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ABSTRACT

A theory of inertial instability on the equatorial beta-plane is developed with application to the
inertial stability of the equatorial middle atmosphere at the solstices. It is shown that the stability of
this region depends primarily on two unknowns. First, there is the question of whether eddy diffusion
can be regarded as stabilizing, or whether this diffusion actually arises from the instability itself. Second,
because the diabatic circulation would appear to induce a cross-equatorial shear much greater than that
observed, or than that modeled in Holton and Wehrbein (1980), it appears that the gravity wave-
induced decelerations would be crucial to the stability of this flow. Unfortunately, the parameterization
scheme of Leovy (1964) designed to mimic this effect obscures the issue, since this ‘‘frictional drag’
concept is invalid on a local basis (Lindzen, 1981).

The expected structure and vertical wavelength of the equatorial inertial instability is discussed in the
context of this simple model. Predicted vertical wavelengths also depend on the unknown factors listed
above. The greatest likelihood of an observable inertial instability would be in the winter tropical
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mesosphere, within 10° of the equator.

%. Introduction

For a number of years there has been recognized
the existence of inertial instability in rotating fluids
which arises from an imbalance of pressure gradient
and centrifugal forces when the absolute value of
angular momentum decreases with radius (Rayleigh,
1916). This instability, like its counterpart, convec-
tion, can be understood as a ‘‘parcel’’ instability;
i.e., it is due to an imbalance of local forces acting
on individual fluid parcels. This is quite different
from the overrefiecting wave instabilities known as
barotropic, baroclinic and stratified shear instability
(Lindzen and Tung, 1978). On the spherical earth the
inertial instability may be due to a reversal in the
sign of the relative vorticity of the flow, a criterion
expressed mathematically as

ff—a,) <0, 1.n

where f is the Coriolis parameter and #, is the
horizontal wind shear. This is a modified form of
Rayleigh’s criterion taking into account Coriolis
forces in the rotating reference frame for motions
which are quasi-korizontal. A further modification
takes into account vertical wind shear

1 — Ri! - @,/f <O, (1.2)
where Ri is the Richardsen number N%i2. In
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this case the latitudinal pressure gradients adiabati-
cally ensuing from vertical displacements help to de-
stabilize the flow; in fact, when Ri < 1, horizontal
shear is no longer an essential ingredient in the
instability. It is desirable to mention that in this case
the criterion seems very significant, in view of the
fact that the corresponding criterion for wavelike
shear instability is Ri < 1/4 (Miles, 1961). Perhaps
for this reason, inertial instability has been the
subject of a recent study relating to organized
mesoscale convective systems (Emanuel, 1979).

A somewhat underappreciated aspect of the
theoretically-predicted inertial instabilities is their
singularity with respect to diffusion. Because pre-
ferred inviscid instabilities often have vanishing
length scales (e.g., Stone, 1966), it ultimately be-
comes necessary to incorporate at least a small
diffusion in the equations (Kuo, 1954; Mclntyre,
1970). It follows that not only does diffusion select
the scale of the most unstable motion, but it also
alters the instability criterion itself, at least by a
small amount. Another interesting result of diffusion
is the possibility of ‘‘overstability’” when the Prandtl
number differs from unity (McIntyre, 1970). For
further comment on these and other historical
aspects of the subject, the reader is referred to
Emanuel (1979, Section 2).

In this paper, we will address what is beginning
to’'be appreciated as a new and possibly significant
problem in the dynamics of the middle atmosphere.
The question of interest concerns the inevitable
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inertial instability of horizontal shear at the equator,
which itself results from the diabatic solstice
circulation from summer to winter hemisphere
(Holton and Wehrbein, 1980). For the most part,
we will treat the problem conceptually as a hori-
zontal, Rayleigh angular momentum instability (in
contrast to the current interest in tropospheric
mesoscale vertical shears). According to (1.1), any.
horizontal shear near the equator is inertially
unstable. From a theoretical standpoint, it is im-
mediately of interest to examine the stability proper-
ties as affected by diffusion and other forms of
dissipation. From an observational standpoint, it
seems remarkable that the inertial instability of
this region has been overlooked in the literature.?
Nevertheless, this paper will attempt to determine
the stability of the equatorial middle atmosphere
near the equator by utilizing the theoretical criteria
in conjunction with the commonly accepted forms
of dissipation. It will be shown that the stability
of this region depends on the stabilizing influence
of eddy diffusion, and upon the deceleration caused
by internal gravity waves.

