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ABSTRACT

Vertically propagating internal waves give rise to mean flow accelerations in an atmosphere due to the
effects of wave transience resulting from compressibility and vertical group velocity feedback. Such
accelerations appear to culminate in the spontaneous formation and descent of regions of strong mean
wind shear. Both analytical and numerical solutions are obtained in an approximate quasi-linear model

which describes this effect.

The numerical solutions display mean flow accelerations due to Kelvin waves in the equatorial strato-
sphere. Wave absorption alters the transience mechanism in some significant respects, particularly in
causing the upper atmospheric mean flow acceleration to be very sensitive to the precise magnitude and

distribution of the damping mechanisms.

Part II of this series discusses numerical simulations of transient equatorial waves in the quasi-biennial
oscillation. These results are of sufficient qualitative interest to merit attention in this paper, and this is
done with the help of a simpler, prototype standing-wave mode! (Plumb, 1977).

1. Emtroduction

In the last two decades the theory of wave, mean-
flow interaction has undergone considerable devel-
opment. From the time of its inception the theory
has sought to describe the interaction of waves and
mean flows in terms of two processes. The first in-
volves explicit departures from conservative motion,
and is sometimes described under the more restric-
tive title ‘‘wave dissipation’’. The second involves
departures from purely harmonic motion, such as
wave growth and decay. This second category is
comprehended under the title ‘‘wave transience’’.
A third process, critical layer interaction, is some-
times considered separately but, in fact, should be
included under both of the above categories.

The importance of wave transience and dissipa-
tion came to be appreciated first in a largely nega-
tive way, as a result of the pioneering work of
Eliassen and Palm (1961) and Charney and Drazin
(1961). In both papers a nonacceleration theorem
was derived, showing how steady and conservative
linear waves do not induce secondary changes in
the mean flow. Since their work first appeared the
nonacceleration theorem has been greatly general-
ized, culminating in the exact, finite-amplitude
theorem of Andrews and Mclntyre (1978a). The
theorem in its present form not only embraces
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earlier theorems but also explains exactly, and in
considerable detail, how nonconservative, non-
steady waves alter mean flows.

The circumstances in which wave transience gives
rise to mean flow changes are manifold. Instability
is a prime example and is of extensive interest in
meteorology. Problems involving forced waves are
also common. In all these cases there is a nontrivial
interaction of the waves with the mean flow in spite
of the fact that the motion is completely conservative.

The purpose of this two-part study is to examine
a type of wave transience problem that has been
largely overlooked in the past, but is one that is
beginning to be recognized as being of much interest
in atmospheric dynamics. This problem involves the
vertical propagation of forced disturbances in acom-
pressible atmosphere. The motivation for this prob-
lem comes from the fact that when wave disturbances
propagate upward in an atmosphere, there is an ex-
ponential growth of disturbance amplitude with
height due to the basic-state density stratification.
In many circumstances this growth contributes
directly to the acceleration of the mean flow through
the wave transience mechanism.

Part I discusses this problem in a rather general
way through a study of the vertical propagation of a
forced internal gravity wave. Analytical and numeri-
cal solutions are derived describing mean flow
evolution within the context of an approximate
model, the inherent assumptions of which are that
the waves in question are linear and slowly varying.
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C =
FiG. 1. Schematic diagram of a forced, upward-propagating internal wave of .

phase speed c¢. The corrugated boundary exerts a positive stress on the fluid in the

x direction.

_ Inthe latter part of this paper, and to a greater extent
“in Part I, application of these results is made to the
theory of the stratospheric quasi-biennial oscillation.
The appendices contain results of peripheral inter-
est to this study but, nevertheless, are of fundamen-
tal theoretical importance. Appendix A describes an
analytic solution for a wave propagating towards
its "critical level. The resulting interaction, in con-
trast to existing critical layer theories (with their
implicit assumptions of negligible forcing amplitude),
is found to occur in the interior region, well below
the critical level. There is in fact within our approxi-
mations no interaction at the critical level because
" the wave never reaches it.

