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ABSTRACT

Internal gravity waves, and the stress divergence and turbulence induced by them, are essential components
of the atmospheric and oceanic general circulations, Theoretical studies have not yet reached a consensus as to
how gravity waves transport and deposit momentum. The two best-known theories, resonant interaction and
Eikonal saturation, yield contradictory answers to this question. In resonant interaction theory, an energetic,
high-frequency, low-wavenumber wave is unstable to two waves of approximately half the frequency and is
backscattered by a low-frequency wave or mean finestructure of twice the vertical wavenumber. By contrast,
the Eikonal saturation model, as it is commonly used, ignores reflection by assuming a slowly varying basic
state and does not question the longevity of the primary wave in the presence of local Kelvin-Helmholtz or
convective instabilities. The resonant interaction formalism demands that the interactions be weakly nonlinear.
The Eikonal saturation model allows strong, “saturated” waves but ignores reflection and eliminates nonlinear
instability with respect to other horizontal wavenumbers by invoking the linear or quasi-linear assumption.

To help bridge the gap between the two theories, results from prototype, nonlinear numerical simulations
are presented. Attention'is directed at the nonlinear instability of gravity waves in a slowly varying basic state.
Parametric instability theory yields a group trajectory length scale for the primary wave expressed in terms of
the dominant vertical wavelength and degree of convective saturation. This result delimits the range of validity
for the Eikonal saturation model: a low-amplitude wave introduced into an undisturbed slowly varying basic
state easily traverses many vertical wavelengths; conversely, a convectively neutral wave soon undergoes decay
through nonlinear instability provided that some noise is present initially or created in situ by off-resonant
interactions. .

The numerical results establish the existence of a cascade in wavenumber space, which for hydrostatic waves.
proceeds toward both higher and lower horizontal wavenumbers, in accord with theory. Substantial reductions
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in momentum flux are found relative to the linear values.

1. Introduction

The phenomenon of resonant interaction is common
to dispersive, weakly nonlinear waves (Phillips, 1960;
Lorenz, 1960). The most extensive application of res-
onant interaction theory is found in the oceanic inter-
nal waves literature (e.g., Muller and Olbers, 1975; Ol-
bers, 1976; McComas and Bretherton, 1977; McComas
and Muller, 1981). The goal has been to explain the
nearly universal internal wave spectrum (Garrett and
Munk, 1975) by numerical evaluation of the transfer
integral describing resonant interactions within the in-
ternal wave continuum.

The current knowledge of internal gravity waves in
the ocean and their nonlinear interaction has been re-
viewed by Munk (1981), Olbers (1983) and Muller et
al. (1986); see also West (1981). Resonant interaction
theory applied to oceanic internal waves has been crit-
icized by Muller et al. for two reasons. First, the ob-
served internal waves are not weak, violating the
premise of weakly nonlinear theory. Second, there may
be motions other than internal gravity waves present
in a stratified fluid, including the “vortical” mode,
which carries potential vorticity.

It is increasingly well known that internal gravity
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waves are just as essential to the atmospheric general
circulation as that of the ocean (Fritts, 1984). Re-
markably, the atmospheric community has made vir-
tually no use of resonant interaction theory for internal
gravity waves (excepting Yeh and Liu, 1970, 1981,
1985, and Romanova, 1975). The reason for this is not
entirely clear. The relative importance of internal
gravity waves and vortical flow has been debated (Van
Zandt, 1982; Gage and Nastrom, 1986a,b), but this is
a recent development and does not explain why studies
devoted to gravity waves per se have bypassed the
weakly nonlinear theory. There seems to be an implicit
belief that the predictions of this theory are not relevant
to atmospheric waves. Most likely, this is due to strong,
“promiscuous” interactions, such as Kelvin-Helmholtz
or convective instability (Fritts and Rastogi, 1985).
Many authors have invoked the hypothesis that indi-
vidual gravity wave packets propagate vertically and
grow to the point of Kelvin-Helmholtz or convective
breaking, after which they “saturate” and grow no fur-
ther (e.g., Lindzen, 1981). [A convenient measure of
saturation is the wave action density which, like the
momentum flux, must decrease in absolute value as
the critical layer is approached if saturation is assumed
(Dunkerton, 1982).] The possibility of a nonlinear cas-
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cade was, however, suggested by Lindzen and Forbes
(1983) and is implicit in the theory of Weinstock (1976,
1982).

