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ABSTRACT

The von Kármán constant k occurs throughout the mathematics that describe the atmospheric boundary

layer. In particular, because k was originally included in the definition of the Obukhov length, its value has

both explicit and implicit effects on the functions of Monin–Obukhov similarity theory. Although credible

experimental evidence has appeared sporadically that the von Kármán constant is different than the ca-

nonical value of 0.40, the mathematics of boundary layer meteorology still retain k 5 0.40—probably because

the task of revising all of this math to implement a new value of k is so daunting. This study therefore outlines

how to make these revisions in the nondimensional flux–gradient relations; in variance, covariance, and

dissipation functions; and in structure parameters of Monin–Obukhov similarity theory. It also demonstrates

how measured values of the drag coefficient (CD), the transfer coefficients for sensible (CH) and latent (CE)

heat, and the roughness lengths for wind speed (z0), temperature (zT), and humidity (zQ) must be modified

for a new value of the von Kármán constant. For the range of credible experimental values for k, 0.35–0.436,

revised values of CD, CH, CE, z0, zT, and zQ could be quite different from values obtained assuming k 5 0.40,

especially if the original measurements were made in stable stratification. However, for the value of k

recommended here, 0.39, no revisions to the transfer coefficients and roughness lengths should be necessary.

Henceforth, use the original measured values of transfer coefficients and roughness lengths but do use

similarity functions modified to reflect k 5 0.39.

1. Introduction

The von Kármán constant, k, appears almost every-

where in the equations used in boundary layer meteo-

rology. For example, the flux-gradient relations for the

atmospheric surface layer include k as the proportion-

ality constant that relates the wind speed profile to the

surface stress and the temperature profile to the sensible

heat flux. In turn, because these flux–gradient relations

lead to definitions of the roughness lengths for wind

speed and scalars and to expressions for momentum and

heat transfer coefficients, the value of the von Kármán

constant affects the reported values of these quantities.

In fact, every ‘‘universal’’ function in Monin–Obukhov

similarity theory depends on the von Kármán constant

because boundary layer meteorology evolved with k

embedded in the definition of the Obukhov length (e.g.,

Monin and Yaglom 1971, p. 427; Businger and Yaglom

1971; Obukhov 1971; Yaglom 1977):

L 5 �Qy

kg

u3

*

wuy

. (1.1)

Here, g is the acceleration of gravity; Qy is the average

virtual temperature (K), u* is the friction velocity, w is

the turbulent fluctuation in vertical velocity, and uy is

the turbulent fluctuation in virtual temperature. Be-

cause the overbar indicates averaging, wuy is the vertical

flux of virtual temperature.

The stratification parameter

z 5 z/L, (1.2)

where z is the measurement height, is a key variable in

Monin–Obukhov similarity theory and appears in most of

the similarity functions, multiplied by an empirical coef-

ficient. Just as one example, consider the function fm, the

nondimensional vertical gradient in wind speed, defined as

fm(z) 5
kz

u*

›U

›z
, (1.3)

where ›U/›z is the gradient in average wind speed in the

atmospheric surface layer. In unstable stratification (i.e.,

z , 0), a typical form for fm(z) is (Paulson 1970)
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fm(z) 5 (1� 16z)�1/4. (1.4)

Because k is hidden in z, the empirical coefficient 16

depends on the value used for k.

Although most boundary layer models and analyses

use the canonical value for k ‘‘pegged at 0.4 since the

Depression’’ (Tennekes 1973), credible alternative ex-

perimental values have been reported in the last 40 yr.

Andreas et al. (2006) recently reviewed many of these

modern experimental and theoretical estimates of k.

To just briefly bracket the bounds of my discussion, I

mention a few experimental values here.

The Kansas experiment (Haugen et al. 1971; Kaimal

and Wyngaard 1990) opened the modern discussion of

what the value of the von Kármán constant is when

Businger et al. (1971) reported k 5 0.35 (see also Kaimal

et al. 1972; Tennekes 1973; Wyngaard et al. 1982).

Oncley et al. (1996) also obtained experimental values in

this range, 0.365 6 0.015. At the other extreme, Zagarola

and Smits (1998) reported one of the largest modern

values of the von Kármán constant ever published,

0.436 6 0.002, based on highly regarded measurements

at high Reynolds number in the Princeton superpipe.

Although McKeon et al. (2004) later reanalyzed the

Zagarola and Smits data and also collected new data in

the superpipe, their combined result, k 5 0.421 6 0.002,

is still significantly larger than the canonical value of 0.40.

Meanwhile, quite a few measurements in the atmo-

spheric surface layer have suggested that k is only slightly

smaller than 0.40. For instance, Dyer and Bradley (1982)

reported that the von Kármán constant is 0.385 6 0.021;

Kondo and Sato (1982), 0.39; and Frenzen and Vogel

(1995b), 0.387 6 0.010. Finally, Andreas et al. (2006)

reported on two large surface layer datasets collected

over polar sea ice; their result was k 5 0.387 6 0.003.

Comparable work in wind tunnels likewise suggests

that k is smaller than 0.40: Österlund et al. (2000) and

Nagib et al. (2004) obtained 0.38, and Zanoun et al. (2003)

found 0.37.

Despite these fairly compelling reports that k is not

the canonical 0.40 (or 0.41; e.g., Dyer 1974), few models

or boundary layer parameterizations have implemented

a value other than 0.40. I can think of several reasons

why. First, and most obvious, the fluid dynamics com-

munity has not come to a consensus on the true value of

the von Kármán constant. Second, models and algo-

rithms develop inertia; making even small and justifi-

able changes in them requires serious thought as to the

consequences because the models have been reliable

and tested in their existing forms. Third, since many of

the existing parameterizations are empirical, it is not

obvious how changing the von Kármán constant affects

these parameterizations.

This paper focuses on this last impediment. If we ever

decide as a community, or even as individuals, to imple-

ment a new value for the von Kármán constant, how can

we do that consistently without undertaking costly new

experiments and data analyses to define empirical func-

tions that incorporate the new k value? Yaglom (1977)

and Högström (1988) previously suggested ways to mod-

ify existing empirical functions for a new value of the von

Kármán constant. My recommended techniques gener-

ally differ from both of theirs. I will describe Yaglom’s

method shortly. Högström based his modifications on the

idea that bias errors in the fundamental data explained

reported values of k that were different from his pre-

ferred value, 0.40, and therefore corrected empirical

functions under this assumption. On the other hand, I

always assume that the fundamental data are correct.

As a consequence of this study, I also consider the

implications of a new value for the von Kármán con-

stant. In essence, does using a value other than 0.40

really make any difference? For some applications the

answer is yes, and for others, no.

What follows elaborates on these themes by showing

how changing the von Kármán constant affects the flux–

gradient relations of Monin–Obukhov similarity theory

and related functions such as the nondimensional dis-

sipation rates of turbulent kinetic energy and scalar

variance and the nondimensional variance functions

and structure parameters. Since the flux–gradient rela-

tions change with the von Kármán constant, previously

reported values of the turbulent transfer coefficients

and the roughness lengths for wind speed and scalars

must also be reevaluated to reflect the new value of k.

Turbulent fluxes found using the dissipation method

may also need to be recomputed to be consistent with

the new value of k.

I have probably overlooked other important occur-

rences of k, but the examples and the conversion tech-

niques presented here should provide the basis for adapt-

ing other quantities and functions to a new value of the

von Kármán constant.

2. Flux–gradient relations

Equation (1.3) is the flux–gradient relation for the

wind speed profile in the atmospheric surface layer. The

related flux–gradient relation for the average potential

temperature (Q) profile is

fh(z) 5
kz

u*

›Q

›z
, (2.1)

where ›Q/›z is the vertical, near-surface gradient in

potential temperature, u* 5 �wu/u* is a temperature
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flux scale, u is the turbulent fluctuation in temperature,

and fh is an empirical similarity function. Sometimes,

the turbulent Prandtl number at neutral stratification,

PrtN, is included in the denominator on the right-hand

side of (2.1). But because no experiments have con-

firmed that PrtN is not equal to 1 (e.g., Garratt 1992,

p. 289; Grachev et al. 2007b), I leave it out of (2.1).

My assumption throughout this paper will be that the

data on which empirical functions and coefficients are

based are accurate; only the value of the von Kármán

constant needs changing. With (1.3) and (2.1) as exam-

ples, this assumption means simply that z, u*, u*, ›U/›z,

and ›Q/›z are accurate within the bounds of experi-

mental uncertainty.