Appendix B is written in a rather different spirit
than that of the main study. There an attempt is made
to describe the exact process by which a forced grav-
ity wave transiently develops following switch-on of
the forcing. Through the Laplace transform tech-
nique an exact solution is found which describes
both the nature of the wavefront, and the various
transients excited by the forcing. This solution takes
the form of an integral of the zeroth order Bessel
function. '

* In summary, the results of the theory developed
in this study are of importance in a wide context,
and exhibit some very fundamental aspects of wave
transport. (A review text on this topic is currently
in preparation by M. E. Mclntyre.) Concepts such
as radiation stress, wave action, pseudomomentum,
and Kelvin’s circulation are central to the theory
and provide a physical basis for understanding the

t

role of wave transience and dissipation in wave,
mean flow interaction.

2. Single wave, mean-flow interaction
a. Qualitative discussion

The prototype problem involves a two-dimen-
sional internal gravity wave excited by a small-
amplitude, moving corrugation at the lower bound-
ary, the details of which are sketched in Fig. 1. The
fluid, which is an adiabatic, frictionless atmosphere
of stable stratification N? = gd Inf,/dz > 0 and scale
height H, is initially at rest, as is the corrugated
lower boundary. At some initial time the corrugation
begins moving with uniform velocity ¢ in the x direc-
tion. As a result, an internal wave is excited in the
region above the boundary. This wave, which we
assume to be hydrostatic, for simplicity, has sur-
faces of constant phase tilted forward (consistent
with the radiation condition). The height of the
wavefront (i.e., the point which represents the pri-
mary increase in wave amplitude: in Appendix B
this concept is given a precise definition) is given by
the product of the vertical group velocity kc¥N (k is
the wavenumber in the zonal direction) and the time
t. Because of the decrease of density with height,
the amplitude of the forced wave will grow with
height, before approaching zero at the wavefront.

"To a first approximation, the growth of wave ampli-

tude squared is equal to expz/H in the lowest layers.
It is evident from Fig. 1 that the forced wave has
the ability to induce a mean atmospheric motion in
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the x direction, thereby altering its own propagation
characteristics in the region. This result may seem
surprising at first sight, since in a completely con-
servative system no mechanism of wave absorption
exists (nor does any effective critical layer absorp-
tion exist in this problem, at least not in the initial
state). However, examination of the figure reveals
quite clearly that the corrugated boundary exerts a
positive stress on the fluid above it. This stress re-
sults from a positive correlation between perturba-
tion high pressure and negative lower boundary
slope. Since no opposing stress is present above
the wavefront, where the wave amplitude is zero
(or, at least, very small), there results a net positive
mean-flow acceleration in the interior. In other
words,

By,

dt

where the vertically integrated mean momentum M is

MEJ
0

and B, is the total radiation stress at the lower
boundary. After switch-on of the forcing, this stress
assumes a constant value independent of time, so that

M = Bot, (3)

i.e., the total atmospheric mean momentum initially
increases linearly with time. By implication, work
must be done to keep the corrugation in motion;
the force involved is like the familiar wave drag
common to other problems of this kind.

Now if it be supposed that the formula (3) is valid
for all time, there is in that case no limit to the pos-
sible eventual magnitude attained by the mean flow
i(z,t). In reality, however, there is a strong sugges-
tion that an upper limit may be placed on the ultimate
mean flow speed. The existence of such a limiting
value follows from the theory of linear, slowly vary-
ing internal wave disturbances. In particular, when
i1 approaches the phase speed c, the vertical com-
ponent of group velocity vanishes, i.e.,

2 7 2
Wg=k—c-(1 - _”_) 0.
N c

(1

u(z,t) exp(—z/H)dz 2)

“4)

Within the context of the slowly varying approxi-
mation the upper limit on # might also be inferred
from the realization that, when the Doppler-shifted
frequency vanishes locally at some level, the fluid
above this level no longer feels a moving fluid cor-
rugation below it. Consequently, there is no longer
any vertical propagation of wave information or
wave action into or through this level.