In this paper, we will refer to the linear or quasi-
linear model of gravity wave propagation and satura-
tion based on the slowly varying approximation as the
“Eikonal saturation” model. The term “Eikonal”
sometimes has a more restricted definition applying to
small, particle-like wave packets of short duration. Here
the broader sense of the term will be used, embracing
the theoretical formulations of Bretherton (1966), Jones
(1969), Grimshaw (1975), Lindzen (1981), Dunkerton
(1981, 1982), Matsuno (1982), Holton (1982) and Coy
(1983); see also Dunkerton and Fritts (1984), Fritts
and Dunkerton (1984) and Schoeberl (1985).

There are two significant discrepancies between the
predictions of resonant interaction theory and the Ei-
konal saturation model. In what follows, it is important
to note that these differences do not depend on weak
nonlinearity. First, the individual gravity wave is in-
herently unstable even when the mean flow is stable
and the individual wave is locally stable to Kelvin-
Helmholtz or convective instability. This parametric
instability has been discussed, e.g., by Kelly (1965),
Davis and Acrivos (1967), Hasselmann (1967),
McEwan and Robinson (1975), Mied (1976), Yeh and
Liu (1981) and Klostermeyer (1982, 1983), and it mo-
tivated the paper by Lindzen and Forbes (1983).

Second, the Eikonal saturation model has ignored
reflection of the primary wave. In resonant interaction
theory, the elastic scattering mechanism is an active
process that rapidly symmetrizes the vertical wave-
number spectrum for all frequencies except near the
inertial cutoff where this mechanism is inefficient
(McComas and Bretherton, 1977). This backscattering
effect can be attributed to an inertia-gravity wave of

twice the vertical wavenumber, or to any combination

of horizontal current and density finestructure having
significant shear at this wavenumber. The vortical
mode may be included as a scattering mechanism, in
addition to its more familiar role as a decay product
of gravity waves and stratified turbulence (Lin and Pao,
1979; Riley, et al., 1981; Lilly, 1983). On account of
elastic scattering, asymmetries in the vertical wave-
number spectrum are soon removed, leaving no net
momentum flux except near the inertial frequency. In
addition to elastic scattering, there is weak nonlinear
critical layer reflection according to Brown and Stew-
artson (1980, 1982a,b).

For these reasons it is uncertain how momentum is
transported vertically by internal gravity waves. Some
have even questioned whether it is useful to think of
internal gravity wave radiation at all (Cox and Johnson,
1979, unpublished manuscript). In view of the popu-
larity attained by the linear or quasi-linear saturation
model based on the Eikonal method, it is important

“to determine its range of validity in geophysical flows.
Interestingly, some elementary versions of this method
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have recently been utilized in an oceanic context (Ol-
bers, 1981; Henyey and Pomphrey, 1983; Broutman,
1984; Flatte et al., 1985; Broutman and Young, 1986,
Muller et al., 1986).

The purpose of this paper is to investigate the non-
linear instability of internal gravity waves and the effects
of their nonlinear interaction on momentum flux with
the help of simple theoretical and numerical models.
Section 2 reviews the parametric instability of a two-
dimensional internal gravity wave as discussed by Yeh
and Liu (1981) and Klostermeyer (1982). From their
results a group trajectory length scale for a gravity wave
packet is determined, expressed in terms of the dom-
inant vertical wavelength and the degree of convective
saturation. This analysis justifies the Eikonal method
for relatively transient packets that are well below the
saturation amplitude, propagating in a slowly varying
mean flow. Conversely, linear theory fails for persistent
disturbances and transient wave packets near convec-
tive saturation.