The theoretical development beginning in Section
2 below therefore involves discussion of the in-
stability of mean zonal flows with nonzero hori-
zontal shear at the equator. Because of the strong
variation of f with latitude, it seems more appro-
priate to address the inertial stability problem
with the equatorial 8-plane concept (Lindzen, 1967)
in which the Coriolis parameter is a linear function
of the distance from the equator. While there are
undoubtedly problems which demand the alternate,
local f-plane approach (such as those involving the
inertial instability of primarily vertical shears near
the equator, as discussed in Appendix C of Emanuel,
1979) the B-plane approach seems well-suited here.
Interestingly, from a mathematical standpoint the
beta-plane approach (in contrast to its f-plane
counterpart) automatically ensures latitudinal bound-
edness, even though we formally regard all motions
as ‘“‘unbounded’’, i.e., with boundary conditions
imposed at infinity. Boundedness immediately leads
to important results dealing with diffusive scale
selection and flow stabilization.

For the B-plane problem discussed here some
important additional background comes out of Boyd
(1978) who discussed a ‘‘y-plane’” approximation
used for modeling equatorial waves in horizontal
shear. The y-plane perturbation technique employs
the small parameter defined by the ratio of lati-
tudinal to zonal scales, a method which, as shown
by Boyd, is very helpful in understanding the be-

2 Note added in proof: The baroclinic equatorial inertial
stability problem was, however, treated by .P. H. Stone, 1971:
The symmetric baroclinic instability of an equatorial current.
Geophys. Fluid Dyn., 2, 147164,
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havior of ultralong Rossby-gravity waves, for ex-
ample, in horizontal linear and parabolic shear.
For our purposes it is noteworthy that the approxi-
mate, lowest order y-plane streamfunction equation
is identical to the exact equation for symmetric
inertio—gravity disturbances. Also, the presence of
a linear vertical shear results in only a slight com-
plication, yielding an equation of the same form.
The resulting eigenfunctions are the familiar Hermite
polynomials modified only by the (linear or para-
bolic) shear, together with a dispersion relation
similar to that found for equatorial waves on the
B-plane. The key to understanding symmetric
instability is to employ this relation in reverse, that
is, by searching for imaginary frequencies resulting
in wave growth. As expected, imaginary roots
‘always exist in the inviscid problem when the
horizontal shear is nonzero at the equator.

Also anticipated is the scale selection and flow
stabilization when diffusion is formally included in
the equations. These results suggest that when a
second-order diffusion is included, there exists a
critical horizontal shear for instability, dependent
on the one-fifth power of the diffusion coefficient.
By hypothesizing that eddy diffusion is of this mathe-
matical form, we can employ the second-order dif-
fusion test for inertial stability in conjunction with
the observed and model shears, and the estimated
values of eddy diffusion. As already remarked, it
is found that the inertial stability- of this region
depends - on whether or not this eddy diffusion
can be regarded as stabilizing, and on the decelera-
tion of the mesospheric zonal mean flow by verti-
cally-propagating internal gravity waves (Lind-
zen, 1981).

Although the author’s interest in this subject
arose largely from the theoretical and observational
questions associated with it, it was learned in the
late stages of this investigation that an inertial
instability of the sort to'be discussed below has been
observed in the recent numerical work of Hunt
(1981). Therefore, Hunt’s paper serves as com-
plimentary to this work, and affords an additional
reference of benefit to the reader.

Here, we first direct attention to a linear, 8-plane
theory of the inertial instability in Section 2,
followed by an application of these ideas to the
middle atmosphere in Section 3.