Now the existence of a limiting mean flow speed
has serious implications, especially for a compres-
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sible atmosphere. This is because an atmosphere,
for any finite mean flow speed, possesses only a
finite total mean momentum, since it possesses only
a finite total mass. This implies that

M — constant

4)

in time [contrary to (3)] which, in turn, necessitates
that eventually

By,— 0. 6)

Thus at some finite time the wave fields must adjust
SO as to cause the lower boundary radiation stress to
vanish. It is of interest to note that this result would
not be expected in an infinitely deep, initially at rest
Boussinesq fluid, since M can be unbounded even
though i is bounded. (The initially at rest assump-
tion is crucial to this statement; in Appendix A we
explore a simple example of initial linear shear with
a critical level. It is shown that the same reductio
ad absurdum applies to that problem, together with
its Boussinesq counterpart. What is of importance
in both cases is the total effective mass involved.)

Stated differently, if the moving corrugation were
to somehow continue to impart momentum to the
atmosphere, this would require that eventually i
exceed ¢ somewhere. Since within the slowly vary-
ing, linear waves approximation such an occurrence
will never be realized, it would follow that in fact
the lower boundary must eventually cease to impart
-momentum to the atmosphere. Alternately, it might
be inferred that if the lower boundary were to con-
tinue to impart this momentum, this would require
an eventual breakdown in either or both the linear
and slowly varying waves approximations.

Setting aside for the moment the possibility of a
breakdown in these approximations, it is possible to
infer not only the overall picture of dM/dt, but also
the detailed profile of §i/d¢, without extensive use
of the mathematical equations, which are introduced
in the next subsection. In particular, we expect to
find a steady equilibrated solution initially in the
lowest layers. This solution would grow with height
slightly faster than expz/H, because of the initial
radiation stress divergence on this part of the atmos-
phere. Above the equilibrated region lies the wave-
front itself; rather than being a sudden jump from
zero to expz/H, however, the wavefront would
actually have a significant tilt, involving a gradual
increase from the point kc*N back to the equili-
brated solution. The physical reason for this tilt lies
in the fact that large-amplitude wave signals have a
smaller vertical group velocity than small-amplitude
signals. The reason for this behavior will be made
clear below, but for now it is sufficient to say that it
is required from Kelvin’s circulation theorem. The
tilt is itself the reason why the equilibrated solution
grows with height faster than expz/H, in view of the
exact result (1).
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SLOWLY-VARYING LINEAR WAVES

Ceu+ gV

F1G. 2. Material tube displaced by the wave. The center of mass motion is the
Lagrangian-mean velocity. There is a leading order contribution to the c1rculat|on,
referred to as the (minus) wave pseudomomentum.

Now for small amplitude forcings the tilt effect
will not be very noticeable initially. Nevertheless,
in an atmosphere there will always come a time when
the tilt becomes so prominent that the atmosphere
cannot continue to absorb momentum above the
equilibrated region at the same rate it is being sup-
plied at the lower boundary. In other words there
would exist some height z, for which

i r u(z,t) exp(—z/H)dz

20

cannot possibly equal B,. It would then follow that
the equilibrated solution is only temporarily valid.
Now the exact manner in which the equilibrated
solution would break down is perhaps difficult to
determine. Nevertheless, it seems plausible to sup-
pose that a breakdown first occurs at z,, the upper-
most height attained by the equilibrated solution,
followed by a breakdown in progressively lower
layers. For levels below z, the final solution would
then take the form of a descending shear layer, which
eventually encounters the lower boundary.