Subsequent sections illustrate various effects of non-
linear interaction on gravity wave momentum flux.
Section 3 quickly reviews the resonance conditions for
internal gravity waves and the triad classes identified
by McComas and Bretherton (1977); these conditions
form the basis for a series of experiments involving
moderately nonlinear waves in a quasi-compressibie
atmosphere. Section 4 describes the zonally truncated
semispectral model used in these experiments, which
illustrate the parametric subharmonic instability (sec-
tion 5) and how it is affected by the near proximity of
a critical layer (section 6). In section 7 we consider the
instability of a strong-amplitude gravity wave, showing
how a saturated, convectively neutral wave is atten-
uated by resonant-and off-resonant interactions.

Despite their simplicity, these experiments illustrate
how nonlinearity alters the momentum flux in several
significant ways. Free mode excitation through reso-
nant interaction produces transient interference effects
in the momentum flux; when averaged over time, this
flux may closely resemble or be significantly less than
the corresponding linear wave flux, depending on the
relative efficiency of the nonlinear mechanisms.
Through nonlinear interaction, many different phase
speeds are produced, some of which may be greater
than the original forced waves and therefore able to
penetrate the critical layers of these waves. This is not
true critical layer transmission, but a mechanism of
spectral broadening. Finally, the instability of a large-
amplitude wave implies that the Eikonal saturation
model overestimates the momentum flux within and
below the region of breaking once the primary wave
begins to decay. For hydrostatic waves the resulting
cascade proceeds toward both higher and lower hori-
zontal wavenumbers, in accord with theory.

Implications of resonant interaction theory depend
on some unobserved properties of the spectrum, e.g.,
the mean shear content and finestructure. The presence
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of such finestructure implies a finite reflectivity for
short-period gravity waves. In principle, the mechanism
of elastic scattering could be addressed with linear the-
ory, either through explicit solution of a Riccati equa-
tion (Blumen, 1985) or by analysis of internal wave
caustics (Broutman, 1986). Implementation of the Ei-
konal saturation model in atmospheric applications will
require modification to account for reflection, but since
little is presently known about the spatial or temporal
structure of the background state, this paper will instead
discuss how the Eikonal saturation model can be im-
proved to account for the cascade due to nonlinear
wave instability in a slowly varying mean flow (sec-
tion 8).

2. Stability of an internal gravity wave

Parametric instability of a finite-amplitude two-di-
mensional gravity wave in a Boussinesq, incompress-
ible, inviscid fluid has been studied by several authors,
most recently by Klostermeyer (1982, 1983) following
on the work of Mied (1976). The compressible case
was formulated by Yeh and Liu (1981) under the as-
sumption of small vertical wavelength. Their results
for a gravity wave triad agree with the results of Mied
and Klostermeyer. These are conveniently summarized
in terms of a minimum “wavenumber growth time
velocity product” as a function of wavevector orien-
tation:

Kru'| = fl6). 2.1

For the popular 6 = 30° wave, f ~ 2. This is seen from
the calculation of Klostermeyer suggesting that
mzéM 2.2)
where A, is the nondimensional maximum growth rate
(normalized by the buoyancy frequency N) and

M=yK?/2N (2.3)
- where y is the streamfunction amplitude of the primary
wave. Substituting ¥ = m~!|u'| and noting that the ver-
tical wavenumber m = 3K when § = 30°, we arrive at
(2.1) with f =~ 2, defining
) .

T A 2.4)
as the e-folding time of the secondary waves.

The same orientation was considered by Yeh and
Liu, who found a dimensional growth time-velocity
product of ~300 m for K = 0.00725 m™!. As 6 was
varied from 0° to 80°, f(#) varied from about 2 to 7
(their Fig. 4).

The group trajectory length scale of the primary wave
may be defined simply as

ké?

Wer ~ _]\TT (2.5)

where .Wg is the vertical group velocity (hydrostatic
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limit), k is zonal wavenumber, and ¢ is horizontal in-
trinsic phase speed. Since @ = k¢ = N cosf,
‘ f(8) cosb

mlu'/é|
The numerator is approximately equal to 2 over the

range of orientations shown in Yeh and Liu’s figure,
so that

Wer ~ (2.6)

A;
wlu'/¢|
where ), is the vertical wavelength of the primary wave.
The denominator expresses the degree of convective
saturation (Orlanski and Bryan, 1969).

