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ABSTRACT

Numerical simulations of vertically-propagating gravity waves interacting with critical layers are presented.
For nearly monochromatic wave events, the wave amplitude behavior and mean zonal acceleration agree
substantially with the predictions of the semi-analytic models of Grimshaw in 1975, Dunkerton in 1981-82
and Coy in 1983. A mean zonal wind “shock,” or steep shear 2one, forms at the base of a convectively unstable
critical layer in these cases.

Because the semi-analytic model is based on the WKB approximation, the gravity wave, mean-flow interaction
proceeds somewhat differently when this approximation is not accurate. For highly transient wave packets
containing a broad frequency spectrum, momentum deposition and convective instability occurs over 2 much
broader range of heights than predicted by the semi-analytic model. For nearly monochromatic waves, on the
other hand, partial reflection from the internal mean flow shock is observed.

The inviscid gravity wave critical layer is inherently turbulent since overturning rapidly develops in the
potential temperature field. Negative local Richardson numbers (Ri) are contemporaneous with the development
of the internal shock in the monochromatic wave events, are coincident with Lagrangian zonal perturbation
velocities exceeding the intrinsic phase speed, and occur very soon after the appearance of regions with
Ri < Y%. To account for convective wavebreaking a simple, local turbulence parameterization is advanced,
which is not based upon turbulent eddy diffusion. Instead, the total wave plus mean flow profile, when required,
is frictionally relaxed to a convectively neutral equilibrium which conserves potential temperature and total
vorticity, analogous to the familiar “convective adjustment” procedure in general circulation medels. Despite
being a local adjustment within the wave, this turbulence parameterization seems to confirm the amplitude-
limiting effects predicted by Lindzen’s global amplitude balance model in the relatively simple case studies
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presented here.

1. Introduction

Atmospheric gravity waves are increasingly being
recognized and studied as an important dynamical
mechanism by which horizontal momentum is trans-
ported upward over many scale heights, resulting in
significant mean flow accelerations in the stratosphere,
mesosphere and lower thermosphere (Lindzen, 1981;
Matsuno, 1982; Holton, 1982; Dunkerton, 1981,
1982a,b). The operational network of MST radars is
beginning to provide important glimpses, here and
there, of the magnitude and distribution of this mo-
mentum transport process (Balsley et al., 1980; Balsley
and Gage, 1980; Vincent and Reid, 1983; Balsley et
al, 1983). In the winter mesosphere in particular,
gravity wave momentum deposition, or some other
mechanism, seems required to balance the mean Co-
riolis torques driven by radiative cooling in the polar
night (Leovy, 1964; Mahlman and Sinclair, 1979;
Lindzen, 1981; Matsuno, 1982; Holton, 1982; Dunk-
erton, 1982a,b). Preliminary estimates of gravity wave
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momentum fluxes confirm their ability to retard the
mean flow in this manner, although this, of course,
does not exclude the possible role of other mechanisms
such as the unstable breakdown and/or radiative decay
of planetary scale Rossby waves (e.g., Lindzen and
Schoeberl, 1982). -

Because reversibly transient, conservative waves
have no permanent effect on the mean flow (Eliassen
and Palm, 1960; Charney and Drazin, 1961; Andrews
and Mclntyre, 1976, 1978; Boyd, 1976; Dunkerton,
1980, 1981, 1982a), irreversible mixing and mean flow
acceleration must ultimately be attributed to wave dis-
sipation. For atmospheric gravity waves, the relevant
dissipative process seems to involve their unstable
breakdown via convective and/or dynamical instabil-
ities (Lindzen, 1981; Holton, 1982; Weinstock, 1982;
Fritts, 1982b; Dunkerton, 1982a; Lindzen and Forbes,
1983). In this paper, attention will be focused on the
mean zonal wind accelerations due to wavebreaking;
however, the simultaneous irreversible mixing is likely
to be important for trace species concentrations in the
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middle atmosphere (M. R. Schoeberl, S. Solomon,
personal communications, 1982).

