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ABSTRACT

Inertial instabilities on the equatorial beta-plane may take the form of a zonally nonsymmetric disturbance
while preserving their centrifugal character. Numerical experiments at finite zonal wavenumber suggest a
preferred mode of instability with zonal wavenumber between the symmetric value and a short-wave cutoff
in linear cross-equatorial shear. Zonal nonsymmetry results in a slight reduction of the marginally stable -

shear in the presence of second-order diffusion.

1. Introduction

The theory of hydrodynamic instability is funda-
mental to the atmospheric and oceanic sciences. As
noted by Lindzen and Tung (1978), onec may, for
qualitative purposes, distinguish “shear instabilities”
and “parcel instabilities” among those instabilities
believed to be relevant to the atmosphere and ocean.
The former instabilities may be interpretable in terms
of wave overreflection, while the latter class of insta-
bilities can be more simply described in terms of
forces acting on individual fluid parcels. Familiar ex-
amples of shear instability are barotropic, baroclinic,
and stratified shear instability. Relevant parcel insta-
bilities are convective and inertial instability.

This distinction between shear and parcel insta-
bility may become somewhat unclear in certain cases,
although the relationships between the two classes
have hardly been explored at all. This may prove to
be the case in the context of a specific problem to be
reported in this note, viz. the instability of linear
cross-equatorial shear. It will be noted that this par-
ticular shear is stable with respect to the overreflecting
barotropic instabilities, as there is zero “curvature”
of the mean flow, i.e., #,, = 0. However, as first noted
by Dunkerton (1981), a linear cross-equatorial shear
is inertially, or centrifugally, unstable in the inviscid
case. (In this context, centrifugally stable refers to the
nonvanishing mean vorticity. Our interest is in an-
gular momentum instabilities not dependent on finite
Richardson numbers for their existence.) The unsta-
ble eigensolutions, which are analytically described

in terms of Hermite functions shifted off the equator,.

strongly resemble the familiar inertial “rolls” between
differentiaily rotating concentric cylinders. However,
in the equatorial case trapping is provided by the beta-
effect, as is true of equatorial waves in general, instead
of cylindrical sidewalls. Large amplitudes exist only

in the unstable region in which the absolute vorticity
changes sign relative to that of the remainder of the
hemisphere in which the instability exists. It is im-
mediately apparent that departures from conservative
motion are not required to bring about the instability,
unlike the initially stable extra-tropical case, since
potential vorticity is a conserved quantity, and cross-
equatorial motion, instead of non-conservative mo-
tion, generates an unstable state. (It will be noted,
however, that nonconservative effects in the far field,
such as high-latitude diabatic heating and cooling,
may ultimately be responsible for the cross-equatorial
flow.)

Kinematically this equatorial inertial instability is
a member of the class of “parcel instabilities.” In the
unstable region, a parcel travelling to the north is
deflected to the west, and then to the north, and so
on, resulting in unstable growth of the parcel dis-
placement instead of a stable inertial oscillation. Con-
straints of mass continuity create vertical divergence
and convergence near the edges of the unstable re-
gion, resulting in overturning and thus adiabatic tem-
perature perturbations. The latter generate hydro-
static pressure perturbations which act to partially
offset the meridional motions, as shown in Fig. 1.

In terms of equatorial wave theory, the inertial or
centrifugal instability belongs to the “gravitational”
class. Another type of wave also belonging to the grav-
itational class 1s the equatorial Kelvin wave. It was
recently demonstrated that the Kelvin wave is unsta-
ble in linear cross-equatorial shear (Boyd and Chris-
tidis, 1982). Unlike the symmetric inertial instability
but more akin to the familiar shear instabilities, the
Kelvin-wave instability contains a “critical latitude,”
or critical surface, at which point the Doppler-shifted
real frequency component vanishes. Judging by the
appearance of the unstable eigenfunction and mean
flow acceleration (see Boyd, 1982), this critical lati-
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FIG. 1. Vertical structure of the symmetric instability,
from Dunkerton (1981).

~t

tude plays a crucial role in the Kelvin-wave instabil-
ity. Furthermore, the qualitative behavior of the
growth rate as a function of shear strength is sugges-
tive of a possible overreflection interpretation. How-
ever, such an interpretation must await further in-
vestigation of the Kelvin-wave instability.