The stability parameter z also appears in (1.3) and

(2.1), and this also derives from additional measure-

ments of QV and wuy . Notice, too, that a quantity re-

lated to the stratification,

bz 5 �zg

Qy

wuy

u3

*

, (2.2)

is not affected by a change in the von Kármán constant.

In fact, if boundary layer meteorology had evolved with

(2.2) as the stratification parameter instead of z, many of

the conversions developed in this paper would have

been unnecessary.

Because k is included in z, I define

zold 5 kold
bz and (2.3a)

znew 5 knew
bz. (2.3b)

Here, zold is the stratification parameter characterizing

the original analysis of the flux–gradient relations: that

analysis assumed the ‘‘old’’ value of the von Kármán

constant (kold; i.e., 0.40). To evaluate new fm and fh

functions, I assume the original data that went into bz are

unchanged but introducing a new von Kármán constant

(knew) still changes the relevant stratification (znew).

With this terminology, (1.3) and (2.1) now become

the paired equations

fm,old(zold) 5
koldz

u*

›U

›z
, (2.4a)

fm,new(znew) 5
knewz

u*

›U

›z
, (2.4b)

fh,old(zold) 5
koldz

u*

›Q

›z
, (2.5a)

fh,new(znew) 5
knewz

u*

›Q

›z
. (2.5b)

Here, (2.4a) and (2.5a) are plausible because they were

based on data; but they are inaccurate because they

assume the old value of the von Kármán constant. The

first task is to use (2.4a) and (2.5a) to obtain (2.4b) and

(2.5b), respectively, which reflect the proper value of the

von Kármán constant. In (2.4) and (2.5), the ‘‘old’’ and

‘‘new’’ subscripts on the f functions imply that these

functions may change when we convert from kold to knew.

Because the data used to develop (2.4a) and (2.5a) are

assumed invariant, one method for deriving fm,new(znew)

is to simply use this assumption to write

fm,new(znew) 5
knew

kold
fm,old(zold). (2.6)

Although this is the conversion method that Yaglom

(1977) used, (2.6) is not a satisfactory result because

fm,new(znew) does not equal 1 for neutral stratification

(where znew 5 zold 5 0) because knew 6¼ kold. Remember,

the definition of k requires that fm 5 1 at neutral

stratification (e.g., Businger et al. 1971); therefore,

fm,old(zold 5 0) 5 1 is a given constraint.

Another approach is to require that the derivatives of

the old and new fm functions with respect to bz match:

dfm,old(zold)

dbz 5
dfm,new(znew)

dbz . (2.7)

Since bz does not depend on the von Kármán constant,

this approach is what Monin–Obukhov similarity would

look like if the stratification parameter had evolved

without the von Kármán constant.

To proceed, I must assume a form for fm,old. Without

much loss in generality, for unstable stratification, I

use (1.4):

fm,old(zold) 5 (1� gu,oldzold)�1/4

5 (1� gu,oldkold
bz)�1/4. (2.8)

Then

dfm,old

dbz 5
gu,oldkold

4
(1� gu,oldkold

bz)�5/4. (2.9)

On invoking (2.7) in terms of differentials and using

the definitions (2.3), we can obtain from (2.9)

dfm,new(znew)

5
gu,oldkold

4 knew
1�

gu,oldkold

knew
znew

� ��5/4

dznew. (2.10)

Define

gu,new 5
gu,oldkold

knew
. (2.11)
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If we integrate (2.10) from znew 5 0, where fm,new must

equal 1, to znew , 0, we get

ðfm,new(znewÞ

1

dfm,new 5
gu,new

4

ð znew

0

(1� gu,new j)�5/4 dj,

(2.12)

where j is the variable of integration. The result is

fm,new(znew) 5 (1� gu,newznew)�1/4. (2.13)

That is, the revised function fm,new has the same form

as the original function fm,old, but the coefficient mul-

tiplying the stratification parameter must be changed

to (2.11).

For the numeric and graphic examples shown in the

rest of this paper, I always use kold 5 0.40. To bracket

the range of changes resulting from a new value of the

von Kármán constant, I use as the smallest reasonable

value knew 5 0.35, the Kansas result (Businger et al.

1971), and the largest reasonable value knew 5 0.436,

from Zagarola and Smits (1998). I also evaluate changes

for knew 5 0.39, the consensus of several surface layer

experiments. For knew values of 0.39, 0.35, and 0.436,

gu,new is 16.4, 18.3, and 14.7, respectively, for Paulson’s

(1970) value gu,old 5 16.

The same procedure yields fh,new(znew). As with (2.7),

the basic constraint is that the derivatives of fh,old and

fh,new with respect to bz are the same:

dfh,old(zold)

dbz 5
dfh,new(znew)

dbz . (2.14)

To proceed, I use Paulson’s (1970) function for fh,old,

fh,old(zold) 5 (1� bu,oldzold)�1/2

5 (1� bu,oldkold
bz)�1/2, (2.15)

with bu,old 5 16. Hence, as with the sequence (2.9),

(2.10), and (2.12), (2.15) leads to

fh,new(znew) 5 (1� bu,newznew)�1/2, (2.16)

where

bu,new 5
bu,oldkold

knew
. (2.17)

That is, fh,old and fh,new also have the same forms. Only

the coefficient multiplying the stratification parameter

changes, and the new value is the same as gu,new.

Next, let us consider how the f functions that describe

stable stratification must be modified to implement a

new value of the von Kármán constant. Among the

many functions that have been formulated for fm and

fh in stable stratification, I prefer Holtslag and

De Bruin’s (1988) result because it has desirable proper-

ties in very stable stratification (Launiainen and Vihma

1990; Jordan et al. 1999; Andreas 2002). This function is

where as,old 5 0.7, bs,old 5 0.75, gs,old 5 6, and ds,old 5 0.35.

For 0 # zold , 0.3, (2.18) is close to the traditional Webb

(1970; also Dyer 1974) function (e.g., Andreas 1998),

fm,old(zold) 5 fh,old(zold) 5 1 1 5zold, (2.19)

but has more realistic values for larger zold.

With fm as an example, I again invoke the equality

of derivatives with respect to bz, (2.7). The appropriate

derivative of (2.18) is

fm,old(zold) 5 fh,old(zold) 5 1 1 as,oldzold 1 bs,oldzold(gs,old � ds,oldzold) exp(�ds,oldzold), (2.18)

dfm,old

dbz 5 as,oldkold 1 bs,oldkold[gs,old � 2 ds,oldkold
bz � ds,oldkold

bz(gs,old � ds,oldkold
bz)] exp(�ds,oldkold

bz). (2.20)

Therefore,

dfm,new(znew) 5 as,new 1 bs,new[gs,new � 2ds,newznew � ds,newznew(gs,new � ds,newznew)] exp(�ds,newznew)
� �

dznew,

(2.21)
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where

as,new 5
as,oldkold

knew
, (2.22a)

bs,new 5
bs,oldkold

knew
, (2.22b)

gs,new 5 gs,old, and (2.22c)

ds,new 5
ds,oldkold

knew
. (2.22d)

Integrating (2.21) from znew 5 0, where fm,new 5 1, to

znew . 0 yields

fm,new(znew) 5 1 1 as,newznew 1 bs,newznew

3 (gs,old � ds,newznew) exp(�ds,newznew).

(2.23)

Equation (2.23) also represents fh,new(znew).

As we found with unstable stratification, the new f

functions for stable stratification have the same func-

tional form as the old f functions. Only some of the

coefficients change.

Figures 1 and 2 show old and new values of fm and fh,

respectively. Both fm,old(zold) and fh,old(zold) are based

on kold 5 0.40. The fm,new(znew) and fh,new(znew) func-

tions in these plots assume kold 5 0.40 and treat knew

values of 0.39, 0.35, and 0.436. The vertical axis in each

plot is logarithmic to show the relative, as opposed to

the absolute, difference between old and new functions.

In Figs. 1 and 2, the effect of a new von Kármán

constant is to shift the new fm and fh functions to larger

or smaller absolute values of z than for the original

functions depending on whether knew is, respectively,

larger or smaller than kold. That shift is small, however,

and is well within the scatter of data used to evaluate fm

and fh (e.g., Högström 1996; Grachev et al. 2007a).

Consequently, although the proper value of k ensures

that both fm and fh equal 1 for neutral stratification,

changing the value of k will have an insignificant effect

on the difference between stability dependencies be-

tween old and new values of fm and fh.

