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Some Eulerian and Lagrangian Diagnostics for a Model Stratospheric Warming'
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ABSTRACT

Some new diagnostics are presented for a wavenumber-2 sudden warming, simulated by a version of
Holton’s semi-spectral, primitive-equation model. First, Eliassen-Palm cross sections exhibiting the
Eliassen-Palm (EP) planetary-wave flux together with contours of the corresponding flux divergence,
are presented for selected days of the: simulation. Second, a description of zonal-mean-flow evolution
in the model, simpler than the conventional Eulerian-mean description and qualitatively like Lagrangian-
mean descriptions in some respects, is constructed from the transformed Eulerian-mean equations
presented by Andrews and McIntyre (1976). In this description the mean warming is brought about by a
thermally direct ‘‘residual meridional circulation’’ arising as an essentially adiabatic response to a wave-
induced torque about the earth’s axis. The torque itself is equal to the divergence of the EP wave flux
and approximately proportional to the northward flux of quasi-geostrophic potential vorticity. Third,
some true Lagrangian means and related diagnostics are presented and discussed.

The EP cross sections strikingly display the effect of the mid-stratospheric zero-wind line which
invades middle latitudes from the tropics during the first stage of substantial evolution of the mean state.
This zero-wind line develops into a partial reflector of planetary waves, splitting the EP wave flux into two
branches and deflecting one of them equatorward and the other to high polar altitudes. The consequent
focusing of waves into a smaller horizontal area in the polar cap and into altitudes with lower densities
helps bring about the reversal of the polar westerlies in the second stage of mean evolution. Focusing of
planetary waves into the high-altitude polar cap should be similarly important for real warmings, but
there is no evidence that subtropical zero-wind lines play any important role. Possible mechanisms
leading to focusing and hence to warmings in the real atmosphere are discussed.

To picture the model warming in Lagrangian terms, we first compare the shape of an isentropic surface
near the level of maximum warming with the computed behavior of sets of air parcels. The isentropic
surface is approximately a material surface over the short times concerned. As the warming develops
the surface dips down over the pole and rises at the equator (and in the real atmosphere this leads to
widespread cooling in the summer stratosphere as has often been observed). Thermally direct motion
similarly appears in the residual, generalized Lagrangian-mean, and modified Lagrangian-mean meridional
circulations near the level of maximum warming, as might have been expected from the theoretical
results of Matsuno and Nakamura (1979). The divergence effect, or non-solenoidality of Lagrangian-mean
motion, neglected in their study, is strong here because of the large north-south dispersion of air parcels
accompanying the highly transient wave activity. Implications for modeling tracer transport are noted.
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Among numerical experiments of the sort pio-
neered by Matsuno (1971) as hypothesis-testing
models of stratospheric warmings, there is one
example for which an unusual amount of Eulerian
and Lagrangian diagnostic information has become
available (Hsu, 1980, hereafter referred to as I). The
numerical model used is an adaptation of the trun-
cated, semi-spectral, primitive-equation model of
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Holton (1976), and the reader is referred to Holton’s
paper, together with 1, for details of the model. The
availability of the diagnostic information invites a
deeper probe into the model dynamics, with the aim
of improving our understanding not only of the
model itself, but also of the differences between
such models and the real atmosphere, as discussed,
for example, by Matsuno (1971), Quirozet al. (1975),
Schoeberl (1978), and in the following paper by
Palmer (1981a). These differences seem most striking
when zonal wavenumber 2 dominates (the example
studied in I); and so we concentrate on this example
in the present paper also.

The model diagnostics turn out to be interesting
in several ways. First, we discuss in Section 3 the
Eliassen-Palm cross sections for the model [for
detailed motivation and a review of the underlying
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theory see Edmon et al. (1980)]; the necessary for-
mulas are recapitulated in Section 2. EP cross sec-
tions conveniently display the principal eddy fluxes
of heat, momentum and quasi-geostrophic potential
vorticity on one diagram. Moreover, the cross sec-
tions directly visualize the vertical and meridional
propagation of planetary waves in a way that is
directly relevant to their effects on the mean state.
No assumptions about wave steadiness, etc., are
involved.