The gravity wave excitation mechanisms have been
studied extensively; they are thought to include shear
instability (Davis and Peltier, 1979; Lalas and Einaudi,
1976; Lindzen and Rosenthal, 1976; Patnaik et al.,
1976; McIntyre and Weissman, 1978; Fritts, 1979,
1982a), topography (Klemp and Lilly, 1978; Peltier
and Clark, 1979; Blumen and Dietze, 1981; Durran
and Klemp, 1982), and convection (Curry and Murty,
1974; Balachandran, 1980; Larsen et al., 1982). What
happens to those propagating waves able to radiate
large distances from their source regions, however, is
less well understood. Until the last decade, our un-
derstanding of atmospheric gravity wave propagation
was built around classical linear wave theory. Propa-
gating waves, if steady and conservative, do not ac-
celerate the mean flow anywhere, except where

u=c,

(1.1)

the so-called “critical level,” where the mean flow
equals the horizontal wave phase speed (Eliassen and
Palm, 1960). At this point the vertical group velocity
of slowly-varying waves vanishes (Bretherton, 1966)
and for finite Ri the wave is attenuated by the factor

expuw, where 72
u = (Rl d 2) .

The singularity (1.1) implies, for example, an infinite
momentum flux convergence at the steady-state critical
level (Booker and Bretherton, 1967).

In more recent years the Booker-Bretherton solution
has been cross-examined by a number of theoreticians
and experimentalists who have sought to determine
to what extent this linear solution is relevant to geo-
physical critical layers. As a barrier to wave propagation
their solution has stood the test of time quite well.
Nevertheless, three possible shortcomings of the linear
solution have been uncovered, having to do with the
fact that Booker and Bretherton (1967) neglected con-
vective wavebreaking, the quasi-linear mean flow
modification, and wave-wave interactions.

First, if the critical level (1.1) is an absorbing barrier
to wave propagation, then any incident wave packet
in a conservative fluid will occupy a finite vertical
domain bounded by the critical level. Now conser-
vation of wave action integrated over the entire wave
packet (Bretherton, 1966; Bretherton and Garrett,
1968) implies that local values of 4, the wave action
density, which for horizontal wavenumber k is related
to the wave energy density E as

E (1.3
c—u’ 3)

(1.2)

kA =

increase indefinitely with time as wave action “piles
up” beneath the initial critical level. This increases in
A due to shear is of course analogous to the amplitude
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growth with height experienced by vertically-propa-
gating waves in a compressible atmosphere (Dunk-
erton, 1981). But as implicitly noted by Lindzen (1981)
and explicitly by Dunkerton (1982a), when

) (1.4)
for waves propagating in the direction of the mean
flow, the wave is marginally stable to convection in
the sense that at some point

6,=6.+6,=0 (1.5)

within the wave, 6 being potential temperature. Because
when 8, < 0 the convective instabilities will have an
initial growth rate

w? = O(g %I} , £2=98ms72 (1.6)
which is large relative to the intrinsic frequency of the
wave as the critical level is approached, convective
breakdown of the wave is expected to occur (Thorpe,
1981; Koop, 1981).

Second, an upward propagating wave packet induces
mean flow accelerations due to wave transience
(Dunkerton, 1981; Fritts, 1982b). But on account of
irreversible wavebreaking, these transient accelerations
will include a permanent component well below the
initial critical level (Dunkerton, 1982a). This feature
was observed several years ago in the numerical model
of Jones and Houghton (1971) but went unexplained
until a quasi-linear theory was advanced by Grimshaw
(1975), Dunkerton (1981, 1982a) and Coy (1983). In-
cidentally, this mean flow evolution does not require
an initial critical level, since atmospheric compressi-
bility also leads to wave growth as noted above. In
either case there may be significant, permanent
mean flow accelerations well below an initial critical
level (1.1).