A result of the analysis in this section that will be

important later is

fm,new(znew) 5 fm,old(zold) and (2.24a)

fh,new(znew) 5 fh,old(zold), (2.24b)

for both stable and unstable stratification. As an ex-

ample of how to establish this, consider (2.13). It gives

fm,new(znew) 5 1�
gu,oldkold

knew

� �
(knew

bz)

� ��1/4

5 (1� gu,oldznew)�1/4
5 fm,old(zold).

(2.25)

On integration, (2.4) and (2.5) yield expressions for

the average profiles of wind speed and temperature.

Equations (2.4) and (2.5) can also be recast into ex-

pressions for the turbulent diffusivities for momentum

and heat. The appendix shows how to reformulate these

profile equations and diffusivities to reflect a new value

of the von Kármán constant.

3. Variance functions

The nondimensional variance and covariance are

other Monin–Obukhov similarity functions that will

change with a new value of the von Kármán constant.

Suppose x and y are turbulent fluctuations in two vari-

ables and x* and y* are corresponding flux scales. The

general form of the nondimensional covariance simi-

larity function is

fxy(z) 5
xy

x*y*
. (3.1)

One common example of this function is the

temperature–humidity covariance (e.g., Andreas et al.

1998):

FIG. 1. Comparison of old and new values of fm. The ‘‘old’’

function is (2.8) with gu,old 5 16 for unstable stratification and is

(2.18) for stable stratification; the von Kármán constant for these is

0.40, and the stratification parameter is zold. The ‘‘new’’ functions

at stratification znew are (2.13) and (2.23) with coefficients given by

(2.11) and (2.22), respectively, and for three knew values, as noted.

For these new functions, kold is always 0.40.
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fuq(z) 5
uq

u*q*
. (3.2)

Here, q is the turbulent fluctuation in specific humidity,

and q* 5 �wq/u*.

More commonly though, (3.1) is formulated for var-

iance. With vertical velocity variance, s2
w 5 w2, as an

example, (3.1) reduces to

fww(z) 5
s2

w

u2

*

. (3.3)

Because z includes the von Kármán constant, these

variance and covariance functions must change if we

change the von Kármán constant.

Sorbjan (1989, 74–76), Kaimal and Finnigan (1994, p.

16), and Andreas et al. (1998), among many others,

suggest that fxy,old has the general form

fxy,old(zold) 5 aold(bold 1 coldz
dold

old
)eold , (3.4)

where aold, bold, cold, dold, and eold are empirical con-

stants that may change with x and y.

To find fxy,new(znew), I invoke the same constraint

that I did for finding fm,new and fh,new. That is, the

derivatives with respect to bz must match:

dfxy,old(zold)

dbz 5
dfxy,new(znew)

dbz . (3.5)

From (3.4),

dfxy,old(zold)

dbz 5 aold eold(bold 1 coldkdold

old
bzdold)eold�1

3 (colddoldkdold

old
bzdold�1). (3.6)

Combining (3.5) and (3.6) yields

dfxy,new(znew) 5 aoldeold bold 1
coldkdold

old

kdold
new

zdold
new

 !eold�1

3
colddoldkdold

old

kdold
new

zdold�1
new

 !
dznew.

(3.7)

Consequently, define

anew 5 aold, (3.8a)

bnew 5 bold, (3.8b)

cnew 5 cold
kold

knew

� �dold

, (3.8c)

dnew 5 dold, and (3.8d)

enew 5 eold. (3.8e)

No reason exists why fxy,old(zold 5 0) should not

equal fxy,new(znew 5 0). Therefore, integrating (3.7)

from znew 5 0 to znew gives

ðfxy,new(znew)

anew benew
new

dfxy,new 5 anewcnewdnewenew

3

ð znew

0

(bnew 1 cnewjdnew )enew�1
jdnew�1 dj, (3.9)

where j is again the variable of integration. Completing

the integration in (3.9) yields

fxy,new(znew) 5 aold(bold 1 cnewzdold
new)eold , (3.10)

where only cnew has a different value than in (3.4). That

is, the old and new fxy functions have the same forms,

with only one different constant.

Let us look at how changing the von Kármán constant

affects variance and covariance functions by considering

just one example, fww. Many forms exist for all the

variance and covariance functions, but there is some

consensus as to the form of fww,old(zold). From Panofsky

and Dutton (1984, p. 161), Sorbjan (1989, 75–76), Kaimal

and Finnigan (1994, p. 16), and Andreas et al. (1998),

I put together these typical functions,

fww,old(zold) 5 1.56(1 1 3zold)2/3 for zold # 0, (3.11a)

FIG. 2. As in Fig. 1, except this shows fh. In unstable stratifi-

cation, fh,old is (2.15) with bu,old 5 16, and fh,new is (2.16) with

bu,new given by (2.17).
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fww,old(zold) 5 1.56(1 1 0.2zold)2 for zold $ 0.

(3.11b)

Using (3.4), (3.8), and (3.10) immediately converts

fww,old to

fww,new(znew) 5 1.56 1 1 3
kold

knew

� �
znew

� �2/3

for znew # 0, (3.12a)

fww,new(znew) 5 1.56 1 1 0.2
kold

knew

� �
znew

� �2

for znew $ 0. (3.12b)

Figure 3 shows fww,old and versions of fww,new for

three different values of a new von Kármán constant. If

knew changes only to 0.39, Fig. 3 shows that fww,old and

fww,new are negligibly different. But for the largest and

smallest values of knew, fww,new can differ by about 10%

from fww,old for very unstable and very stable stratifi-

cation.

Data plots of fww—for example in Wyngaard et al.

(1971a), Panofsky et al. (1977), Panofsky and Dutton

(1984, p. 161), Högström (1990), and Andreas et al.

(1998)—tend to show fairly small scatter in unstable

stratification as z decreases. The scatter is generally less

than or approximately equal to the spread in the fww

functions shown on the unstable side of Fig. 3. In other

words, the value of the von Kármán constant selected

for an analysis of fww strongly influences the value ob-

tained for the coefficient multiplying z—that is, cnew.

On the stable side of fww data plots, however, the

data are usually far more scattered than the spread in

the fww curves in Fig. 3. Here, fww is not well con-

strained, and the choice of k has an insignificant effect

on the uncertainty in evaluations of cnew.

4. Dissipation functions

The nondimensional rate for the dissipation of turbu-

lent kinetic energy e is another Monin–Obukhov simi-

larity function that depends on the von Kármán constant.

It is defined as

fe(z) 5
kze

u3

*

. (4.1)

Sorbjan (1989, 75–76) summarizes several expressions

for fe,old(zold); these take the general form

fe,old(zold) 5 (1 1 ae,oldz
be,old

old
)ce,old . (4.2)

Because all of the functions that Sorbjan reviews equal

one at neutral stratification (cf. Kaimal and Finnigan

1994, p. 16), to obtain fe,new(znew), I must again invoke

the equality of derivatives with respect to bz:

dfe,old(zold)

dbz 5
dfe,new(znew)

dbz . (4.3)

Inserting (4.2) into (4.3) yields

dfe,old(zold)

dbz 5 ce,old(1 1 ae,oldk
be,old

old
bzbe,old )ce,old�1

3 (ae,oldk
be,old

old
be,old

bzbe,old�1). (4.4)

Consequently,

dfe,new(znew) 5 ce,new(1 1 ae,newz
be,new

new )ce,new�1

3 (ae,newbe,newz
be,new�1
new )dznew, (4.5)

where

ae,new 5 ae,old
kold

knew

� �be,old

, (4.6a)

be,new 5 be,old, and (4.6b)

ce,new 5 ce,old. (4.6c)

As before, integrating (4.5) from znew 5 0, where

fe,new 5 1, to znew gives

fe,new(znew) 5 (1 1 ae,newz
be,old

new )ce,old . (4.7)

FIG. 3. Comparison of old and new functional forms for the

vertical velocity variance. The ‘‘old’’ function is (3.11) and assumes

the von Kármán constant to be 0.40. The ‘‘new’’ function is (3.12).

For these, kold is always 0.40; knew values are as noted in the legend.
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That is, the new fe function has the same form as the old

function, and only the coefficient ae,new changes from its

old value.

The nondimensional dissipation rate for scalar vari-

ance fN is a related similarity function. This is defined as

fN(z) 5
kzNu

u*u2

*

, (4.8)

where (4.8) explicitly considers the dissipation rate for

temperature variance, Nu. Nondimensional dissipation

rates for other scalars, such as humidity, refractive in-

dex, and the temperature–humidity covariance, have

similar forms (e.g., Andreas 1988).