The patterns of wave propagation exhibited by the
EP cross sections suggest why this kind of model
evolves toward the simulated wave-2 warming event
in two distinct stages of which the first seems to
have no precise counterpart in the real atmosphere,
as originally remarked on by Matsuno (1971) and
confirmed by the work of Holton (1976) and Schoe-
berl and Strobel (1980a, Figs. 4, 5). Reflection from
a nonlinear critical layer appears to play a signifi-
cant role, an interpretation which is supported by
comparing the Lagrangian and quasi-Lagrangian
diagnostics of I with the theory of nonlinear critical-
layer reflection. This raises several interesting ques-
tions concerning the numerical simulation of non-
linear critical layers as well as their possible role
in the real atmosphere (cf. Béland, 1978; Tung and
Lindzen, 1979a,b; Tung, 1979; Appendix B below)..

In Sections 4 and 5 we use the EP diagnostics
to follow the evolution of the mean flow through
‘into the second stage of the model warming, which
includes the reversal of the polar westerlies and
which appears to have more in common with ob-
served warmings. To good approximation, the di-
vergence of the EP wave flux is proportional to the
northward eddy flux of quasi-geostrophic potential
vorticity and can be regarded as a torque on the
zonal mean state representing the total mean effect
of the waves. The transformed Eulerian-mean equa-

-tions presented by Andrews and Mclntyre (1976,
1978a) provide the clearest expression of this useful
fact, and form the basis for our discussion. For
relevant background, see also Charney and Drazin
(1961), Dickinson (1969), Green (1970), Holton
(1974, 5), Boyd (1976), Rhines (1977), Dunkerton
(1978), Wallace (1978), Rhines and Holland (1979),
Matsuno (1980), and the reviews in Holton (1980)
and in Edmon et al. (1980).

As a result of adopting the viewpoint suggested
by the transformed equations we obtain an especially
clear picture of the warming dynamics. In the second
stage of the model warming, for instance, the
decelerating torque per unit mass is large throughout
a deep layer in the middle atmosphere, spanning
several scale heights. As already suggested by the
work of Geisler (1974), Holton (1976) and Holton and
Dunkerton (1978), the situation is then at an opposite

-extreme to that described by critical-layer theory
for the zero-wind line over the polar cap. Critical-
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layer theory, as used for instance by Matsuno and

Nakamura (1979), implies only a shallow 'laye:r of
wave-induced torque confined to the neighborhood

‘of that zero-wind line. Neither a linear nor a reflect-

ing, nonlinear critical layer has time to develop over
the polar cap until well after the polar westerlies
have reversed.

The conceptual simplifications introduced by the
transformed Eulerian-mean equations are, on the
other hand, broadly similar to those achieved by
Matsuno and Nakamura (1979, hereafter MN) with a
Lagrangian-mean formulation, as is discussed further
in Section 4. Like MN’s Lagrangian-mean meridio-
nal circulation, the ‘‘residual circulation’’ entering
the transformed equations arises as an essentially
adiabatic response to the wave-induced torque.
Its descending branch near the pole is responsible
for the large rise in mean temperature there. The
transformed equations have the advantage of not
depending on special assumptions concerning wave
amplitude, transience or dissipation such as those
made by MN. Their usefulness has been further
illustrated in concurrent modeling studies by Holton
and Wehrbein (1980) and Hsu (1981). The equations
can be expected to be useful for the real atmosphere
also, an expectation already borne out by the work of
Palmer (1981a) on the observed wave-2 warming of
February 1979. Their approximate relationship with
the equations of Lagrangian-mean theory has been
discussed in another context by Dunkerton (1978).