Third, the importance of wave-wave interactions
has become the keynote in the recent advent of “non-
linear critical layer theory,” and the discovery of non-
linear steady-state critical layers (Benney and Bergeron,
1969; Davis, 1969; Haberman, 1971; Beland, 1978;
Warn and Warn, 1978; Maslowe, 1973, 1977). Al-
though the transient development and hydrodynamic
stability of these analytic solutions needs to be ex-
amined further, it must be admitted that (1.5) is not
a necessary condition for instability of the wave, nor
is the K-H condition Ri < %. Resonant triad inter-
actions, for example, might cause a dynamical “break-
down” of the incident wave (McComas and Bretherton,
1977; Weinstock, 1982; Lindzen and Forbes, 1983).
Once wave-wave interactions become significant it is
no longer obvious that the critical layer is simply an
absorber of the incident wave; it may act as a reflector
(Brown and Stewartson, 1980; also evident in Thorpe,
1981) or, with perhaps considerably greater difficulty,
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allow some wave action to be transmitted. Thus a
more general scenario of transient gravity wave critical

dynamical breakdown

wave amplitude growth — < -~ |

convective breakdown

It is expected that dynamical breakdown will rapidly
lead to convective breakdown (e.g., Lindzen and
Forbes, 1983). Also, allowance has been made for re-
flection and transmission caused by either dynamical
or convective instability.

This theoretical scenario is still somewhat tentative,
having several unanswered questions associated with
it. As already noted, it is uncertain whether convective
instability will preclude formation of the nonlinear
steady-state critical layer in the inviscid case (which,
unfortunately, is difficult to examine experimentally).
The occurrence of nonlinear reflection could, for ex-
ample, significantly reduce the mean flow modification
.predicted by quasi-linear theory, although it will cer-
tainly not eliminate it. Irrespective of this, there are
some outstanding questions regarding the accuracy of
the quasi-linear solutions themselves and their depen-
dence on the WKB approximation (see Dunkerton,
1981). Perhaps the most difficult question of all is
whether or not there exist circumstances in which crit-
ical layer transmission is possible to a much greater
extent than predicted by Booker and Bretherton (1967).

In an attempt to resolve some of these issues, and
to stimulate further experimental work in this area,
this series of papers will seek to investigate the transient
gravity wave critical layer interaction with the help of
a deterministic numerical model developed by Fritts
(1979; 1982b). In the first paper of this series, attention
will be focused on two aspects of this problem. First,
except for the pioneering work of Jones and Houghton
(1971), the semi-analytic model of gravity wave-mean
flow interaction advanced by Grimshaw (1975),
Dunkerton (1981, 1982a) and Coy (1983) [hereafter
GDC] has not been extensively tested numerically.
The properties of this model are reviewed in Section
2, and after describing the numerical model in Section
3, the accuracy of the GDC solution method is ex-
amined numerically in Section 4.

Second, recognizing that inviscid gravity wave crit-
ical layers are convectively unstable, a successful at-
tempt has been made to introduce a turbulence pa-
rameterization scheme which eliminates superadiabatic
regions while conserving potential temperature and
total vorticity. Turbulence parameterization in unstable
gravity wave motion has been used by several previous
authors, but what is unique about the convective ad-
justment scheme used here is its computational effi-
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layer interaction than that proposed by Booker and
Bretherton (1967) would include the following ingre-
dients:

reflection

permanent mean flow accelerations
and turbulent decay

(transmission)

ciency and physical appeal, being designed with high
Reynolds and high Rayleigh number flows specifically
in mind and avoiding any reference to artificial eddy
diffusion. This convective adjustment scheme is de-
scribed in Section 5 and some preliminary results are
presented in Section 6.

A discussion of the role of wave-wave interactions
in gravity wave critical layer interaction is reserved for
Part II of this series, in which the numerical simulations
will be generalized to include more complex flow pro-
files and forcings.