The production-equals-dissipation form of the scalar

variance budget (e.g., Champagne et al. 1977; Andreas

1987b) implies that

�2 wu
›Q

›z
5 Nu. (4.9)

Inserting (2.1) here converts (4.8) to

fN,old(zold) 5 2fh,old(zold) and (4.10a)

fN,new(znew) 5 2fh,new(znew). (4.10b)

Thus, fN,new (znew) easily derives from my previous

evaluations of fh,new (znew).

The multiplicative 2s in (4.10) emphasize an impor-

tant point here. The Nu refers to the dissipation rate of

temperature variance. Sometimes the scalar dissipation

rate is defined as the dissipation rate of one-half the

scalar variance in analogy with the dissipation rate for

turbulent kinetic energy (e.g., Paquin and Pond 1971;

Williams and Paulson 1977; Edson and Fairall 1998).

With this definition for Nu, the 2s would disappear.

Figures 4 and 5 show old and new values for fe and

fN. For fe,old (zold), I use Wyngaard and Coté’s (1971)

function, which is one of the functions that Sorbjan

(1989, 75–76) lists and is also Kaimal and Finnigan’s

(1994, p. 16) recommendation for unstable stratification:

fe,old(zold) 5 (1 1 0.5z2/3
old)3/2 for zold # 0, (4.11a)

fe,old(zold) 5 (1 1 2.5z3/5
old)3/2 for zold $ 0. (4.11b)

From (4.7) and (4.6), for a new value of the von Kármán

constant, these become

fe,new(znew) 5 1 1 0.5
kold

knew

� �2/3

z2/3
new

" #3/2

for znew # 0,

(4.12a)

fe,new(znew) 5 1 1 2.5
kold

knew

� �3/5

z3/5
new

" #3/2

for znew $ 0.

(4.12b)

For fN,old and fN,new in (4.10), I substitute the same

functions used for fh,old and fh,new in section 2.

The fe functions in Fig. 4 differ little with the von

Kármán constant for unstable stratification. In stable

stratification, the fe functions diverge more, but too few

observations of fe exist for z . 2 for me to judge how

the spread in the functions compares with the spread in

the data. From Fig. 4 it is clear, though, that changing

from kold 5 0.40 to the recommended value knew 5 0.39

will have an almost negligible effect on fe,new.

The fN values in Fig. 5 change little with the von

Kármán constant. In contrast to Fig. 4, even in stable

stratification, the fN values differ little among the var-

ious values of the von Kármán constant. Because fN

increases only slowly in the range z . 2, the various

functions almost converge here. Consequently, for the

values considered here, the choice of von Kármán

constant has little effect on typical fN functions.

5. Structure parameters

I focus here on the scalar structure parameters be-

cause these often see use in inferring surface fluxes

from electro-optical propagation measurements (e.g.,

Wyngaard and Clifford 1978; Andreas 1989; Green et al.

1994; De Bruin et al. 2002) and through the dissipation

method (e.g., Fairall and Larsen 1986; Edson and Fairall

1998).

FIG. 4. Comparison of old and new values for the nondimen-

sional dissipation rate of turbulent kinetic energy for several

choices of the von Kármán constant. The functions plotted are

(4.11) and (4.12).
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One easy way to derive the similarity forms for the

scalar structure parameters is from the scalar spectrum. In

the inertial–convective subrange, the one-dimensional

temperature spectrum (Fu), for example, is (Corrsin 1951)

Fu(k) 5 bNue
�1/3k�5/3, (5.1)

where k is the turbulence wavenumber and b is called

the Kolmogorov or Corrsin constant. But the same

spectrum can be written in terms of the temperature

structure parameter C2
u (e.g., Hill and Clifford 1978;

Andreas 1987b):

Fu(k) 5 0.249C2
uk�5/3. (5.2)

Consequently,

C2
u 5

bNu

0.249e1/3
. (5.3)

Similar expressions represent the structure parameters

for humidity, refractive index, and temperature–humid-

ity covariance (Andreas 1987b).

The similarity functions for e [i.e., (4.1)] and Nu [i.e.,

(4.8)] convert (5.3) to a nondimensional structure pa-

rameter (cf. Panofsky and Dutton 1984, 182–185; Andreas

1988):

g(z) 5
z2/3C2

u

u2

*

5
2 bfh(z)

0.249k2/3f1/3
e (z)

. (5.4)

This derivation of a similarity expression for the struc-

ture parameter contrasts with derivations based strictly

on plotting measurements of the nondimensional

structure parameter [the middle term in (5.4)] versus z

(see, e.g., Wyngaard et al. 1971b; Davidson et al. 1978;

Fairall et al. 1980; Kohsiek 1982; and Hill and Ochs

1992). I prefer (5.4) to these empirical expressions be-

cause it explicitly shows that g(z) depends multiplica-

tively on the von Kármán constant.

Moreover, from the expressions that I have already

developed, it is easy to write expressions for the old and

new forms for g(z):

gold(zold) [
2bfh,old(zold)

0.249k
2/3

old
f1/3

e,old(zold)
and (5.5a)

gnew(znew) [
2bfh,new(znew)

0.249k
2/3

new
f1/3

e,new(znew)
. (5.5b)

Here b 5 0.40 (Andreas 1987b). Although Eqs. (5.5) are

for the temperature structure parameter, because fh

and b seem to be the same for all scalars, they also apply

to structure parameters for humidity, temperature–

humidity covariance, and refractive index.

Figure 6 shows (5.5) for kold 5 0.40 and for three

values of knew. On the unstable side of the plot, the four

curves are nearly indistinguishable except near z 5 0.

On the stable side, the curves separate more but do not

spread beyond the scatter in typical data. Notice,

though, that the intercept at z 5 0 does depend signifi-

cantly on k. At neutral stratification, for k values of 0.40,

0.39, 0.35, and 0.436, the g functions are, respectively,

5.92, 6.02, 6.47, and 5.59.

6. Drag coefficient and roughness length z0

Bulk turbulent flux algorithms relate the turbulent

surface fluxes of momentum (t), sensible heat (Hs), and

latent heat (HL) to mean meteorological quantities

through transfer coefficients. Typical equations are

t 5 ru2

* 5 rCDrU
2
r , (6.1a)

Hs 5 �rcpu*u* 5 rcpCHrUr(Qs �Qr), (6.1b)

HL 5 �rLyu*q* 5 rLyCErUr(Qs �Qr). (6.1c)

In these, r is the air density; cp is the specific heat of

air at constant pressure; Ly is the latent heat of vapor-

ization (or sublimation); Ur, Qr, and Qr are the aver-

age wind speed, potential temperature, and specific hu-

midity, respectively, at reference height z 5 r; and Qs and

Qs are, respectively, the temperature and specific hu-

midity at the surface.

FIG. 5. Effect of changing the von Kármán constant on the

nondimensional dissipation rate of scalar variance. The functions

plotted are (4.10) with fh,old(zold) and fh,new(znew) taken as (2.15),

(2.16), (2.18), and (2.23).
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Monin–Obukhov similarity theory provides expres-

sions for the drag coefficient (CDr) and for the sensible

(CHr) and latent (CEr) heat transfer coefficients in (6.1)

(e.g., Garratt 1992, 52–57):

CDr 5
k2

[ln(r/z0)� cm(z)]2
, (6.2a)

CHr 5
k C1/2

Dr

[ln(r/zT)� ch(z)]
, and (6.2b)

CEr 5
k C1/2

Dr

[ln(r/zQ)� ch(z)]
. (6.2c)

These coefficients are appropriate only when matched

with observations of Ur, Qr, and Qr at height r. Here,

too, z is defined as r/L; and z0, zT, and zq are, respec-

tively, the roughness lengths for the wind speed, tem-

perature, and humidity profiles.

In practice, (6.1) and (6.2) must be solved iteratively

because they are coupled through z, which includes the

fluxes being estimated [see (1.1)].

Because the von Kármán constant appears in (6.2),

published values of the transfer coefficients and the

roughness lengths may need to be modified if we adopt a

new value for k. Let us look first at how the drag coef-

ficient and z0 might change.

Because all of the transfer coefficients in (6.2) depend

on stratification and the measurement height r, to com-

pare coefficients collected under different conditions, we

commonly report values converted to neutral stability

(i.e., z 5 0) and to a standard reference height of 10 m.

From (6.2a), this neutral-stability, 10-m drag coefficient is

CDN10 5
k2

[ln(10/z0)]2
, (6.3)

where z0 must be in meters.