Lagrangian information is of fundamental interest
in its own right, and among other things permits a
direct check on the extent to which MN'’s ideas,
taken literally, apply to the simulated warming. In
the second half of this paper, Sections 6-9, we
present some results on Lagrangian and quasi-
Lagrangian diagnostics. Section 6 begins by discuss-
ing the simplest quasi-Lagrangian aspect of the
warming, namely, the motion of a typical isentropic
surface near the level where warming is at a maxi-
mum. As already noted in I, and well illustrated by
Fig. 9, this approximates the motion of a material
surface. The warming is again seen to be an essen-
tially adiabatic process, as is the complementary
tropical cooling familiar from satellite observations
(Fritz and Soules, 1970, 1972; Barnett, 1975; Quiroz,
1979a). We note in passing (to answer a question
raised by Quiroz) the reasons for the observed
global extent of the complementary cooling in the
real summer stratosphere. ,

Calculations of generalized Lagrangian-mean
motions near the level of maximum warming are
presented in Sections 7 and 8. The calculated mean
motions resemble those of MN’s small-amplitude
model in important respects, particularly descent
in the polar cap (opposite to the Eulerian-mean
circulation, but similar to the residual circulation)
and ascent in the tropics (where all three circula-
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tions agree qualitatively since wave activity is weak
there). The pattern is similar in essence to that de-
duced in the pioneering observational study by
Mahlman (1969), in which means were taken along
the jet stream as well as zonally.

In addition we find (i) that the generalized La-
grangian means are much less smoothly behaved
than in MN’s small-amplitude case, and also in com-
parison to the residual circulation in the present
model, and (ii) that the ‘‘divergence effect’’ is im-
portant, i.e., non-solenoidality of the Lagrangian-
mean flow due to air-parcel dispersion (Mclntyre,
1973, 1980a; Andrews and Mclntyre, 1978b, Sec-
tion 9). The divergence effect modifies the La-
grangian-mean northward flow in the deep layer that
feels the wave-induced torque (cf. MN), in such
a way that the northward flow tends to be reduced
in high latitudes and enhanced in lower latitudes in
comparison to what might have been expected from
a superficial examination of MN’s results. In their
model the northward Lagrangian-mean flow, being
concentrated within a horizontal critical layer, is
strong compared with the divergent component.

One of the practical difficulties in using general-
ized Lagrangian means is that they can be defined
only relative to a suitable initialization procedure,
actual or hypothetical (Andrews and Mclntyre,
1978b). For simulations like the present one there is
a natural choice of initialization, based on the un-
disturbed state from which the simulation itself is
initialized. This is not true of the real atmosphere,
nor of long-term numerical simulations. The only
way so far suggested of overcoming the resulting
ambiguity is to use the ‘‘modified Lagrangian mean”’
discussed by Dunkerton (1980) and Mclntyre
(1980a,b). An equivalent quantity was introduced
earlier by Obukhov (1964, 1971) in a different con-
text. In Section 9 we present some computations of
modified Lagrangian means and note some difficul-
ties which they, too, pose in practice.

Section 10 concludes by returning to the differ-
ences between the behavior of the model and the real
atmosphere. We discuss some observational evi-
dence which appears to throw light on the differ-
ences, and which together with the present diagnos-
tics helps to identify the questions deserving closest
attention in future work.

2. EP cross sections: Basic definitions

As in I we use
z = —H In(plp,) 2.1

as vertical coordinate, p being pressure and p, a
standard constant pressure, here taken as 1000 mb;

H = RT,/g

is a standard constant scale height, here taken as
7 km, corresponding to 7, = 239 K. R is the gas
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constant, and g the gravitational acceleration. The
standard density corresponding to p, and T is

Ps = ps/IRT, = ps/gH~

We may call z “‘pressure altitude’’ or simply ‘‘alti-
tude.”’ With this coordinate, the quasi-geostrophic
approximation to the Eliassen-Palm wave flux
(Edmon et al., 1980, and refs.) may be defined as

F = {F«o), F(z)},
where
F) = —poa cose(v'u’), (2.2a)
F) = poa cosef(v'6')/8,, (2.2b)

po = po(z) = pse M.