2. Inertial instability on the equatorial B-plane

Following Emanuel (1979), we consider linear,
axisymmetric perturbations on a hydrostatically and
geostrophically balanced zonal mean flow having
constant static stability and constant linear shear.
The equatorial B-plane equations have appeared
frequently in the literature (e.g., Boyd, 1978). In
effect we set the zonal wavenumber equal to zero
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in consideration of symmetric disturbances. This
greatly simplifies matters, just as in the y-plane
approximation, because three otherwise difficult
effects (Doppler shift, longitudinal pressure gradient
" and longitudinal divergence) do not appear in the
equations. As a result of this simplification, the
motion becomes nondivergent in the meridional
plane, thereby defining a streamfunction is; further-
more, it is possible to incorporate a linear vertical
shear in the problem without adding undue compli-
cation. During the course of the following discus-

sion, we will have occasion to discuss the effect of

linear shear in height; however, since the primary
thrust of this paper deals with horizontal shear, ver-
tical shear will for the most part be set to zero. By
way of caution it should be remarked that probably
the equatorial B-plane approach is not generally
suited to discussing inertial instability due to verti-
cal shear only, although it can clearly reveal the
effect of a vertical shear on what is fundamentally
a horizontal instability. One reason for this is a
breakdown in the geostrophic approximation near
the equator, which is otherwise required to relate
thermal to momentum effects. While even this
assumption is valid for zonal mean flows, it clearly
is not valid on a more local basis, as might be the
case when dealing with locally strong vertical
shears, for example. Fortunately, vertical shear in
the middle atmosphere is almost always extremely
small (except in the descending westerlies of the
semiannual and quasi-biennial oscillations) com-
pared to the static stability.

Symmetric disturbances on the equatorial 8 plane
satisfy the streamfunction equation

mZ
Yyy — N [By(By —v) — Wy =0, (2.1)

where m, w and vy are vertical wavenumber, fre-
quency, and horizontal shear, respectively, and
B = df/dy. This result corresponds to Boyd’s (1978)
discussion of the effect of linear shear on the
Rossby-—gravity wave at lowest order in the y-plane
approximation. In our case, however, it is an exact
equation for a purely symmetric disturbance.® As
discussed by Boyd, (2.1) reduces to the canonical
form of the harmonic oscillator equation in the usual
_manner (e.g., Holton, 1975, p. 64) except that one
must first shift the latitude in the direction of the
horizontal shear, viz.,

Y=y — Y2 2.2)

3 In response to a question raised by a referee, it should be
noted that a term proportional to the horizontal component of the
Coriolis force (f*) is neglected here. However, this term is iso-
morphic to the vertical shear term [see (2.8)], and is as small
as (f*/N)2.
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With respect to this shifted latitude, the stream-
function solutions are the orthogonal set of Hermite
polynomials multiplied by a Gaussian. The lowest-
order mode is simply a Gaussian, and is most rele-
vant to our present purposes (as it will appear to
have the largest growth rate). The latitudinal scale
factor is just w,/8, where

w,? = w? + y¥4. (2.3)
The eigencondition for this lowest mode, however, is
w? = NB/|m]. (2.4)

Now in discussing forced waves and how linear
shear affects them, we would regard w, as an en-
hanced *‘effective’” frequency, and regard it as being
determined by w and y while, in turn, defining
m?/N? as an eigenvalue. However, in discussing
instability, which is analogous to discussing ‘‘free”’
modes, w; may be regarded as given, thereby
determining the frequency. It is apparent from com-
parison of (2.3) and (2.4) that, for a given v, the
square of the -frequency can be minimized by
increasing m. As m is made indefinitely large, the
frequency becomes imaginary, and approaches the
asymptotic value —¥2yi. The fastest growing mode
in this inviscid problem is therefore of simplest
structure (n = 0), and of infinite vertical wave-
number (m) and vanishing horizontal scale (y,).
Growing modes always exist for any nonzero shear
although, of course, their growth rates are limited
by this shear. In accord with the f-plane theory,
the magnitude of the growth rate also can be re-
garded as equal to the value of the Coriolis param-
eter in the center of the unstable region bounded
below by the equator (for positive shear) and above
by the latitude 8y = y.

a. Diffusive scale selection and flow stabilization

Because the preferred mode of instability on the
equatorial 8-plane has essentially infinite vertical
wavenumber, it is necessary to incorporate a scale-
dependent dissipation into the problem in order to
arrive at a finite scale of maximum growth. It is the
purpose of this and the following subsection to
display how unstable mode scales are selected for
various kinds of dissipation, and also to show how
these affect the instability criterion itself, Here, we
will focus attention on the most obvious form of
scale-dependent dissipation, viz., diffusion. For the
purposes of analytical simplicity we restrict the
dissipation to being -dependent only on vertical
wavenumber; otherwise the order of the eigen-
problem would be unduly increased.