Consequently, old and new values of the drag coeffi-

cient take the forms [from (6.2a)]

C1/2
Dr 5

1

C�1/2
DN10,old 1 k�1

old[ln(r/10)� cm,old(zold)]
(6.4a)

and

C1/2
Dr 5

1

C�1/2
DN10,new 1 k�1

new[ln(r/10)� cm,new(znew)]
.

(6.4b)

Notice here that C1/2
Dr is the same in both (6.4a) and

(6.4b) because, from (6.1a), it derives strictly from

data and is therefore independent of the von Kármán

constant.

As a result, I can immediately equate (6.4a) and

(6.4b):

An unfortunate consequence of (6.6) is that revised

values of the neutral-stability, 10-m drag coefficient

depend on the stratification in which the original values

were measured (i.e., on zold). The revised values are also

sensitive to the original measurement height r. Notice

though that if the original measurements were made in

neutral stratification [i.e., cm,old(zold) 5 0] and at a ref-

erence height of 10 m, the new values and the old values

C�1/2
DN10,new 5 C�1/2

DN10,old 1
knew � kold

koldknew

� �
[ln(r/10)� cm,old(zold)]. (6.5)

In deriving (6.5), I used the equality (A.8a). In turn, from (6.5), the relation between old and new values of CDN10 is

CDN10,new 5
1

C�1/2
DN10,old 1

knew � kold

koldknew

� �
[ln(r/10)� cm,old(zold)]

� 	2
. (6.6)

FIG. 6. Comparison of old and new values for the nondimen-

sional structure parameter for several choices of the von Kármán

constant. The plotted functions are (5.5).
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are the same. Figures 7–9 demonstrate these and other

results. The calculations presented used the functions

given in (A.3a) and (A.5) for cm,old(zold).

Figure 7 shows CDN10,new as a function of the original

stratification, zold, for an original measurement height of

10 m and if CDN10,old was evaluated to be 1.5 3 1023.

The plot shows three possible values of knew, 0.39, 0.35,

and 0.436. On the unstable side of the plot, CDN10,new

changes, at most, by 6% for the range of plausible von

Kármán constants shown. Decreasing the value of

the von Kármán constant from kold 5 0.40 decreases

CDN10,new; increasing the von Kármán constant increases

CDN10,new. Moreover, CDN10,new is not very sensitive to the

original stratification if that stratification was unstable.

On the stable side of Fig. 7, on the other hand,

CDN10,new is sensitive to both the original stratification

and the new value of the von Kármán constant. Also in

contrast to unstable stratification, CDN10,new increases if

knew decreases from kold 5 0.40 and decreases if knew

increases. The fact that cm,old in (6.6) is positive in un-

stable stratification and negative in stable stratification

explains this behavior.

For the recommended value for knew, 0.39, CDN10,new

increases by a maximum of only 6% over CDN10,old

for the range of zold values shown on the stable side of

Fig. 7. For larger and smaller values of knew, however,

CDN10,new can differ significantly from CDN10,old. In es-

sence, this strong response of CDN10,new to knew in stable

stratification is related to the fact that the vertical ve-

locity gradient gets increasingly steeper as the stratifica-

tion increases. In other words, this behavior is a conse-

quence of cm,old in (6.6).

Figure 8 shows a similar plot of CDN10,new but pre-

sumes CDN10,old 5 1.0 3 1023. This figure shows be-

havior like that in Fig. 7. One difference, though, is that

because CDN10,old is smaller here, the relative changes in

CDN10,new are not as large. For example, for knew 5 0.39,

CDN10,new is only about 4% larger than CDN10,old at

zold 5 4, as compared with about 6% in Fig. 7.

Figure 9 is the last plot in this sequence. It shows

CDN10,new if CDN10,old is again presumed to be 1.5 3 1023

but if the original measurement height was 20 m. In this

figure, CDN10,new does not equal CDN10,old at neutral

stratification, as in Figs. 7 and 8. On the unstable side of

Fig. 9, CDN10,new does not differ as much from CDN10,old

as it did in Fig. 7, which also presumes CDN10,old 5

1.5 3 1023. But on the stable side, CDN10,new differs

even more from CDN10,old.

In summary, changing to a new value of the von

Kármán constant would probably not require any

change in the value of CDN10 used in a bulk flux algo-

rithm if the original data were collected in unstable

stratification. The scatter in measurements of CDN10 is

usually much more than the spread in the curves for

unstable stratification in Figs. 7–9.

For original data collected in stable stratification, on

the other hand, the required modification in CDN10,new

could be quite large. But for a small change in the von

Kármán constant—say, from kold 5 0.40 to knew 5 0.39—

the modification to CDN10,new might be again negligible

because typical scatter in the data far exceeds the deviation

of CDN10,new from CDN10,old for knew 5 0.39 in Figs. 7–9.

Although Figs. 7–9 are not directly adaptable, they

suggest possible biases in reported values of CDN10. If

CDN10,old values were based on a value of the von Kármán

FIG. 7. Values of the neutral-stability, 10-m drag coefficient,

CDN10,new, for three new values of the von Kármán constant,

computed from (6.6). The original or old value of the transfer

coefficient, CDN10,old, is assumed to be 1.5 3 1023 and was based on

data collected at 10 m and an old value for the von Kármán con-

stant of kold 5 0.40; CDN10,new also depends on the stratification

(zold) in which the original data were obtained.

FIG. 8. As in Fig. 7, but CDN10,old 5 1.0 3 1023.
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constant other than 0.40—0.41 is another common choice

(e.g., Dyer and Hicks 1970; Wieringa 1974; Garratt 1977;

Resio et al. 2004)—they would be systematically dif-

ferent than CDN10,old values based on kold 5 0.40. The

measurement height and the original stratification would

determine how different, but (6.6) could be adapted to

make the values comparable.

Because of (6.3), if CDN10 must be modified, z0 must

be also. Equation (6.3) yields expressions for old and

new values of z0:

z0,old 5 10 exp(�koldC�1/2
DN10,old) and (6.7a)

z0,new 5 10 exp(�knewC�1/2
DN10,new), (6.7b)

where z0,old and z0,new are in meters.

Because we ultimately want to convert z0,old to z0,new,

I write their ratio from (6.7):

z0,new

z0,old
5 exp(�knewC�1/2

DN10,new 1 koldC�1/2
DN10,old). (6.8)

Using (6.5) to substitute here for CDN10,new gives z0,new

in terms of old values:

Hence, finally,

z0,new 5 zknew/kold

0,old
r1�(knew/kold)

3 exp
knew

kold
� 1

� �
cm,old(zold)

� �
. (6.11)

As we saw with CDN10,new, z0,new depends on the

originally measured roughness length, z0,old; on the

height of the original measurements, r; and on the orig-

inal stratification, zold. If the original stratification was

neutral, however, cm,old(zold) 5 0 in (6.11); and z0,new

does not need to be corrected for stratification. In con-

trast to modifying CDN10,new, the original measurement

height never drops out of (6.11) and always affects z0,new.

Figures 10 and 11 show some sample calculations of

z0,new that illustrate these dependencies.

Figure 10 depicts modifications in z0,new for a standard

reference height of 10 m and an assumed value of z0,old 5

1.0 3 1023 m. For a small change in the von Kármán

constant—say, from kold 5 0.40 to knew 5 0.39—z0,new is

FIG. 10. New values of the roughness length, z0,new, computed

from (6.11) for three new values of the von Kármán constant and

for kold 5 0.40. The original roughness length, z0,old, and mea-

surement height, r, are assumed to be 1.0 3 1023 m and 10 m,

respectively; z0,new also depends on the stratification during the

original measurements, zold.

FIG. 9. As in Fig. 7, but r 5 20 m.

z0,new

z0,old
5 exp �(knew � kold)C�1/2

DN10,old �
knew � kold

kold knew

� �
[ln(r/10)� cm,old(zold)]

� 	
. (6.9)

Substituting (6.3) here yields

z0,new

z0,old
5 exp 1� knew

kold

� �
[ln(10/z0,old) 1 ln(r/10)� cm,old(zold)]

� 	
. (6.10)
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only slightly larger than z0,old. If knew undergoes a larger

revision—to 0.35 or to 0.436—z0,new changes by a factor of

about 2.5 in unstable stratification and by as much as a

factor of 10 in stable stratification. If knew is smaller than

kold, z0,new will be larger than z0,old. If knew is larger than

kold, z0,new will be smaller than z0,old. Notice, moreover,

that for no combination of knew and zold in Fig. 10 does

z0,new equal z0,old. This fact is a consequence of the ex-

ponentiation of both z0,old and r in (6.11).