- 2. The semi-analytic model of gravity wave-mean flow

interaction :

When a single linear plane wave, or a set of such
waves acting independently of one another, interact
with the mean flow, with wave-wave interactions ne-
glected, the model is said to be “quasi-linear.” When
in addition the waves are accurately described by the
WKB approximation, i.e., if the wave amplitude and
mean flow vary slowly over a vertical wavelength, the
model waves are “quasi-linear and slowly-varying.”
The mathematical problem then reduces to a mean

" flow evolution equation together with a pair of equa-

tions for each wave, namely, a wave action conser-
vation equation and a “conservation of wavenumber”
equation. For two dimensional flow,

- 1 —
U+ — 2 (pouwi): + ++ - =0, 2.1)
Po i

where u’ and w’ are horizontal and vertical perturbation

velocity and po = p, exp(—z/H), the basic state density.
For each wave,

1
A+ e (poWeA): = 0, 2.2)
0

m+ w, =0, (2.3)
where W, is the vertical group velocity, m is vertical
wavenumber, and w is frequency relative to the ground.
Grimshaw (1975) solved Egs. (2.1-3) numerically for
a single wave propagating towards its critical level.
Dunkerton (1981, 1982a) obtained analytic solutions
by reduction to a single equation



15 MARCH 1984

1 -
A+ [poWg(uo,A)A] =0,

- 24
Po z
where 14, is the initial mean flow when 4 = 0. The
crucial approximation involves setting w = constant
in (2.3). Kelvin’s circulation theorem implies
u=kA+ u,. 2.5)
Recently, Coy (1983) has tested the accuracy of Dunk-
erton’s (1981) approximation by numerically solving
Eqgs. (2.1)—(2.3) for a variety of initial profiles. It turns
out that this approximation is accurate in the small
amplitude limit, including, for example, cases where
an incident wave packet encounters a critical level
within a few scale heights of its forcing level. In these
cases the acceleration of wave frequency implied by
(2.3)is largely suppressed by the presence of the critical
level. On the other hand, with no initial mean flow,
Dunkerton’s (1981) approximation yields the correct
level of wavebreaking, but fails to predict the twofold
or more increase in w at the front of the wave packet
even when the global saturation limit (1.4) is imposed
(without which there seems to be no asymptotic limit
to the attainable phase speeds and mean flow speeds
at the leading edge of the wave packet).

The semianalytic solutions calculated by the GDC
method have at least five interesting features for wave
packets of finite duration. First, as the wave group
propagates vertically, insofar as the forcing remains
steady, an equilibrated solution is traced out beginning
at the level of forcing. In this region a small but tem-
porary mean flow change has occurred (Dunkerton,
1981). Second, the “radiating” solution in the wave
front region increases in amplitude with height, soon
becoming convectively unstable in the sense that (1.5)
is satisfied locally within the wave (Dunkerton, 1982a).
Third, after a finite time a mean flow and wave action
discontinuity develops between the equilibrated and
radiating solutions due to the overlapping of charac-
teristics. This “internal shock™ descends gradually with
time so as to conserve momentum (Dunkerton, 1982a).
Fourth, if the wave forcing decreases abruptly, a second
discontinuity, or “trailing shock,” forms at the rear of
the wave packet (Grimshaw, 1975; Dunkerton, 1982a).
Fifth, the leading edge of the wave packet tends to
separate from the lower solution due to its increasing
vertical group velocity and a leading shock forms
(Grimshaw, 1975; Coy, 1983). This effect, however, is
largely suppressed when a critical level is encountered
close to the forcing level.

To illustrate the GDC solution method, Egs. (2.1)-
(2.3) were solved on a finite difference grid with the
equations written in nondimensional form following
Dunkerton (1981): dimensional height is scaled by H,
dimensional wave action times k, mean flow, and phase
speeds are scaled by the forced phase speed ¢(0), and
dimensional time is scaled by NH/kc*0), where N is
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the static stability and k is zonal wavenumber. Fig. 1
displays the nondimensional wave action density 4*
and the percentage increase in phase speed for the case

2 - 193 -
it = Z_222 1100,
7 = 103 anh T+ 100, 2.6a)

A%0) = 00092 sin T, 1< 142, (2.6b)
W* = (c* — %)%, (2.6¢)

corresponding to a numerical simulation performed
during the course of this investigation. The initial crit-
ical level is at 1.93 scale heights. (For the numerical
simulation corresponding to this solution, the scale
height is 9.333 km, ¢(0) = 39 m s7', and the time
scale is 864 s.) The initial critical level acts as a complete
barrier to wave propagation even though c* is locally
accelerated by 30% in the front of the wave packet;
the reason is that at the leading edge of the wave packet
no acceleration has occurred, so ¢ = ¢(0), whence W,
= 0 at the critical level at all times. There is some
evidence of splitting of the wave packet as found by
Grimshaw (1975), although this effect is slight due to
the initial critical level.