b. Analytical solutions

Whether or not the actual solution resembles this
intuitive profile of iz, dépends on the accuracy of the
linear and slowly varying approximations. It is never-
" theless of some significance that the spontaneous
formation of a descending shear layer is explicitly
predicted by these approximations in a simple ana-
lytical model. We now proceed to develop the ap-
. proximate governing equations of this model and

solve the resulting single, quasi-linear equation by
the method of characteristics. It will be observed
that the solutions obtained in this way do not in
themselves satisfy either of these approximations at
large times. We lay aside for the moment, however,
the question of precisely when these approximations
break down, and examine the analytical solutions
assuming the a priori validity of both approximations.
We begin by quoting an exact result

ac :

— =0, 7a

” (7a)
C= %u-ds, (7b)

~
where C is Kelvin’s circulation taken over a ma-
terial tube which is displaced by the internal wave
(Fig. 2). (Note that by considering a periodic domain
we need not close the material tube contour. Also, in
the interests of preciseness, the integral is assumed
to be normalized with respect to the total longitudinal
distance covered. The material tube is isentropic in
view of the initial condition.) The center-of-mass
motion of a material tube is just the Lagrangian-
mean velocity (Andrews and MclIntyre, 1978a) (more
precisely it is the Cartesian Lagrangian-mean veloc-
ity). In the absence of Coriolis effects and damping,
C is exactly conserved.

While the circulation theorem is an exact result,
it will be employed in connection with the slowly
varying and linear waves approximations. Now the
first effect of these approximations is to suggest that
ul, the Lagrangian mean velocity, is just equal to the
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Fulerian-mean velocity at lowest order, which is
strictly zonal and of magnitude & (w is zero in this
two-dimensional problem). There are two reasons
for this result. First, there is no longitudinal Stokes
drift &2° in our case (at lowest order); note that parcel
motions are strictly rectilinear and not elliptical.
Second, although it is entirely possible, in general,
to have a nonzero w* in two-dimensional problems
of this sort (the Lagrangian-mean flow is not incom-
pressible, especially when the waves are transient,
as is true in the vicinity of the wavefront) the slowly
varying approximation renders the magnitude of this
term relatively small. Consequently, material tubes
do not experience a significant change in their eleva-
tion, but are primarily carried along with the Euler-
ian-mean flow i.

The linearization approximation suggests the use-
fulness of a Taylor series expansion of the circula-
tion C in powers of the displacement field £ [the
latter is defined precisely in Andrews and McIntyre
(1978a) but we employ the usual linearized fields
& = (¢ m',{') here]. This yields

C=a+&u + @+ & Tu, +L'w) 8
at lowest order. The three terms in parentheses are
1o be ignored under the present approximations, and
although the final term could easily be included for
nonhydrostatic disturbances, it is neglected here.

The term £.'u’ thus represents the leading wave
contribution to the circulation, and is sometimes
referred to as the leading contribution to the (minus)
wave pseudomomentum, a conservable wave prop-
erty in spatially symmetric mean flows (Andrews
and Mclintyre, 1978a,b). It may be written in the alter-
nate approximate form

U+ §,N?
2c — @)

The above equivalence results from 1) the linearized
expression for the displacement field D, £ = u' and
2) the equipartition of wave energy between kinetic
and thermal components which is easily derived
from the linearized, slowly varying wave fields. The
symbol A is chosen insofar as the quantity in (9) is
just the wave action apart from the factor k (Brether-
ton and Garrett, 1968) which in our case is irrelevant
in view of our assumption of a single zonal wave-
number.

The circulation theorem implies the remarkable
result

—&'u’ A. &)

u=Aa, (10)
i.e., that the wave-induced mean flow is just equal
to the wave action density, apart from an arbitrary
constant which is zero in our case.