For z0,old as depicted in Fig. 10 but with r 5 5 m (not

shown), all z0,new values move closer to z0,old. This im-

provement, however, is very slight because the expo-

nent on r in (6.11) is small—0.09–0.125 for the assumed

range of knew.

Figure 11 is like Fig. 10, but here z0,old 5 0.10 m,

100 times larger than in Fig. 10. The relative change

between z0,new and z0,old is smaller in this figure than in

Fig. 10. That effect results because relative change goes

as z
(knew/kold)�1
0,old

. Hence, as z0,old increases, the relative

change decreases. Nevertheless, still for this set of cal-

culations, z0,new can be quite different from z0,old de-

pending on how much the von Kármán constant is

changed and what the original stratification was.

7. Scalar transfer coefficients and scalar
roughness lengths

Equations (6.1) imply that the transfer coefficients

CDr, CHr, and CEr derive strictly from data and are in-

dependent of the assumed value of the von Kármán

constant. Hence, as with z0,new, we can use (6.2) to

evaluate new values of the scalar roughness lengths.

With the roughness length for temperature, zT, as an

example, I obtain from (6.2b) a relation between old

and new values:

CHr

C1/2
Dr

5
kold

ln(r/zT,old)� ch,old(zold)

5
knew

ln(r/zT,new)� ch,new(znew)
. (7.1)

With the identity (A.8b) inserted, (7.1) easily coverts

to an expression for zT,new:

zT ,new 5 zknew/kold

T,old
r1�(knew/kold)

3 exp
knew

kold
� 1

� �
ch,old(zold)

� �
, (7.2)

which has the same form as (6.11). Consequently, most

of the statements that I made about the relationship

between z0,new and z0,old are accurate also for zT,new

and zT,old.

Figure 12 shows one example of zT,new to illustrate how

it is related to zT,old. This figure repeats similar conditions

from Fig. 10: r 5 10 m and zT,old 5 1.0 3 1023 m. On the

unstable side of Fig. 12, zT,new is always closer to zT,old

than z0,new is to z0,old in Fig. 10 because ch,old(zold) is

always larger than cm,old(zold) in unstable stratification.

On the stable side, the zT,new and z0,new values are the

same in Figs. 10 and 12 because cm,old(zold) 5 ch,old(zold)

here [see (A.5)]. Finally, as with z0,old and z0,new, for no

combination of knew and zold does zT,new equal zT,old.

Because most authorities use the same stratification

correction, ch, for both temperature and humidity (for

both sensible and latent heat transfer), (7.2) is also the

equation for relating old and new values of the rough-

ness lengths for humidity, zQ,old and zQ,new.

FIG. 12. New values of the roughness length for temperature,

zT,new, computed from (7.2) for three new values of the von Kármán

constant and for kold 5 0.40. The original roughness length, zT,old,

and measurement height, r, are assumed to be 1.0 3 1023 m and

10 m, respectively; zT,new also depends on the stratification during

the original measurements, zold.

FIG. 11. As in Fig. 10, but z0,old 5 0.10 m.
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Next, let us turn to developing a relation between old

and new values of the scalar transfer coefficients. As

with the drag coefficient, (6.3), most prefer to work with

the neutral-stability transfer coefficient at a standard

reference height of 10 m. From (6.2), with sensible heat

again as the example, this quantity is

CHN10 5
kC1/2

DN10

ln(10/zT)
, (7.3)

where zT must be in meters. With some manipulations, I

convert (7.3) into an expression for the new value of the

scalar transfer coefficient:

CHN10,new 5
C1/2

DN10,new

C�1/2
DN10,new � k�1

new ln(zT,new/z0,new)
. (7.4)

The ratio zT,new/z0,new is interesting in itself (e.g.,

Chamberlain 1966; Garratt and Hicks 1973; Brutsaert

1982, 121–124) and merits a digression. Combining (6.11)

and (7.2) produces

zT ,new

z0,new
5

zT,old

z0,old

� �knew/kold

exp

�
knew

kold
� 1

� �
3 [ch,old(zold)� cm,old(zold)]

	
. (7.5)

Figure 13 shows sample calculations of this ratio.

While Figs. 10–12 show some dramatic changes in

z0,new and zT,new as a consequence of changing the von

Kármán constant, Fig. 13 demonstrates that the ratio

zT,new/z0,new is resistant to change. One reason is that

z0,new and zT,new have similar functional forms; hence,

taking their ratio cancels the dependence on measure-

ment height r, for example. Also, because the cm,old and

ch,old functions that I use in stable stratification are the

same, Fig. 13 and (7.5) show that zT,new/z0,new does not

depend on stratification on the stable side of the plot.

Now back to evaluating CHN10,new. Substituting

C1/2
DN10,new from (6.5) and zT,new/z0,new from (7.5) into

(7.4) gives

Using (7.3), I could also have formulated this in terms of

z0,old rather than CDN10,old, but the current form is less

cumbersome.

From (7.6), we see that CHN10,new is the most complex

of the new functions that I have derived. It depends on

CDN10,old, on the original measurement height, on the old

and new values of the von Kármán constant, on the ratio

zT,old/z0,old, and on the original stratification through both

cm,old and ch,old. This same expression will predict the

neutral-stability, 10-m value of the latent heat transfer

coefficient, CEN10,new: just replace zT,old with zQ,old.

Analogous to (7.4), CHN10,old takes the form

CHN10,old 5
C1/2

DN10,old

C�1/2
DN10,old � k�1

old ln(zT,old/z0,old)
. (7.7)

For neutral stratification [where cm,old(zold) 5

ch,old(zold) 5 0] and an original measurement height

FIG. 13. The roughness ratio zT,new/z0,new for three different

values of knew and for three different values for the original ratio,

zT,old/z0,old, calculated from (7.5). The original von Kármán con-

stant, kold, is assumed to be 0.40. The ratio also depends on the

original stratification, zold.

CHN10,new 5
1

C�1/2
DN10,old 1

knew � kold

knew kold

� �
[ln(r/10)� cm,old(zold)]

8>><>>:
9>>=>>;

3
1

C�1/2
DN10,old � k�1

old ln(zT ,old/z0,old) 1
knew � kold

knew kold

� �
[ln(r/10)� ch,old(zold)]

8>><>>:
9>>=>>;. (7.6)
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r of 10 m, the right-hand side of (7.6) simplifies to the

right-hand side of (7.7). That is, for these original

conditions, CHN10,new 5 CHN10,old. For other values of

r and the stratification, however, CHN10,new can differ

greatly from CHN10,old. Figures 14 and 15 show ex-

amples of these results.

In Fig. 14, for which r 5 10 m, CDN10,old 5 1.886 3 1023

corresponds to z0,old 5 1.0 3 1023 m, as in Fig. 10. The

plot depicts the same values for kold and knew that I

have been considering but shows how CHN10,new

also depends on the three values of zT,old/z0,old: 10, 1,

and 0.1. For these three ratios, CHN10,old is, respectively,

2.515 3 1023, 1.886 3 1023, and 1.509 3 1023. The three

curves in each zT,old/z0,old set intersect the zold 5 0 axis

at these values. Consequently, Fig. 14 shows that

CHN10,new does not deviate much from CNH10,old on the

unstable side of the plot. For the knew values shown,

however, CHN10,new can change by as much as 60% if the

original data were collected in stable stratification.

Figure 15 shows how CHN10,new behaves for r 5 5 m and

for CDN10,old increased to 7.544 3 1023 (z0,old 5 0.10 m).

The three curves in each zT,old/z0,old set no longer

intersect on the zold 5 0 axis. That intersection repre-

sents CHN10,old and is offset toward the stable side be-

cause it occurs where ln(r/10) 5 cm,old(zold) [because

cm,old(zold) 5 ch,old(zold) in stable stratification]. Be-

cause of the larger drag coefficient, the CHN10,new values

spread according to the von Kármán constant much

more widely than in Fig. 14. If the von Kármán constant

is changed to knew 5 0.39, the required modification in

CHN10,new is still less than typical random scatter in the

data for all original stratifications. But if the von Kármán

constant is changed by about 10%—to 0.35 or 0.436—the

required change in CHN10,new can be large: as much

as 20% in unstable stratification and well over 100%

if the original measurements were in very stable

stratification.