The saturation limit (1.4) originally suggested in a
slightly different form by Lindzen (1981) has been im-
posed on this solution, and is quite crucial to the
asymptotic behavior. The procedure is simply to
set k4 — k4, = } (¢ — #) whenever superadi-
abatic values appear (Dunkerton, 1982a; Coy, 1983).
In Fig. 1 saturation first occurs near the onset of the
A* = 0.15 contour; asymptotically the entire critical
layer (4* > 0) is marginally stable. Because irrever-
sibility is implicit in (1.4), a permanent mean flow
change remains after the wave packet has decayed to
zero. (Grimshaw, 1975 recognized a permanent mean
flow change in his solutions, but for an arbitrary
damping not directly related to superadiabaticity.)
Moreover, the permanent mean flow change includes
a discontinuous “residual shock” at the lowest level
of wavebreaking (Dunkerton, 1982a). This feature also
appears in our numerical model, as discussed in Sec-
tion 4.

Without the saturation limit (1.4) or some other
damping, the wave action amplitude in the small-am-
plitude case would evolve to an unrealistic delta-func-
tion shape beneath the initial critical level. Clearly,
saturation and wave absorption plays an important
role in the asymptotic behavior of the critical layer.

3. Model discussion

Fritts (1979, 1982a,b) has investigated gravity wave
excitation and propagation with a two-dimensional,
Boussinesq, nonhydrostatic numerical model using a
streamfunction-vorticity-density representation. The
same numerical code is used here to study atmospheric
gravity waves, but with two simple modifications: po-
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SCALE HEIGHTS

TIME (dimensionless)

FiG. 1. Semianalytic saturated GDC solution for nondimensional wave action density
and percentage increase in phase speed for the case discussed in Section 2 (text).

tential temperature replaces density as the conserved

variable, and all nonlinear Jacobians in the wave equa-

tions are density-weightéd. The vorticity and potential

temperature equations for the perturbations from the
zonal mean are:

ot ax ]

(a _a), .t
Stu—|n+wn g~
+ exp 2_Zﬁ ', o) — JW', M1 = D(m), (3.1)

V] 9 ~ z
—+u— )0+ wb, + exp = KV,
( u )0 w exp 2H [y, 6)

at dx
—JW, 0] = D), (3.2)
where ¢’ is the wave streamfunction
=V (33)

and D(n), D(f) represent subgrid-scale diffusion and
convective adjustment. (Without convective adjust-
ment, D = »V?, where » = 0.01 m? s~! exp(z/H) and
is physically almost negligible.) The primed variables
- are not the physical wave fields; rather

physical wave
fields

_ [model wave
= ( ficlds ) X exp(%/2H ), (3.4)
from which originates the density weighting in the Ja-
cobian terms. (These terms are set to zero in quasi-
linear simulations.) This is the only effect of com-

pressibility on the wave fields allowed in our model.
Compressibility in general will have other effects, in-
cluding a contribution-to the solenoidal term (p8)™"
X V8 X Vp and a divergence vorticity contribution
1V - u. These other effects, however, are small when

1
> 0Ol —
" (2H)_
for the model waves, and this requirement is satisfied
in the model simulations described here.