Here subscripts such as z in 6, denote partial
differentiation, ¢ is latitude, overbars and primes
denote zonal means and departures therefrom, 6
potential temperature, a the radius of the earth,
f = 2Q singp the Coriolis parameter, and # and v the
zonal and meridional velocity components. The
convention is slightly different from that of Edmon
et al., insofar as the factor

P = pse_z/H
arising from the use of logarithmic pressure coor-
dinates (Edmon et al., 1980, Section 7) is incor-
porated ab initio into the definitions (2.2) along with
a constant factor p,/p, which is included for dimen-
sional convenience. If the actual density scale height
RT/g were equal to H everywhere (implying an
isothermal atmosphere), then z would be equal to
geometric height, measured from the level at which
P = ps, and py(z) would equal the density at height z.
Our model atmosphere is not exactly isothermal,
but its global average on isobaric surfaces is speci-
fied as isothermal with T = T, = 239 K, corre-
sponding to a scale height of 7 km and a buoyancy
(Brunt-Viisila) frequency of 2.0 x 1072 s71.

As was pointed out in Edmon et al., F is parallel
to the meridional projection of the planetary-wave
group velocity, in cases where the notion of group
velocity is well defined. The same is true of the eddy
energy flux or eddy flux of geopotential, which for a
steady, conservative wave of constant zonal phase
speed ¢ equals (& — ¢)F (Eliassen and Palm, 1961;
Boyd, 1976). But F has the fundamental advantage
that its divergence

1
a cose Op

VF-=

0
(F ) cosp) + E (Fe) (2.3)

is zero under ‘‘nonacceleration conditions’’ [steady,
conservative waves on a steady mean flow (see the
discussion, and references to past contributions,
in Edmon ef al.)]. This is the celebrated Eliassen-
Palm theorem. Thus, an EP cross section, in which F
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is represented by arrows and V-F by contours, dis-
plays information not only about the net direction
of wave propagation, but also about the precise
locations where nonacceleration conditions are
being violated. In the case of MN’s model, for exam-
ple (and other models based on linear critical-layer
theory), the contours of V-F would all be crowded
into a thin region surrounding the zero-wind line
upon which the planetary waves are incident.
Similar results hold without making the quasi-
geostrophic approximations [but with more restric-
tive assumptions on wave amplitude (again, see
Edmon et al.)]. The ageostrophic forms of (2.2a, b)
are given in Appendix A as Eqs. (Ala, b). In the
course of the present investigation, EP cross sec-
tions were constructed from (Al) as well as from
(2.2). The differences were quantitatively noticeable,
but for the most part qualitatively insignificant. All
the results to be presented here were calculated
from the simpler forms (2.2).
The graphical conventions follow, in essence,
- those of Edmon et al., with appropriate modifica-
tions for the z coordinate defined by (2.1). The
‘““volume” element for integrating (2.3) over a
zonally symmetric portion of the atmosphere is

dV = 2ma? cospded:z. 2.9

From (2.3) and (2.4),

J V.FdV = j Adpdsz, @.5)

where

i} ' 0
A = — [2ma coseF ] + — [2ma®coseF,]. (2.6)
(i I7) 0z )

Here A is the natural form of the divergence of F
" for contouring in the (¢, z) plane, since by (2.5) the
volume between that plane and a surface at distance
Ag, z) from it equals [ V-FdV. The arrows will
be drawn with horizontal and vertical components
proportional to the quantities within square brackets
in (2.6), viz.,

{F(«’)’ F(z)} = 277'612 COS(p{a_le), F(z)}’ | (27)

expressed in terms of the scale units for ¢ and z in
the diagram. For example, to calculate the horizon-
tal and vertical arrow components as measured on
the diagram, when F,, and F, are evaluated in SI
units, their respective numerical values are mul-
tiplied by factors proportional to the distances oc-
cupied on the diagram by one radian or 57° of lati-
tude, and one meter of pressure-altitude. This
‘determines the directions and relative magnitudes
of the arrows uniquely. Eq. (2.6) then implies that
the pattern of arrows will look nondivergent if and
only if V-F is zero.

