig. 7, in contrast,
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FIG. 8. The nonstationarity metric M/C for hourly segments of the
and l0 time series in Fig. 1, where M is always 59 (560 2 1) and2C n

C counts the zero crossings during the hour. Values are plotted at the
midpoint of the hour. Because during the last 2 h the series in Fig.
1 had gaps, we calculated no M/C values for these hours.

has large-amplitude variability (i.e., large RE), but that
variability is more coherent. There are, essentially, four
segments in the time series: two above and two below
the mean. Thus, sbtw is also large, and this combination
yields midrange NRs that are larger than the NRs for
the series.2C n

In summary, according to Mahrt’s (1998) definition
of nonstationarity, as formalized in his nonstationarity
ratio NR, two effects contribute most to nonstationarity:
a trend, and large, coherent excursions from the mean.
By ‘‘large’’ here, we mean events that span a significant
fraction of the time series, say 10% of it.

Again according to Mahrt (1998), large-amplitude,
random variability is the opposite of nonstationarity:
this variability actually reduces his nonstationarity ratio.
In essence, if a series is highly variable, coherent ex-
cursions from the mean should not be surprising and,
thus, should not be judged as nonstationarity. In our
uncertainty-based analysis, however, such highly vari-
able series lead to wide confidence intervals and, in turn,
to uncertain estimates of the surface fluxes. In other
words, nonstationarity (at least as defined by Mahrt) is
not the sole cause of uncertain flux estimates: random
variability also leads to uncertainty.

These insights into Mahrt’s (1998) nonstationarity ra-
tio led us to realize that, generally, a stationary time
series exhibits many zero crossings, while a nonsta-
tionary series has long segments above or below zero.
(Here, zero crossings refer to a series with the mean
removed.) Table 1 also lists the number of zero crossings
for the raw and l0 series in Figs. 5–7, where that2C n

count includes both up-going and down-going zero
crossings. These counts mirror our analysis based on
NR. The and l0 series in Fig. 5 have many crossings2C n

and small NR, the series in Fig. 6 have few crossings
and large NR, and the series in Fig. 7 have intermediate
numbers of crossings and, generally, intermediate NR.

A series of 60 samples can cross zero at most 59
times and must cross zero at least once. Denote the
number of crossings as C and this maximum number of
crossings as M. Clearly, 1 # M/C # M. Mahrt’s (1998)
NR, in contrast, is not necessarily always greater than
or equal to 1; we have created artificial series with NR
less than 1 (for example, a 60-point square wave of
amplitude 1 and wavelength 12). It seems useful to have
a nonstationarity metric with obvious lower and upper
limits. In counting zero crossings, M/C 5 1 would mean
that each consecutive point switches from above to be-
low the mean or vice versa. Of course, such a series is
improbable; the point is that M/C has an obvious lower
limit, and a value near this limit is a good indicator that
the series is stationary. In contrast, M/C 5 M would
mean the series crosses zero only once and, thus, has a
trend.

The M/C values in Table 1 (i.e., ‘‘59/Crossings’’) are
similar in both magnitude and tendency to the corre-
sponding NRs; M/C, therefore, seems to be a nonsta-
tionarity metric that is as good as NR. Counting zero

crossings is also much easier than making the calcu-
lations necessary to evaluate NR. Another benefit is that
counting zero crossings obviates the need to make ar-
bitrary choices of I and J.

To develop a better sense of what this zero-crossing
metric tells us about a time series, we computed M/C
for hourly intervals of the and l0 time series in Fig.2C n

1. Figure 8 shows the results.
The first thing this figure suggests is that, on this day,
was much more nonstationary than l0 was. In fact,2C n

between 0200 and 0400 UTC, when climbed steadily2C n

through two orders of magnitude (see Fig. 1), its M/C
value was at its maximum, 59. That is, had only one2C n

zero crossing each hour. During the steady decline from
1600 to 1900 UTC in Fig. 1, also had large M/C2C n

values, almost 20 (i.e., three zero crossings during each
hour).

The largest M/C value for the l0 record in Fig. 1 also
occurs for 0200–0300 UTC, when l0 is climbing out of
its local minimum. The l0 record also has large M/C
values for 0000–0100 UTC and 1000–1100 UTC, when
l0 undergoes some large, coherent excursions. We con-
clude from Fig. 8 that M/C is a good indicator of a trend
in a time series and of coherent excursions on either
side of the mean.

Last, Fig. 8 suggests that and l0 were both stationary2C n

during the 5-h period 1100–1600 UTC. Here, the M/C
values for both and l0 are between 2 and 6. Likewise,2C n

the and l0 traces in Fig. 1 show fairly constant levels2C n

here and more modest fluctuations than in the rest of the
records. We thus recommend considering a time series
to be stationary if M/C is less than 6.

7. Conclusions
Our SHEBA scintillometer data confirm Andreas’s

(1989a) conclusion that a beta distribution with lower
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and upper limits corresponding to 10218 and 10212 m22/3

reliably models the distribution of Arctic near-surface
values. We are, evidently, the first to report that a2C n

beta distribution with lower and upper limits of 0 and
20 mm is also useful for representing values of the inner
scale of turbulence, l0.