The mean flow % represents the physical zonal mean
wind, and therefore satisfies the evolution equation

3.5)

S -
U +— (u,w,)z = VU,
R

(3.6)

noting that '’ is actually the density-weighted Reyn-
olds stress. ‘ '
Egs. (3.1)-(3.3) and (3.5) are solved by a Fourier
transform in the horizontal and finite differencing in
the vertical, resulting in 6NV eddy equations where

n’(x’ z) N nn(z)
#(x,z) ( = > Y 0A2) [ exp(inkx). (3.7)
VL) e Ly

- Unless specified otherwise, the basic state and wave

parameters are as follows. The grid is 30 km high
having 401 grid points (Az = 75 m). The horizontal
width is 50 km and periodic boundary conditions are
imposed. (This choice of grid size is well-suited to mid-
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dle atmospheric gravity waves; however, the numerical
code is nondimensional and can be used to study waves
of any length scale.) A canonical initial mean flow is
used of the form

- _ z—z

(z) = u(o) tanh(—-b—f) , (3.8)
where #(0) =40 ms™!, z. = 18 km and D = § km.
The static stability is assumed constant in height and
time: .

N=glio % =0.0003 52,

NN

g , (3.9

K=

D

noting that w'é’ = 0 for the steady, conservative plane
wave.

The vertical boundary conditions assume a rigid
upper boundary (inasmuch as the critical layer absorbs
the incident wave) and a vertical velocity perturbation
at the lower boundary representing a stationary wave

w(x, 0, £) = W(x)A1). (3.10)

In the experiments reported here, W(x) is a sinusoidal
wave of horizontal wavelength 50 km. Three case stud-
ies are presented:

Case L.
. oWt
AD) = sin? "7 1<1=3000s. (3.11a)
L
Case II:
. o, Wt
o = sm2§, 1<t=12000s. (3.11b)
' L
Case III:
t
;, t<s = 12 000 s.
f=71" (3.11c)
1, 1>
and the forced wave amplitudes are
3.0ms™! (Casel)
W) =41.5ms™? (Casel  (3.12)
0.75ms™! (Case HI).
The model time step is
At=125s (3.13)

equal to approximately 1% of the intrinsic period of
the forced wave. Other details of the numerical method
appear in Fritts (1979) and will not be repeated here.
Discussion of the convective adjustment contribution
to D(n), D(8) is deferred to Section 5.

4. Comparison of semi-analytic and numerical solu-
tions

Nonlinear critical layer theory has highlighted the
fact that critical levels in reality take the form of critical
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layers of finite thickness. However, even in linear theory
the critical layer is of finite extent by virtue of the
uncertainty principle

AwAT =~ 2. (4.1

The Booker-Bretherton (1967) solution unrealistically
requires forcings of infinite duration AT to achieve a
singularity in the steady state, i.e., Aw = 0. Under more
realistic circumstances the uncertainty in wave fre-
quency leads to a critical layer of finite thickness (Fritts,
1982b); therefore, for large-amplitude transient-im-
pulse forcings, wavebreaking and mean flow acceler-
ations can occur large distances above and below a
supposed initial “critical level.”

Case [ illustrates this effect. Fig. 2 shows the mean
flow in a quasi-linear simulation at ¢t = 0 and 12 000
s. The critical level is very poorly defined in this case.
Mean flow accelerations are observed well above (z/
zp) = 0.6, the initial critical level of a monochromatic
stationary wave. There is no evidence of the specific
features of the GDC solution corresponding to this
case other than the overall positive acceleration of the
mean flow. Instead the mean flow behaves as if the
wave packet contained a wide range of phase speeds
in accordance with (4.1). This experiment and others
like it suggested that the relevant value. of AT in (4.1)
is the time duration for which f{¢) = .

The shape of the evolving wave packet in u’ for Case
I is shown in Fig. 3 at ¢ = 8000 s. The vertical wave-
length decreases with time, and the wave amplitude

1.8
z/zo — y
2.8 /f/
/1
-] 7 —
Vd u
7/
0.6 Z /
7
// /
| s
7/
/
0.4 7~
/
/

= 7
Q.2
0.0 T T [T T T [ TTT 1T

-4 -20 Q 20 40

FIiG. 2. Zonal mean wind at 7 = 0 and 12 000 s for Case I. (In
this z}nd following figures, z, is the domain height, 30 km.) Units:
ms~.