The purpose of this note is not to further explore
this interpretation, but to present a numerical inves-
tigation of zonally nonsymmetric equatorial inertial
instability at finite zonal wavenumber. In the earlier
paper (Dunkerton, 1981), the author confined atten-
tion to the zonally symmetric modes, which are the
only known analytic solutions without recourse to
perturbation methods. Zonal nonsymmetry was ex-
cluded because of the lack of known analytic solu-
tions, and not because of any prejudged irrelevance.
As further light dawned on this subject, however, it
became clear that the nonsymmetric modes would
also need to be considered via numerical methods.'
The reason is that in some situations the nonsym-
metric modes of instability are preferred over their
symmetric counterparts. The qualifying clause “in
some situations”™ is necessary because of the role of
scale-dependent dissipation and the discreteness of
zonal wavenumbers on the spherical earth, of which
more will be said later.

' I am indebted to Professor John Boyd for originally bringing
to my attention the results of the “gamma-plane™ approximation

indicating the increase in growth rate for infinitesimally small zonal ~

wavenumbers off the symmetric axis.
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In view of the contiguity between the Kelvin and
inertial instabilities, following Boyd and Christidis
(1982), I will 1abel the instability as the Kelvin-inertial
(K1) instability and mention two implications of this
fact before continuing the discussion. First, Kelvin-
wave behavior exists at the lower end of the growth
rate axis, and consequently Kelvin-wave instability
is not expected to be observed in the real world unless
factors other than growth rate alone are important
in the selection of instability. Second, the distinction

- between shear and parcel instability is no longer clear,

since both mechanisms are operative in the KI in-
stability in different regions of parameter space. These
results suggest that the relationships between shear
and parcel instabilities need to be further explored,
not only in the present case, but perhaps also in other
instabilities as well. 3

In the next section, some background is given for
the Kelvin and symmetric inertial instabilities. In
Section 3 the numerical results for nonsymmetric in-
stability are presented. A crucial result is the existence
of a short wave cutoff for equatorial waves in linear
shear on the unbounded beta-plane, and thereby the
development of marginal stability criteria in the pres-
ence of second-order diffusion. Zonal nonsymmetry
is found to reduce the marginally stable shear by as
much as 26% from that of the symmetric case inves-
tigated by Dunkerton (1981). Again, the qualifier “as
much as” is necessary in view of the discreteness of
zonal wavenumbers on the spherical earth.

2. Background

In this section we briefly review the marginal sta-
bility criteria for symmetric instability on the equa-
torial beta-plane, the instability of the Kelvin wave
in linear cross-equatorial shear, and the contiguity
between the Kelvin and inertial instabilities.

a. Symmetric inertial instability

" The dimensional “dispersion relation” for sym-
metric instability on the equatorial beta-plane with
constant shear, stratification, and density is

w? = NB/Im| — v*/4, 2.1)

where 7 is the shear #,; w, N, 8, and m are frequency,
static stability, planetary vorticity gradient, and ver-
tical wavenumber, respectively. Eq. (2.1) indicates
that in the absence of scale-dependent dissipation,
fastest growth occurs at infinite m at which point w;
= 144, which is equal to the Coriolis parameter in the
center of the unstable region bounded below by the -
equator (for positive shear) and above by the point
where v = 8y. When a second-order diffusion is in-
cluded in the equations, with Prandtl number equal
to unity, a marginally stable shear is found to be

lvd = 2V50/3(NB/4Y, (2.2)
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where v is the diffusion coefficient (Dunkerton, 1981).
Maximum growth now occurs at finite m:

3 ]-VE)US
| (4V2 ,

which together with (2.2) defines the onset of sym-
metric instability in this case.

The vertical structure of the symmetric instability
is shown in Fig. 1. The instability is clearly centrifugal
in the sense that Coriolis forces are primarily respon-
sible for the instability without reference to thermal
or buoyancy effects. In this case, the growth of the
disturbance, due to the correlation of northward and
westward perturbation velocity components, is being
exactly balanced by diffusion. The entire disturbance
is symmetric about the “shifted equator” at the center
of the unstable region.

(2.3)

b. Kelvin-wave instability

The instability of the Kelvin wave in linear cross-
equatorial shear was discovered by Boyd (1982) and
discussed in considerably more detail in a note by
Boyd and Christidis (1982). Those authors used a
nondimensional notation related to the dimensional
variables as follows:

k* = ey Vs = ¢ *ka, (2.4a)
w* = ¢4'0 = 'Y (w/2Q), (2.4b)
S* = ¢4'4S = ¢4 (v/29), (2.4¢)
ey = (2Qa)’e, (2.44)

where k is dimensional zonal wavenumber, a is the
radius of the earth, Q@ = 7.29 X 107° 57!, and ¢ is the
eigenvalue of the separable “‘shallow water” equa-
tions, related to the vertical wavenumber as