Strictly speaking, the rhs of (2.7) is approximately
the vertical distance traversed by the primary wave
packet in the e-folding time of secondary waves within
a steady, stationary region behind the packet’s leading
edge. To predict the decay of the primary wave, the
initial noise level must be specified. Obviously, if this
noise is initially very small, the primary wave will be
unaffected by the instability over many vertical wave-
lengths if |#'| < |¢|. Consider a typical quasi-stationary,
hydrostatic wave entering the middle atmosphere
(¢ =~ 15 m s7!) at 1% of saturation. This wave has a
vertical wavelength of about 5 km initially and is ex-
pected to reach the middle mesosphere before being
affected by the two-dimensional parametric instability.
(Quasi-compressibility typically produces a factor of
10 growth over a vertical depth of about 16 km in the
middle atmosphere. However, the primary wave in this
case would not reach convective breaking until tra-
versing a distance greater than 32 km due to increasing
mean wind under typical midwinter conditions.)

Conversely, upon approaching the saturated ampli-
tude the primary wave would decay rapidly provided
that (i) the initial noise level were sufficiently great or
(i) comparable noise were generated in situ by local
breaking or other off-resonant interactions. The validity
of (2.7) at large amplitude will be discussed further in
section 7. ' :

The theoretical stability analysis justifies the Eikonal
method under certain conditions: a transient wave
packet in the presence of low ambient noise, with wave
amplitude well below saturation, propagating in a
slowly varying mean flow. Two-dimensionality has also
been assumed. It is conceivable that this method would
yield the correct initial breaking height and perhaps
also the initial body force set up by saturation. Beyond
this point, however, the primary wave will undergo
rapid decay. This would also be the case for any per-
sistent wave packet at low amplitude, but on a longer
time scale.

Wit ~ @7

3. Resonant interactions

The primary wave together with the secondary waves
to which it is unstable form a resonant triad

K+K'=k o +o'=

(3.1a,b)
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where k is the total wavevector and w is either the in-
trinsic or relative frequency [since the mean flow can
be dotted into (3.1a)]. The conditions (3.1a, b) are
closed by the dispersion relation

Nk
K

in which w must now refer to intrinsic frequency.

Before considering these resonance conditions, it is
useful to note that the parametric instability of any
combination of primary waves having the same hori-
zontal phase speed can be analyzed in terms of each
component separately. Such a combination would be
excited by irregular or localized topography, for in-
stance. Each component having the same phase speed
has a different frequency and therefore a unique para-
metric instability triad. The important difference in
this case is that the /ocal hydrodynamic stability de-
pends on superposition of all the primary wave com-
ponents together, which will generally imply onset of
local instabilities prior to their occurrence in each
component considered individually.

w=

3.2)

a. Resonance conditions

Resonant interaction conditions in two dimensions

have been studied extensively and are summarized in .

Fig. 1 for several different primary wave orientations.
Figures la, b match those shown in Phillips (1967,
1977). Beyond 6 = 60°, secondary lobes extend laterally
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outward. For these values of 8 it is useful to renormalize
the vertical wavenumber axis as done in Figs. le-h.
The curves are nearly the same over the domain shown,
as anticipated by the Aydrostatic dispersion relation

w=N E’ 3.3)
] m

for which
m’ k'
—=F|—]. 4
m (k) (3.4)

Combining the hydrostatic resonance surfaces of
McComas and Bretherton (1977) for sum, constrained
difference and negative difference reactions (their Figs.
2-4) produces the asymptotic curves closely approxi-
mated by Fig. 1h (which is exact for |6] = 87.5°). In
Fig. 1 there are twice as many curves as actually re-
quired since a resonant triangle can be used to construct
a parallelogram by interchanging the two secondary
wavevectors. Note also that the hydrostatic approxi-
mation is invalid near the k-axis, where the secondary
lobes are of finite extent for |8] < 90°.

b. Resonant triad classes

Three triad classes were identified by McComas and
Bretherton (1977) based on their work and that of pre-
vious investigators. These were labeled elastic scatter-
ing, induced diffusion and parametric subharmonic
instability (Fig. 2). Elastic scattering refers to the back-
scattering of an upward wave k into a downward wave

a b c d
m/k°< - L ° -
—5-5 T T T k/k 5 T T T .I T T T T L] T T T
(o]
5
o e f : g h
/o | 1 _
] ] 1 , y
o ,