The most obvious case involves the assumption
of a Prandtl number equal to unity, where

(2.5)

o = vk,
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with v and « being the diffusivity of momentum and
" heat, respectively. When ¢ = 1 the diffusion alters
the frequency as w — w — ivm?. Consequently, our
indefinite increasing of m in the inviscid problem,
when applied here, no longer results in imaginary
frequencies in that limit. Rather, there exists a
single minimum in »? which defines a point of
maximum growth. Evidently, when this point itself
lies on the real w axis, we have determined the
wavenumber of instability onset, together with a
critical shear, below which the flow is stable. One
can, in fact, determine this critical wavenumber
m. and shear vy, from dimensional considerations
alone, since both depend only on » and (NgB). The
resulting formulas turn out to be very accurate since
the exact expressions are

my = NB/&2,
|'Ycl = 2(5)V2p15(V4 N B)%5,

(2.6)
Q.7

Of particular interest is the weak dependence of
both quantities on the diffusion—a fact which
should comfort most observationalists in knowing
that our ignorance of the magnitude of diffusion
in the middle atmosphere can be partly excused—
for example, a variation in diffusion of two orders
of magnitude would alter y, by only 2.5 times.

When the diffusion is equal to unity in MKS units,
for example, the predicted horizontal and vertical
scales in the middle atmosphere are approximately
5.25° and 2.4 km, respectively. Hence Emanuel’s
statement (1979, p. 2438) to the effect that dis-
turbance scales are more related to the depth of the
unstable region, rather than the viscous scale,
except for very small diffusion, is not seen to be
directly pertinent to our problem. Here predicted
scales would be basically viscous, except for very
large diffusion.

A schematic diagram of the neutral mode is given
in Fig. 1. The streamfunction and meridional
velocity are symmetric about the shifted equator,
while the vertical velocity and temperature are anti-
symmetric about this point. On the other hand, the
zonal velocity is shifted beyond the shifted equator,
and is asymmetrlc about the boundary of the un-
stable region, so that it appears distorted (its
Gaussian being still centered on the shifted equator).
For each field, the generation mechanisms are every-
where being balanced by dlffusmn out of the
maxima.

While the scale of display in Fig. 1 is arbitrary,
it should be remembered that in reality the aspect
ratio of the disturbance depends weakly on the
diffusion, with the ellipses flattening out as the
diffusion goes to zero.

There are two variations on the above problem
which might be of interest in some contexts, though
are not deserving of a considerable space here. The
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Fic. 1. The lowest-order neutral viscous mode on the
equatorial 8 plane. The diabatic circulation 72 induces a linear
shear which, at some critical value, generates an unstable
region bounded below by the equator, and above by the
latitude &, = f.

first involves the inclusion of vertical shear. This
enters entirely via the Richardson number Ri, and is
important in several respects. First, reduction to
the harmonic oscillator equation requires the
substitution

¥(y) = x(y) exp(—¥2By%imii./N?)  (2.8)
which in effect provides a varying disturbance
orientation in latitude, the very same kind of pre-
ferred (but constant) orientation one finds in the
f-plane problem. Second, the resulting x equation
has a term (1 — Ri™!) multiplying 82y2. Unbounded
solutions exist only when Ri > 1 (analogous to
what happens to the Rossby—gravity' wave on the
vy-plane when the mean flow becomes barotropi-
cally unstable); when the Richardson number falls
below unity, presumably we need then to consider
the finite extent of the flow. In any case, it is found
that the finite Richardson number is destabilizing
as it acts to reduce the critical shear (and the
corresponding vertical wavenumber).

The second variation considers a Prandtl number
which differs from unity. There is found to be a
weak increasing dependence of y. on o; however,
when o = 3%, it appears that ‘‘overstable’’ modes,
i.e., those with nonzero real frequency component,
have critical shears slightly lower than the cor-
responding nonoscillatory instabilities. While this is
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avery interesting piece of information, at the present
time one cannot make much use of it in view of
the uncertainty in assessing real values of Prandtl
number in the middle atmosphere.

b. Higher-order diffusion

One limitation of the formulas (2.6) and (2.7) is
their being restricted to a diffusion which is specifi-
cally second order. While this is the usual form of
molecular diffusion, it is not necessarily correct for
eddy diffusion, although one commonly sees it em-
ployed even in this connection.