Using this knowledge of the sampling distributions
for and l0, we have investigated whether short-term2C n

averages of path-averaged and l0 values can yield2C n

reliable estimates of the surface stress and the surface
sensible heat flux through an inertial–dissipation cal-
culation. The answer turns on the fact that the similarity
functions used in the inertial–dissipation calculations
derive from point measurements based on averages of
30–60 min. The cautious approach is to convolve short-
term averages of and l0 (i.e., on the order of minutes)2C n

with these similarity functions only if short records of
and l0 fairly represent the behavior of time series2C n

over 30–60 min.
Three typical hour-long time series of and l0 mea-2C n

surements from SHEBA imply that path averaging con-
fers no general benefits when the objective is to shorten
the averaging time for flux sampling. Short-term series
simply do not always bracket the behavior of 30–60-
min series. If the and l0 time series, however, are2C n

stationary over, say, hourly intervals, the fluxes of heat
and momentum computed over 10-min subrecords can
be statistically reliable. That is, for stationary series, it
is safe to convolve short-term and l0 averages with2C n

similarity functions derived from longer averaging.
But nonstationarity leads to uncertain flux measure-

ments with path-averaging instruments just as it does
for point measurements, at least for averaging paths of
300–350 m. On the basis of our three examples and the
averaging estimates we reviewed in section 3, we expect
estimates of t and Hs to easily vary by 20% or more
between adjacent 10-min subrecords. This is the random
error resulting from variability in and l0. Estimates2C n

of t and Hs could also suffer from bias errors caused
by using similarity functions unproven for short-term
averaging. Admittedly though, in some applications,
both errors may be tolerable.

In our view, the best way to ensure reliable short-
term flux estimates from scintillometer data is to first
validate the Monin–Obukhov similarity functions from
measurements of short-term averages. That is, make
point measurements of, say, 10-min averages of the ver-
tical wind speed and temperature gradients and the flux-
es and and see how well these data fit knownuw wt
functions for f«(z) and g(z). Though the computed
functions will be quite scattered, perhaps we will see
the same f«(z) and g(z) functions emerging that longer
averaging has yielded. If so, the experiment establishes
the validity of Monin–Obukhov similarity for short-term
averages and puts scintillometer flux analysis on firm
theoretical and experimental footing. To our knowledge,

however, this experiment has never been done, and there
are no guarantees that it will succeed.

Because nonstationarity turned out to be one key for
deciding whether a flux estimate was reliable, we eval-
uated two metrics for quantifying nonstationarity.
Mahrt’s (1998) nonstationarity ratio tended to corrob-
orate our analysis of the utility of and l0 for esti-2C n

mating fluxes that we based on assigning confidence
intervals. That is, acceptable and l0 series generally2C n

had small values of NR, while unacceptable series had
larger NRs. We did identify some examples that went
against intuition, however. These series had large-am-
plitude, random variability and, thus, produced averages
with large uncertainty; still, their NRs were fairly small.
One manifestation of nonstationarity is, thus, extended
segments of the series either above or below the mean.
High random variability, on the other hand, is the op-
posite of nonstationarity, but still degrades flux esti-
mates.

In light of these insights, we realized that the number
of zero crossings, C, in a series is another useful measure
of nonstationarity. A benefit of this metric is that a series
of M 1 1 data points can display no more than M zero
crossings and must have at least one zero crossing. Con-
sequently, M/C assumes values from 1 to M. When it is
1, consecutive points in the series just switch back and
forth between positive and negative—an obviously sta-
tionary series. When it is M, the series crosses zero only
once because of a strong trend. Last, because in our six
examples the M/C values are remarkably near the cor-
responding NRs calculated with Mahrt’s (1998) method,
M/C is another simple measure of nonstationarity.
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APPENDIX

The Similarity Functions g(z) and f«(z)
For f« in (7), we use

2/3 3/2f (z) 5 [1 1 0.46(2z) ]« (A1)
in unstable stratification (z # 0) and
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3/5 3/2f (z) 5 [1 1 2.3z ]« (A2)

in stable stratification (z $ 0). These functions are from
Wyngaard and Coté (1971), but Andreas (1988b) mod-
ified their original coefficients to reflect a von Kármán
constant of 0.40 rather than the 0.35 that they assumed.
Here also,

z kzĝ t*
z 5 5 , (A3)

2L T u*y

where L is the Obukhov length, ĝ is the acceleration of
gravity, and Ty is the average virtual temperature.

Stable stratification is a special concern of ours in
this SHEBA dataset. Andreas (2002) discusses the
Monin–Obukhov similarity functions for stable strati-
fication and recommends Holtslag and De Bruin’s
(1988) formulation for the dimensionless temperature
profile function,

f (z ) 5 1 1 0.7zh

1 0.75z(6 2 0.35z ) exp(20.35z ). (A4)

This has the best properties among the available fh

functions in very stable stratification. We incorporate
the desirable properties of this function into our g(z)
equation, (6), by using the expression for g(z) that And-
reas (1988b) derives from the scalar variance budget.
That is,

5.92f (z )hg(z ) 5 , (A5)
1/3f (z )«

where, for stable stratification, we use (A2) for f« and
(A4) for fh.

In unstable stratification, we use (Edson and Fairall
1998)

22/3g(z) 5 5.92(1 2 8z) (A6)

because it matches (A5) best at z 5 0.
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