m2

N%°
The Kelvin-wave growth rate was determined by
curve-fitting to be given by the approximate formula
likx‘n(%,- = (13.56k*) exp(—5.348*7"),  (2.6)
in the range 0.4 < S* < 1.15. Below S* = 0.4 growth
rates were too small to determine accurately. As S*
is increased above 1.15, a maximum is reached at S*
= 1.84. Thereafter, the growth rate drops rapidly to
zero just ahead of $* = 2. Comparison of (2.4) to
(2.1) indicates that the latter point is the mathemat-
ical neutral point for the symmetric instability. Above
this point the growth rate increases precipitously like
15(S** — 4)"/2 and is much larger than the maximum
Kelvin wave growth rate found below S$* = 2.

€=

(2.5)

¢. Contiguity of the Kelvin and inertial instabilities

From the foregoing paragraph there appears to be
a clear distinction between the Kelvin and inertial
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instabilities in the limit of vanishing zonal wavenum-
ber. This distinction evidently reflects the different
physical mechanisms underlying the two types of in-
stability. However, one may raise the issue of rele-
vance, noting that (2.6) implies a vanishingly small
growth rate for the Kelvin wave instability. On the
other hand, Eq. (2.6) implies that larger zonal wave-
numbers increase the growth rate. Using the “gamma-
plane” approximation, a perturbation expansion in
k*, it has been shown (in the first version of Boyd
and Christidis, 1982) that a similar increase in growth
rate with increasing k* is observed for the inertial
instability in the range 2 < S* < 3. Unfortunately,
however, the numerical formula (2.6) and the analytic
result (2.1) are not valid at finite k*, nor is the
gamma-plane approximation.

This note will provide a numerical investigation
of the inertial instability at finite zonal wavenumber,
It will be shown that a short-wave cutoff

kvl = B8, (k*S* =1) 2.7)

implies the existence of a maximum growth rate for
the inertial instability below this cutoff value. Boyd
and Christidis (1982) demonstrated that the Kelvin
and inertial instabilities represent one and the same
mode. Importantly, this result implies that if marginal
stability criteria can be established for the inertial in-
stability at finite zonal wavenumber, the existence of
the Kelvin-wave limit of the instability will have no
effect on these criteria, since this limit implies a van-
ishingly small growth rate. In other words, if the net
growth rate alone is regarded as the quantity which
defines marginal stability criteria, the Kelvin-wave
behavior in a certain region of the parameter space
is irrelevant to these criteria.

These remarks should not convey the impression
that the Kelvin-wave instability is itself irrelevant,
since other factors in addition to the net growth rate,
such as the mechanisms of excitation, may be rele-
vant to the appearance of hydrodynamic instabilities
(e.g., Dickinson and Clare, 1973).

In the next section, a Hermite spectral method is
employed to determine growth rates for the KI in-
stability at finite zonal wavenumber. This method
was found to be suitable only in the “inertial” limit
of the instability, because the critical latitude singu-
larity cannot be well-resolved by the spectral model.
However, it was found that with second-order dif-
fusion the marginal stability criteria could be deter-
mined numerically without reference to the distinctly
“Kelvin” behavior of the KI instability at small
growth rate. It was then determined that the margin-
ally stable shear is approximately 26% less than the
symmetric value (2.2).

‘Boyd and Christidis (1982) also found a secondary
instability in this problem which, as a function of
increasing nondimensional shear, begins as a stable
eastward-propagating inertia-gravity wave and is
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transformed into a very weak Kelvin-type instability
for S$* > 2. In view of the weak growth exhibited by
this ‘mode, it will not be further discussed here.

3. Instability at finite zonal wavenumber

Equatorial waves and instabilities are governed by
. the geopotential equation

4 21.’)_9[2 kg8 _ :|=
dy(A A0 A= (G

(O]

where in linear shear
(3.2a)

(3.2b)

& =w—kyy,
A= By(By — v) — &%

a. Hermite spectral model

To solve (3.1), the Hermite spectral series is sub-
stituted

N
$0) = 2 $piHai(§) exp(—£/2),  (33)
n=1

where
E=(y—v/26)/. (3.4)

The shifted latitudinal coordinate is used because
shifted Hermite functions are exact solutions to the
 symmetric problem with linear shear (Dunkerton,
1981). This spectral method is suitable if the critical
latitude singularity is unimportant to the instability,
as is the case in the strong centrifugal instabilities.
The Kelvin—-wave limit of the instability must, how-
ever, be explored with complex integration, and is
not discussed in detail here. Except at very. small

growth rates, we find rapid convergence in the series

. (2.3) even when k # 0.