JOURNAL OF THE ATMOSPHERIC- SCIENCES

VOLUME 38

Before proceeding to the model diagnostics in the
next section we note an alternative form of (2.2)
which arises if # and v are themselves evaluated
geostrophically, in terms of the geopotential .
Since ‘

6 = T exp(«z/H) = T(6/T) = ®,(HORT),

from the hydrostatic relation, where x = (y — 1)/
v = %7 and v is the ratio of specific heats, it follows

that )
' 0’10, = ®,'/N?, (2.8)
where
RT . R /. xT
Ni(y,2) = —80,= —(T,+—). (2.9
0.2 = 220, H< . > )
Substituting the geostrophic relations fi’' = —®,’
and fv' = ®,' into (2.2) yields .
) q)xlq) ’ (I)a:,q)z’
F = poa cos<p< i L, e > , (2.10)

where x is longitude (rad) multiplied by a cose, and
y latitude times a. Relation (2.9) implies that N is
equal to the buoyancy frequency of the zonally av-
eraged state wherever RT/g = H; the notation is
chosen to suggest the relationship with that of
Holton (1975, 1976).

Eq. (2.10) is convenient for relating F to the phase
¢ of a zonal harmonic component of the planetary
wave field. If @' = |<i>(y, z)| cos{kx + ¢(y, 2)},
then we have N

oA

S, D, = k| D%, .11

together with a similar result with y in place of z.
There is no prima facie reason why the direction
of F, which is related to the group velocity, should
bear any simple- relation to the phase contours
&(y, z) = constant. However, if the EP cross sec-

" tions are plotted with the foregoing conventions

on a diagram in which the vertical scale is stretched
with respect to the horizontal scale by a factor equal
to the value of N/f at some height and latitude, then
the wave propagation properties will appear to be

locally isotropic in y and z. At that height and lati-

tude the arrows representing F will appear to be at
right angles to the phase lines on the diagram, by
(2.11) et seq., but will be more nearly vertical in
poleward latitudes for given N, and more nearly
horizontal in equatorward latitudes. Note that these
formulas do not apply to equatorially trapped plane-
tary waves, for which ageostrophic terms such as
w'u’ in Eq. (Alb) play an essential role.

We have not yet made the approximations in the
thermodynamic equation introduced by Holton
(1975, p. 32; 1976, p. 1640), but the model itself does
make those approximations, which have the effect of
replacing N? by its global average value 4 x 1074572,
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In evaluating (2.2) and thence (2.6) and (2.7), we use
the values of u’, v' and ®,' output by the model,
and evaluate 6'/6, from (2.8) with 4 X 107* s~2 sub-
stituted for N2.

3. EP cross sections: Results and discussion

EP cross sections were computed for each day
of the model simulation described in I. Three exam-

DAY 11
60
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HEIGHT (km)

10
90

LATITUDE

F1G. 1. Eliassen-Palm cross sections for the lowest 50 km of the
model: (a) day 11, (b) day 15 and (c) day 22 of the model’s evolu-
tion. The heavy curve in (b) shows part of the zero-wind line
for day 15. The contours represent the quantity A defined by
(2.6); the numerical values marked on the contours are to be
multiplied by 27ap; X 1077 m s~2. The contour interval is 2
units. ‘‘Height’’ means pressure-altitude z in kilometers, as de-
fined by (2.1). The arrow scales are the same in all three cross
sections; and such that the distance occupied by 10° of latitude
represents a value 2ma%p, X 5.559 m?s~? of £, and that oc-
cupied by 10 km of pressure-altitude z represents a value
2ma’p, X 0.05 m?s~2 of F,,; where F, and F, are defined
in 2.7).
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ples, for days 11, 15 and 22, are presented in Fig. 1.
They reveal that, early in the first stage of substan-
tial mean-flow evolution, between days 10 and 20,
the EP wave flux splits into two branches with one
branch going equatorward and the other more nearly
vertically. This striking phenomenon is well illus-
trated by Figs. 1b and 1c. Fig. 1a, and its predeces-
sors (not shown) display no obvious splitting; in fact
the EP cross sections up to day 11 merely show
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