F1G. 1. Loci of resonant interactions for two-dimensional internal gravity waves as a function of horizontal (k) and vertical (m) wavenumber.
Axes were normalized by the primary wavevector’s horizontal component (kp) in (a~d) and by (ko, M) in (e-h). The angle of primary wave
orientation is (a) —30°, (b) —60°, (c) —75°, (d) —85°, (e) —80°, (f) —82.5°, (g) —85°, (h) —87.5°. Wavevectors of secondary waves are found
by connecting the origin to a point on the curve and returning to the tip of the primary wavevector.
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F1G. 2. Characteristic triads for elastic scattering (ES), induced diffusion (ID) and
parametric subharmonic instability (PSI). Branch A PSI shown. Adapted from McComas

and Muller (1981).

k' by a low-frequency inertia-gravity wave k” of twice
the vertical wavenumber. The low-frequency wave does
not significantly participate in the interaction and may
be conveniently thought of as a mean flow; in fact, any
mean current or density finestructure at this wave-
number also causes reflection (this is how the mecha-
nism was first discovered).

Induced diffusion involves the interaction of two
nearly identical waves with a slowly varying mean flow
k”. This interaction is extremely important, funda-
mentally because the dispersion relation involves the
intrinsic frequency, but the “diffusive” aspect of the
interaction applies only to the evolution of a wave
packet in a weak, random basic state (McComas and
Bretherton, 1977; Henyey and Pomphrey, 1983; Muller
et al., 1986). A

Parametric subharmonic instability shown in Fig. 2
is an example of the instability discussed in section 2.
For the triad shown, the secondary waves have nearly
equal and opposite wavenumber and are of approxi-
mately half the frequency of the primary wave. The
analogy is usually made with the instability of a pen-
dulum raised and lowered at twice its natural fre-
quency. This particular triad, however, may or may
not represent the most unstable configuration, de-
pending on the orientation of the primary wave (Yeh.
and Liu, 1981) and Reynolds number (Klostermeyer,
1983).

4. Numerical model

Resonant interaction theory is often restricted by its
assumption of small amplitude, weakly nonlinear
waves. In the absence of a comprehensive nonlinear
theory including strong waves, numerical modeling is
appropriate (Muller et al., 1986).

Although direct numerical simulation is essential for
a detailed solution of stratified flow evolution, much
can be learned from simpler mechanistic models. In

particular, it is possible to illustrate most of the non-

- linear interaction mechanisms in internal gravity waves

with a severely truncated, two-dimensional model that
allows interactions between only a small set of hori-
zontal wavenumbers. The simplest model of vertical
wave propagation involves two horizontal components
(1, 2) that interact nonlinearly to generate the —1 com-
ponent (together with wave 3, which may be omitted
if desired). This procedure is analogous to the “maxi-
mum simplification” of Lorenz (1960), but in the hor-
izontal direction only; the 2-wave model may be as
continuous in height and time as the resolution will
allow. In the next two sections this simple 2-wave
model will be used to investigate nonlinear effects on
gravity wave momentum flux. These results will antic-
ipate a more detailed simulation at higher horizontal
resolution (section 7).

a. Model equations

This model, like that of Dunkerton and Fritts (1984),
was based on the quasi-compressible assumption that
the basic state density decrease causes an amplitude
growth only, requiring disturbances of small vertical
wavelength (A, <€ 4xH, where H is the density scale
height). The equations of motion without rotation then
reduce to a familiar streamfunction-buoyancy-vortic-
ity form

netune+JW,n)+bx=D(y) (4.1a)

b+ b+ T, b))+ N3=D(b')  (4.1b)
7=—V (4.1c)

where 7/, b’ and ¥’ are perturbation vorticity, buoyancy
and streamfunction, respectively:

n=ur—wh (4.2a)
b'=gb'/8 (4.2b)
u'=—yy w=+J} (4.2¢)