The substitution (3.3) yields a matrix eigenproblem
which is solved by truncation (in the present case N
= 40). The latitudinal scale is set near the scale of the
symmetric eigenfunction. For instability, the proce-
dure is to specify the growth rate as some fraction of
Y2y, and then iterate the real frequency component
.to yield a real eigenvalue. The latter is required to
satisfy the unbounded vertical structure equation
which is assumed a priori in this problem.

b. Short-wave cutoff

For exponential decay at large |J1, Eq. (3.1) requires
that A be an upward parabola at large |y|, which in
turn requires that for waves and instabilities on the
unbounded equatorial beta-plane,

kvl <8 (3.5)

Since it has already been established by Boyd and
Christidis (1982) that an increase in growth rate is
possible as the zonal wavenumber is initially in-
creased above zero,a maximum growth rate at some
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zonal wavenumber between the symmetric value and
the short-wave cutoff is also possible.

One should not overlook the discreteness of zonal
wavenumbers on the spherical earth. Should the
growth rate maximum occur, say, as s = '3, with
smaller growth at s = 1 than at 5§ = 0, then the in-
stability will remain symmetric. These considerations
will enter the discussion of marginal stability below.

¢. Numerical results

I will begin by. citing a specific example, before
allowing it to be generalized to all values of shear in -
the next subsection. In this example, shown in Fig.
2,y = 107°s7!, a value typical of the order of mag-
nitude of cross-equatorial shears found in the me-
sosphere at the solstices (although a factor of three
or more smaller than the maximum climatological
shears at this time). Fig. 2a displays the growth rate
as a fraction of its maximum, %2. The symmetric in-
stability corresponds to s = 0, while the vertical -
dashed line beyond s = 14 denotes the short-wave
cutoff. The slanted dashed line approximately traces
out the maximum growth rate as a function of zonal
wavenumber. Of course, in the inviscid case, assum-
ing growth rate alone determines the appearance of
the instability, symmetric instability is clearly pre-
ferred, having the maximum rate of growth at infinite
eigenvalue, or vanishing vertical scale. However, if
some damping process, such as a scale dependent
dissipation, tends to inhibit the very short vertical
scales, then there exists a possibility that the insta-
bility will be nonsymmetric. In the next subsection,
more will be said regarding marginal stability criteria
for the nonsymmetric instability. ’

Fig. 2b shows the ratio of real to imaginary phase
speed for some of the contours of Fig. 2a. The KI
instability exhibits positive phase speeds except at .
small growth rates and small zonal wavenumber.

The latter region evidently corresponds to the
“Kelvin” region of the instability. Referring back to
Fig. 2a, there would be a second ridge of maximum
growth rate (not shown), this time as a function of
eigenvalue, in the lower left hand corner below s
= 2 and ¢ = 0.8. This second ridge corresponds to the
peak in imaginary phase speed found by Boyd and
Christidis (1982) mentioned above. Because the crit-
ical latitude is important here, the spectral model was
not used to plot additional contours much below 0.1.
In the present example, however, this second ridge
would intersect the symmetric axis at ¢ = 0.605
(with the growth rate itself going to zero as s ap-

. proaches 0).

Fig. 2a indicates that the infinitely steep increase
in growth rate above the neutral point (s, ¢) = (0,
0.84) extends into the finite s domain as a precipitous
cliff slanting downward in the (s, ¢)-plane as s is in-
creased. At larger zonal wavenumbers there is no lon-
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ger any such cliff. Except for the distinctly “Kelvin”
wave behavior in the lower left hand corner of Fig.
2a, the instability is primarily inertial, or centrifugal,
in nature. This will be evident when the structure of
the nonsymmetric instability is further discussed in
Section 3e below.

d. Marginal stability criteria

The nondimensionalization (2.4) has the effect of
parametric reduction by removal of the eigenvalue
from the shallow water equations and hence from the
geopotential equation (3.1). The information in Fig.
2a can therefore be used to construct a nondimen-
sional plot :
w* = o¥(k*, §%), (3.6)

with k* and S* on the horizontal and vertical axis,
respectively. The short-wave cutoff is now a hyper-
bola k*S* = 1, but above the neutral point the growth
rate contours continue to bend down as a function
of increasing k* as long as S* < 3 (Boyd and Chris-
tidis, 1982, original version).