8. Dissipation method

The dissipation method uses the budget equations for

turbulent kinetic energy and scalar variance and either

direct or inertial-subrange measurements of the dissi-

pation rates of turbulent kinetic energy (e) and tem-

perature (Nu) and humidity (Nq) variances to estimate

the fluxes of momentum and sensible and latent heat

(e.g., Taylor 1961; Large and Pond 1981, 1982; Fairall

and Larsen 1986; Hsieh et al. 1996; Yelland and Taylor

1996). Because the von Kármán constant appears in

these budget equations, fluxes derived from the dissi-

pation method may need to be revised if the von Kármán

constant is changed.

Flux calculations based on the dissipation method

usually assume the simple production-equals-dissipation

form of the budget equations (e.g., Andreas 1987a):

u2

*
›U

›z
1

g

Qy

wuy 5 e, (8.1a)

2u*u*
›Q

›z
5 Nu, (8.1b)

2u*q*
›Q

›z
5 Nq. (8.1c)

FIG. 14. Corrected values of the sensible heat transfer coeffi-

cient, CHN10,new, computed from (7.6). Original conditions are

assumed to be kold 5 0.40, r 5 10 m, CDN10,old 5 1.886 3 1023

(z0,old 5 1.0 3 1023 m), and stratification (zold) as plotted. For the

range of zT,old/z0,old values shown—10, 1, and 0.1—CHN10,old is,

respectively, 2.515 3 1023, 1.886 3 1023, and 1.509 3 1023.

FIG. 15. As in Fig. 14, but r 5 5 m and CDN10,old 5 7.544 3 1023

(z0,old 5 0.10 m). Consequently, for zT,old/z0,old values of 10, 1,

and 0.1, CHN10,old is, respectively, 1.509 3 1022, 7.544 3 1023, and

5.030 3 1023. Notice that the vertical axis is logarithmic in this plot.
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In (8.1c), ›Q/›z is the vertical gradient in mean specific

humidity.

The e, Nu, and Nq in (8.1), the dissipation rates, are the

fundamental data here. Typically, these come from

measurements in the inertial subrange of the velocity

spectrum and in the inertial-convective subrange of the

temperature and humidity spectra. Such dissipation rates

result in the so-called inertial-dissipation method. The

dissipation rates can, however, be measured directly

(e.g., Paquin and Pond 1971; Champagne et al. 1977;

Williams and Paulson 1977; Oncley et al. 1996); such

measurements result in the direct dissipation method.

The von Kármán constant enters the analysis because

we must rewrite (8.1) in terms of the Monin–Obukhov

similarity functions to continue the calculations:

e 5
u3

*
kz

[fm(z)� z], (8.2a)

Nu 5
2u*u2

*
kz

fh(z), and (8.2b)

Nq 5
2u*q2

*
kz

fh(z). (8.2c)

Remember, the left-hand sides here represent the

measurements; we seek the flux scales u*, u*, and q*. The

three equations are coupled and must be solved itera-

tively because z contains the fluxes.

As in some of the earlier analyses in this paper, I can

relate old and new fluxes by equating the measurements

that remain unchanged under a conversion in the von

Kármán constant. For the turbulent kinetic energy

budget, (8.2a), this assumption yields

z e 5
u3

*,old

kold
[fm,old(zold)� zold]

5
u3

*,new

knew
[fm,new(znew)� znew]. (8.3)

Hence,

u*,new

u*,old
5

knew

kold

� �1/3 fm,old(zold)� zold

fm,old(zold)� knew

kold

� �
zold

2664
3775

1/3

,

(8.4)

which incorporates (2.3) and (2.24a) to represent the

right-hand side in terms of old values.

Figure 16 shows this u* ratio as a function of the

original stratification for the usual three values of knew.

For most values of zold in unstable stratification, u*,new

and u*,old are within 1% of each other for all reasonable

changes in the von Kármán constant. In contrast to

most of the other results, however, u*,new and u*,old

differ increasingly as unstable stratification goes to-

ward neutral stratification: at zold 5 0, u*,new and u*,old

differ by as much as 4%. In stable stratification, the

difference increases even more—to more than 7% at

the extreme right edge of Fig. 16, the very stable side of

the plot.

While percentages in the ranges mentioned above are

smaller than typical uncertainties in measurements or

estimates of u*, the above results are bias errors rather

than random errors. As such, they are more serious if

left uncorrected but are more easily corrected than

random experimental errors.

A method for modifying the heat fluxes obtained by

the dissipation method likewise is derived from the

scalar variance budgets. With sensible heat as the

example [i.e., (8.2b)], I again equate the unchanged

measurements:

zNu 5
2u*,oldu2

*,old

kold
fh,old(zold)

5
2u*,newu2

*,new

knew
fh,new(znew). (8.5)

Because fh,old(zold) 5 fh,new(znew), (8.5) reduces to

u*,new

u*,old
5

knew

kold

� �1/2 u*,old

u*,new

 !1/2

. (8.6)

FIG. 16. The relationship between old and new values of the

friction velocity (u*), where the dissipation method yielded u*,old.

The results come from (8.4) with kold 5 0.40 for each knew curve

shown; zold is the stratification during the original measurements.
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In turn, (8.6) converts to an equation for the sensible

heat flux [cf. (6.1b)]:

Hs,new

Hs,old
5
�rcpu*,new u*,new

�rcpu*,old u*,old
5

knew

kold

� �1/2 u*,new

u*,old

 !1/2

.

(8.7)

Finally, substituting (8.4) into (8.7) gives

Hs,new

Hs,old
5

knew

kold

� �2/3 fm,old(zold)� zold

fm,old(zold)� knew

kold

� �
zold

2664
3775

1/6

.

(8.8)

Figure 17 shows this ratio. The ratio Hs,new/Hs,old has

a much weaker dependence on original stratification

than does u*,new/u*,old because of the 1/6 power on the

zold term [as compared with the 1/3 power in (8.4)]. But

Hs,new/Hs,old has a stronger dependence on knew/kold

because of the 2/3 power on that term in (8.8) as com-

pared with the 1/3 power in (8.4). In overall effect, the

Hs,new/Hs,old ratio varies by only a few percent over the

stratification range depicted in Fig. 17. Thus, a constant

multiplicative correction of (knew/kold)2/3 is adequate for

converting Hs,old to Hs,new for all original values of the

stratification parameter zold.

Because (8.2c) implies that the same similarity func-

tion fh is appropriate in both the temperature and hu-

midity variance budgets, (8.8) and Fig. 17 also represent

the ratio of latent heat fluxes, HL,new/HL,old.

Often, inertial-dissipation estimates of the momentum

and heat fluxes are used in equations like (6.1) and (6.2)

to evaluate transfer coefficients and roughness lengths

(e.g., Large and Pond 1981, 1982; Anderson 1987, 1993;

Guest and Davidson 1991; Yelland et al. 1998). The

resulting transfer coefficients and roughness lengths thus

suffer doubly under a change in the von Kármán con-

stant because that new value must be incorporated into

both steps of the analysis. The equations that I have

derived will let the interested reader solve this puzzle.

9. Discussion

For most of these analyses, I ultimately had to assume

a particular form for one or more of the Monin–

Obukhov similarity functions. In a sense, this specificity

limits the results because my choices might not be your

preferred similarity functions. Fortunately, in unstable

stratification at least, published similarity functions agree

in general behavior if not in every detail.

In stable stratification in contrast, reported functions

vary widely in almost all details. Hence, using functions

other than my choices may change some of the results

presented here. One particular set of choices that de-

serves further discussion is the Holtslag and De Bruin

(1988) functions for fm, fh, cm, and cm. Because fm 5 fh

and cm 5 ch for these functions, the plot of zT,new/z0,new

in Fig. 13 shows no stratification dependence in stable

stratification. Although others have reported fm and fh

and cm and ch functions that are equal in stable strati-

fication, especially if fm and fh are formulated as log-

linear relations (e.g., Webb 1970; Dyer 1974; Large and

Pond 1982), other modern functions tend to suggest

different fm and fh functions. For example, Beljaars

and Holtslag (1991) updated the Holtslag and De Bruin

functions such that their new functions have the same

complex form but fm and fh are not equal. And just

recently, Grachev et al. (2007a) presented new and

unequal fm and fh functions that have proper asymp-

totic behavior in very stable stratification.

I simply could not survey all the published similarity

functions. The equations that I have derived, though,

allow interested readers to evaluate how changing the

von Kármán constant will alter results based on the

similarity functions of their choice.

10. Conclusions

Credible evidence exists from measurements in both

the laboratory (e.g., Österlund et al. 2000; Perry et al.