Under more general circumstances we might en-
vision a diffusive process arising from turbulence,
but of a higher order than the second-order process
described above. Supposing for the sake of argument
“that this is an infinite-order diffusion, the question
arises as to how the stability criterion is affected.

Actually, this is the simplest case to investigate,
since the instability criterion would then originate
in (2.3) and (2.4). It was there found that in order
to have growing modes one must definitely reduce
the vertical wavelength below some critical vertical
wavelength (call it A;). The latter would vary as the
square of the cross-equatorial shear y. Since in an
infinite-order diffusion the net effect would be to
suppress all scales of motion below some critical
vertical scale, the instability criterion would then be
that this latter scale be less than the necessary
vertical wavelength for instability A,.

Now while this stability criterion does not neces-
sarily save us any effort, since finding a critical
vertical scale may be as difficult as a precise
definition of the eddy diffusion coefficient, .it does
provide an additional subjective test of the inertial
stability of a flow. In Section 3, both the second-
order diffusion test and the more subjective test
suggested here will be applied to the equatorial
middle atmosphere.

3. The stability of the equatorial middle atmosphere

Having discussed the inertial instability problem
in a theoretical way in the preceeding section, with
an emphasis on the dissipative processes relevant
to it, the next step is to apply the various criteria
to the equatorial middle atmosphere at and around
the solstices, when a significant horizontal shear
supposedly exists at the equator. In the investiga-
tion of this subject, however, the author was con-
fronted with a series of difficult and enigmatic
questions, which seemed to preclude a certain
answer to the question of the inertial stability of
this region. However, with the theory of Section 2
in hand, we will find that it is at least possible to
construct hypothetical answers to these questions,
while at the same time shedding light on the in-
dividual issues involved. It is the goal of this section
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to do precisely that, and the following discussion
will be framed around the specific questions
themselves.

a. The diabatic cross-equatorial flow

Near the equator at the solstices it is believed

“that the mean meridional flow is basically cross-

equatorial from summer to winter hemisphere. In an
overall sense this flow may be understood as a
dynamic response to the distribution of heat sources
and sinks—specifically, the broad, weak ozone
summer heating, and the locally intense CO,
cooling in the polar night. At upper levels (at and
above the stratopause) a very strong flow is gen-
erated because of the low densities there.

Evidence for this circulation is not available
directly from observations, since it is all but im-
possible to construct honest zonal mean profiles of
meridional wind. However, there-is indirect evi-
dence from two sources: first, the ‘‘rhodium 102"’
tracer experiment related by Kalkstein (1962) and,
second, the numerical models with realistic radia-
tion codes. The former set of observations strongly
supported the pole-to-pole circulation concept; al-
though it did not give precise measurements of this
flow, it did suggest, say, that a 1 m s~! magnitude
would not be unreasonable, in view of the sudden
increases in rhodium in high latitudes at 6-month
intervals. Numerical models, second, are able to
give more precise estimates based on diabatic circu-
lation expectations; again the magnitude of 1 m s
at mesospheric heights is very common (e.g.,
Holton and Wehrbein, 1980) with perhaps a local
maximum in ? near the equator of order 3 m s~

Now in view of the possible inertial instability
of the middle atmosphere near the equator, there is
first of all an uncertainty concerning such a local
maximum in meridional wind. If inertial rolls such
as those of Fig. 1 are present, it is obvious that
we cannot interpret the expected diabatic cross-
equatorial flow as being locally true anywhere; in-
stead, it must be interpreted as a ‘‘net cross-
equatorial mass flow’’, i.e., as a vertical integral
of the mean motion.

However, even this interpretation is contingent
upon another unproven assumption, namely, that
the inertial instability has no ‘‘macroscopic’’ effect
on the motion of the extratropical middle at-
mosphere. In mathematical terms the question is
whether or not a small hyperbolic or parabolic
region should effect the outer elliptical solution for
the mean meridional streamfunction. At this time the -
only relevant result seems to be that of Hunt (1981),
who in spite of his inertial instability neverthe-
less observed an adequately strong mesospheric
jet at high latitudes. Previous numerical models are
of little help here since none of them actually
simulated any inertial instability. In the following,