To this important resuit we append the usual mean
flow equation
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dil 1 9
= - = (pB), 1
o o oz (poB) (11)

where B is obviously the Reynolds stress «'w’, but
is also just the approximate radiation stress in our
problem. This follows from the equivalence u'w’
={'¢, = WA, where W, = k(c — @#)*/N is the
vertical group velocity. (¢ is the geopotential and its
vertical derivative is the hydrostatic temperature.)
The second quantity relates to our previous argu-
ment concerning the positive correlation between
vertical displacement and the pressure gradient
force, which is responsible for the work done on the
fluid above the corrugated boundary. The third
quantity states that the flux of wave action B is
equal to the product of the vertical group velocity
and the wave action density. This is a typical slowly
varying result and follows from the simple relations
between wave fields. It is thus apparent that

(12)

and that, consequently, the entire problem is de-
scribed by a single equation for A (or iz):
oA 0 1\ kc?A A2
a4
ot 0z H/ N c
By way of commentary on this result it may be useful
to compare it to the traditional wave action equation
dA a 1\ kc?A i \?
R
ot oz H} N c
It is important to realize that while (14) is a consis-
tent result, in the sense that it is correct to leading
order in wave amplitude, Eq. (13) is not a leading
order result. It is, however, a consistent quasi-linear
result, in the sense that the second-order mean flow
(i.e., that due to the wave acceleration) is retained
in the equation, while various wave-wave interac-
tions are deliberately omitted. We wish to stress that
this procedure, though somewhat arbitrary, is en-
tirely consistent with the very philosophy of quasi-
linear modeling employed so frequently in the litera-
ture, and for example in the original Holton-Lindzen
(1972) paper dealing with the simulation of the quasi-
biennial oscillation. The inherent usefulness of the
quasi-linear assumption has been demonstrated many
times in the literature; its usefulness in connection
with the problem we wish to investigate here has
not yet been established. Nevertheless, it will be
worthwhile to pursue the quasi-linear assumption
to its logical conclusion, while keeping in mind the
deliberateness of the assumption itself.

In addition to being physically quasi-linear, the
Eq. (13) is also mathematically quasi-linear, since
although the solution A appears in a nonlinear way
in the flux term, the derivatives of A are entirely

(13)

(14)
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FiG. 3. Characteristic curve for Eq. (15). All quantities are nondimensional.

linear. As a result this equation is easily solved by
the method of characteristics. Before doing so, how-
ever, it is convenient to rescale the variables appear-
ing in (13). The obvious choice of scales is

2
i—;z’ i—>A, kc

C

t—1.

For the remainder of this subsection the variables
are nondimensional in accordance with this scaling.
It is of some interest to note that the time scale is
entirely independent of the magnitude of the lower
boundary forcing. »
There results the nondimensional equation
dA
+

o (15)

0
— — A —_ 2 = .
(az 1) (1 - A) 0

Solutions are obtained by introducing a parameter
s such that

dA 0A dz

ds 9z ds
It follows that
ii—{l— = A(1 — A)?,
ds
dz
ds
dt
ds

8A dt
+

_— 16
ot ds (» )

(17a)

(1 -34)1-A), (17b)

(17¢)

Characteristic curves are traced out by the equations
A ) A
+ )
1-A 1-A

z + ¢, =InfA(1 — A)?].

t+c, = ln( (18a)

(18b)

" There is evidently just one, universal characteristic

curve for this problem (apart from the two constants
which are used to apply boundary and initial condi-
tions). Fig. 3 displays this curve. An important fea-
ture of this characteristic is a maximum in z + ¢,
occurring at A = Y43 at which point

t+c, =In¥s + 15, (19a)

(19b)

Particular solutions to (15) require the specifica-
tion of initial and boundary conditions. From the
theory of first-order equations it is well known that
the space-time curve along which the solution is
specified cannot be arbitrary if a unique solution is
desired. Rather, initial and boundary conditions
guaranteeing uniqueness depend in part on the pre-
cise nature of the characteristics.

It turns out that realistic conditions used in con-
nection with (15) do not in general appear to produce
unique solutions. Although it is possible to imagine
very special cases in which unique solutions can be
found, these cases are quite unrealistic, and do not
correspond to any simple configurations of initial
and boundary conditions, nor for that matter even
the very simple conditions implied by Fig. 1. Thus a
nonunique solution must be anticipated.

Z + ¢, = In%27.