2001; Nagib et al. 2004) and the atmospheric surface

layer (e.g., Dyer and Bradley 1982; Kondo and Sato

1982; Frenzen and Vogel 1995a,b; Andreas et al. 2006)

that the von Kármán constant is nearer to 0.39 than to

FIG. 17. The relationship between old and new values of the

sensible heat flux (Hs), where Hs,old is assumed to have derived

from the dissipation method. The results come from (8.8) with

kold 5 0.40 for each value of knew shown; zold is the stratification

during the original measurements.
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the canonical value of 0.40. I have shown how to modify

existing similarity functions to implement this new value.

In all the examples, the original form of the similarity

function remains after the modification; only some em-

pirical coefficients change.

For variables derived from similarity theory and used

in modeling the atmospheric surface layer, however,

modifications are not as straightforward. I refer here to

the transfer coefficients CDN10, CHN10, and CEN10 and

the roughness lengths z0, zT, and zQ. Literature values

of these that were obtained assuming kold 5 0.40 may

need to be modified to be compatible for use with a new

value of the von Kármán constant. The magnitude of

the modification generally depends on the new value

of the von Kármán constant and on the original mea-

surement height, stratification, and value of the variable

in question. Variables originally obtained in stable strati-

fication generally require larger relative changes to be

compatible with knew than variables originally obtained

in unstable stratification. Because of this dependence on

stratification, variables may need to be modified one at a

time rather then en masse because the stratification gen-

erally varies during the course of an experiment.

Fortunately, the approach to modifying transfer co-

efficients and roughness lengths that my analysis lays

out may not often be necessary. For a von Kármán con-

stant that changes only from kold 5 0.40 to knew 5 0.39,

Figs. 7–15 suggest that modifying transfer coefficients

and roughness lengths is probably unnecessary. For the

stability range 24 # z # 4, the changes in these varia-

bles required by setting knew 5 0.39 are smaller than the

experimental scatter in original measurements of these

variables.
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APPENDIX

Other Function Closely Related to fm and fh

a. Profile functions

Panofsky (1963; also Paulson 1970) demonstrates how

to integrate (2.4) to obtain expressions for the surface

layer profiles of average wind speed and potential

temperature:

Uold(z) 5
u*
kold

[ln(z/z0,old)� cm,old(zold)], (A.1a)

Qold(z) 5 Qs 1
u*

kold
[ln(z/zT,old)� ch,old(zold)]. (A.1b)

This section focuses on converting the stratification

corrections cm,old and ch,old to forms that reflect a new

von Kármán constant, cm,new and ch,new. A general c

function derives from a general f function through

(Panofsky 1963)

c(z) 5

ð z

0

1� f(j)

j
dj, (A.2)

where j is again a variable of integration.

Equations (A.1) also define other new terms. The z0,old

and zT,old are, respectively, the roughness lengths for wind

speed and temperature profiles that were obtained using

the old value of the von Kármán constant. Also in (A.1),

Uold and Qold imply that we are using (A.1) to estimate

wind speed and temperature profiles based on measure-

ments of u* and u*. If, instead, the goal was to estimate

u* and u* from measurements of U(z), Q(z), and Qs, we

would write (A.1) with the subscripts ‘‘old’’ removed from

U(z) and Q(z) but added to u* and u* to indicate which

variables are data and which variables are calculated.

With (A.2) and the f functions used in section 3,

evaluating the c functions is straightforward. In unsta-

ble stratification, these are

cm,old(zold) 5 2 ln
1 1 xold

2

� �
1 ln

1 1 x2
old

2

 !
� 2 arctan(xold) 1

p

2
, (A.3a)

ch,old(zold) 5 2 ln
1 1 x2

old

2

 !
, (A.3b)

where

xold 5 (1� gu,oldzold)1/4; (A.3c)

and

cm,new(znew) 5 2 ln
1 1 xnew

2

� �
1 ln

1 1 x2
new

2

� �
� 2 arctan(xnew) 1

p

2
,

(A.4a)

ch,new(znew) 5 2 ln
1 1 x2

new

2

� �
, (A.4b)

where

xnew 5 (1� gu,newznew)1/4. (A.4c)
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For simplicity, (A.3c) and (A.4c) include the same

multiplicative constant, gu, for both fm and fh, as

Paulson (1970) found. Equations (2.11) and (2.17) show

how gu,old and gu,new are related.

Equation (2.22) relates the old and new values of as, bs,

and ds.

From (A.4c) and the definitions of gu,new and znew, we

see that

xnew 5 1�
gu,oldkold

knew

� �
(knew

bz)

� �1/4

5 (1� gs,oldkold
bz)1/4

5 xold. (A.7)

Consequently, for unstable stratification,

cm,new(znew) 5 cm,old(zoldÞ and (A.8a)

ch,new(znew) 5 ch,old(zold). (A.8b)

Similar algebra establishes that these same relations are

true for stable stratification. These two equalities will

prove useful in other analyses reported.

With cm,new and ch,new now identified, versions of

(A.1) that reflect a new value of the von Kármán con-

stant become

Unew(z) 5
u*

knew
[ln(z/z0,new)� cm,new(znew)], (A.9a)

Qnew(z) 5 Qs 1
u*

knew
[ln(z/zT ,new)� ch,new(znew)].

(A.9b)

In these, z0,new and zT,new are revised values of the

roughness lengths that I relate to z0,old and zT,old in

sections 6 and 7.

In summary, computing revised wind speed and po-

tential temperature profiles from measurements of u*,

t*, Qs, and bz involves as many as five changes: introduce

knew; calculate znew from bz; calculate the new stratifi-

cation corrections, cm,new and ch,new; and introduce

proper new values of the roughness lengths for wind

speed and temperature.

b. Turbulent diffusivities

The turbulent diffusivities for momentum and heat,

Km and Kh, respectively, are used in first-order closure

to relate the vertical gradients in wind speed and po-

tential temperature to the momentum and sensible heat

fluxes, respectively. For the old value of the von Kármán

constant, these functions are (e.g., Dyer 1974)

Km,old(zold) 5
koldu*z

fm,old(zold)
and (A.10a)

Kh,old(zold) 5
koldu*z

fh,old(zold)
. (A.10b)

Multiplying ›U/›z, as defined by (2.4a), with rKm,old

yields the momentum flux ru2
*. Likewise, multiplying

›Q/›z, as defined by (2.5a), by 2rcpKh,old yields the

sensible heat flux 2rcpu*u*.

Producing the same fluxes from the flux–gradient re-

lations that reflect a new value of the von Kármán

constant—namely from (2.4b) and 2.5b)—requires that

Km,new(znew) 5
knewu*z

fm,new(znew)
, (A.11a)

In stable stratification,

cm,old(zold) 5 ch,old(zold)

5� as,oldzold 1 bs,old zold �
gs,old � 1

ds,old

� �
exp(�ds,oldzold) 1

bs,old(gs,old � 1)

ds,old

� �
,

(A.5)

and

cm,new(znew) 5 ch,new(znew)

5� as,newznew 1 bs,new znew �
gs,old � 1

ds,new

� �
exp(�ds,newznew) 1

bs,new(gs,old � 1)

ds,new

� �
.

(A.6)
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Kh,new(znew) 5
knewu*z

fh,new(znew)
. (A.11b)

Consequently, with Km as the example, new and old

values of the diffusivity are related by

Km,new(znew) 5
knew

kold

� �
fm,old(zold)

fm,new(znew)

� �
Km,old(zold).

(A.12)

Because of the equality (2.24a), this equation reduces to

Km,new(znew) 5
knew

kold

� �
Km,old(zold). (A.13)

Similar algebra establishes that

Kh,new(znew) 5
knew

kold

� �
Kh,old(zold). (A.14)

Consequently, with kold 5 0.40, Km,new and Kh,new

are, respectively, 0.975, 0.875, and 1.090 times Km,old

and Kh,old for knew values of 0.39, 0.35, and 0.436. For

the largest and smallest reasonable values for knew,

these are significant differences between old and new

diffusivities. For knew 5 0.39, the difference is an almost

negligible 2.5%.
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Wyngaard, J. C., and O. R. Coté, 1971: The budgets of turbulent

kinetic energy and temperature variance in the atmospheric

surface layer. J. Atmos. Sci., 28, 190–201.

——, and S. F. Clifford, 1978: Estimating momentum, heat and

moisture fluxes from structure parameters. J. Atmos. Sci., 35,

1204–1211.
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