More importantly, the marginally stable shear can
be derived easily from the numerical calculations.
Returning for the moment to the dimensional Fig.
2a, it is possible to calculate at each and every point
in the figure a “stabilizing viscosity” which results in
neutrality, i.e.,

vm? = peN? = w;

3.7

(although it is recognized that the viscous problem
is inseparable in y, z, and more investigation is
needed). The preferred mode of instability then cor-
responds to the point in the (s, ¢)-plane which max-
imizes the stabilizing viscosity, since at all other
points the same viscosity would result in decay, not
neutrality. This can be done in any specific case, such
as Fig. 2a, but more importantly the procedure also
may be applied to the nondimensional plot (3.6),
which generalizes the result to any dimensional shear.
After a little manipulation, it is apparent that max-
imizing the stabilizing viscosity also maximizes the
quantity

(3.8)

for a given dimensional shear (and N, 8 held con-
stant). Now let us put the result in reverse: If, for a
given dimensional viscosity, we can find the point
requiring the /east dimensional shear for neutrality,
then we have determined the onset of instability in
the presence of second-order diffusion. But this is the
point that minimizes the inverse of the same quantity
in (3.8). Inspection of the numerical calculations sug-
gests approximately that

lvdl = (0.74)2Y5Y5,1/5(NBYY>. (3.9)

In Fig. 2a, this point is found near the 0.1 contour
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FIG. 2. Eigenvalues and real phase speeds for the centrifugal
instability as a function of zonal wavenumber for the case discussed
in the text. Contours are labelled with the ratio of w, to its maxi-
mum, Y2y,
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and in the vicinity of s = 11. For this shear, the vis-
cosity required to stabilize the flow is about 44 times
that which is sufficient to stabilize the flow with re-
spect to symmetric inertial instability. The vertical
wavelength is on the order of 4 times larger than that
of the symmetric viscous neutral mode.

The presence of very large viscosities requires cau-
tion, for it is then possible that all nonzero wave-
numbers might be excluded by the short-wave cutoff.
This is why the formula (3.9) is to be regarded-as a
lower bound on the critical shear.

e. Structure of the nonsymmetric instability

It is possible to show how the various wave fields
interact in a nonsymmetric inertial instability. In gen-
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LATITUDE

LONGITUDE

F1G. 3. Horizontal structure of the nonsymmetric instability with y
=107%s™!, s = 7 and w; = Y%+. Contours are tangential to the instantaneous
velocity field (not to be confused with parcel trajectories). Length of arrows
(excluding arrowheads) indicates the velocity magnitude. The longitudinal
(horizontal) axis is compressed by roughly a factor of 3. The symbols L
and H indicate low and high pressure, and DIV denotes the region of
large horizontal divergence. The figure displays a Y2-zonal wavelength.

eral, at large growth rates the instability looks like its
symmetric counterpart, whose vertical structure is
reproduced here in Fig. 1. However, the introduction
of the zonal dependence suggests that the longitudinal
divergence and longitudinal pressure gradient force
are brought into play in the instability. An explana-
tion of their effect might begin by noting that a hor-
1zontal divergence is implied by #’, just north of the
equator. Because this divergence implies the forma-
tion of low pressure by the continuity and hydrostatic
relations, there is an implied positive phase speed of
the disturbance, noting that the region of low pressure
is originally associated with negative u’ to the west
of the region of divergence u'.. The longitudinal pres-
sure gradient force appears to accelerate u’ in a west-
ward sense in this region, consistent with phase speeds
of positive sign. Because u/’, is strongest south of the
midpoint v = 28y, there is also an implied asymmetry
in the geopotential about the midpoint, being stronger

to the south. This discussion is found to be consistent .

'with the structure of the eigenfunction when w; = Yy

and s = 7, as shown in Fig. 3. The momentum flux .

(not shown) is quantitatively similar to that of the
symmetric instability (Fig. 4 of Dunkerton, 1981) and
is negative except for a small positive component
north of the instability boundary vy = g8y.

There may exist an analogy, albeit a very crude
one, between the effects of nonsymmetry and thermal
dissipation. As noted in the earlier papers, the sym-
metric instability is aided by thermal damping insofar
as the hydrostatic pressure perturbations oppose the
meridional motions (Fig. 1). In the nonsymmetric
instability, parcel motions are altered so-as to take
advantage of the pressure gradient force to the extent
that this is possible. To grow efficiently, however, the
instability must maintain a strong negative correla-
tion u'v’. Certainly this is why the Kelvin-wave limit
is weak, in view of the smallness of v’ in the neutral
Kelvin wave. :

4. Conclusions

In addition to the questions regarding the inertial
stability of the equatorial middle atmosphere (Dunk-






