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ABSTRACT

The dynamical state of the stratosphere influenced by radiative heating, with no internal sources or sinks of
angular momentum, is examined. It is shown that there exists a nonlinear Hadley regime driven by antisymmetric
(or more generally, asymmetric) thermal equilibria typical of the middle atmosphere at the solstices. This regime
consists of a single mean meridional cell, equatorial easterlies, and strong winter westerlies. Outside of the

circulation region the flow is in thermal equilibrium.

The effect of one-sided friction, acting as a drag on midlatitude westerlies only, is to expand the Hadley cell
into the winter hemisphere and increase the magnitude of cross-equatorial flow. This result is possible even in
the steady state when the advection of angular momentum in the tropics is made small by reducing the gradient
of angular momentum in this region instead of the advecting velocity.

.

1. Introduction

It is well known that a local source of heat or angular
momentum induces a mean meridional circulation in
a rotating, stratified, axially symmetric flow if the flow
is to remain in a state of geostrophic or thermal wind
balance (Eliassen 1951), The linear theory of this cir-
culation has been widely studied (Leovy 1964; Dick-
inson 1968, 1971; Schneider and Lindzen 1977; Mat-
suno and Nakamura 1979; Plumb 1982; Garcia 1987;
Dunkerton 1988). However, if the forcing is of suffi-

. cient strength, or persists for a sufficiently long time,
the combination of forcing and induced circulation can
change the basic state by a significant amount, affecting
the distribution of angular momentum and potential
temperature. This change will, in turn, alter the induced
mean meridional circulation. In such cases the linear
theory is inadequate. We do not have to go far to find
good examples. For instance, radiative heating will de-
stabilize an initially stable troposphere, leading to con-
vective overturning. Differential radiative heating, as
at the solstices, will induce cross-equatorial flow and
redistribute angular momentum near the equator.
Cross-equatorial flow can, in turn, produce symmetric
overturning or inertial instability.

Given its importance, it is surprising that the non-
linear problem has not been as widely studied as the
linear theory. The problem has not been completely
overlooked, however. Schneider (1977) emphasized the
role of nonlinear advection in the context of a Hadley
circulation driven by differential heating. Following on
his work, Held and Hou (1980) formulated a simple
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Boussinesq theory based on the constraints of angular
momentum and potential temperature conservation
in a hypothetical “nearly inviscid™ limit, symmetric
about the equator. The theory predicts, among other
things, the width of the Hadley cell and distribution of
surface and upper-level winds given an assumed ther-
mal equilibrium proportional to

—Py(sind) = % (1 — 3sin%) (1.1)
where P; is the second Legendre polynomial. Their
nearly inviscid Hadley circulation extends out to some
latitude 6, inside of which the mean flow is nearly
angular-momentum conserving, Qutside of this lati-
tude, the mean flow is in geostrophic balance with the
thermal equilibrium (implying, in this case, solid-body
rotation). The two regions are sharply divided by a
mean flow discontinuity.

Held and Hou (1980) were able to simulate this cir-
culation by integrating a high-resolution, zonally sym-
metric primitive equation model. Time-dependent
calculations analogous to theirs have been performed
for the quasi-compressible case using a numerical
method outlined below. Some results for symmetric
heating are shown in Figs. 1 and 2. The two examples
shown here differ only in the assumed thermal relax-
ation rate, shown in Fig,. 3. As in Held and Hou, all of
the tropospheric thermodynamic processes have been
compressed into a simple relaxation to equilibrium.
The equilibrium temperature profile is convectively
stable everywhere and simply equal to (1.1) times 20
K. The relaxation rate shown in Fig. 3, and used in
Fig. 2, is semi-realistic in the sense that it is much slower
in the lower stratosphere than elsewhere (e.g., Fels
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FI1G. 1. Streamfunction and mean zonal wind for the symmetric
thermal equilibrium (1.1) times 20°K, with thermal relaxation rate
0.15 d~". [Note the definition of streamfunction in (2.2) and, in
particular, that the meridional velocity is not simply the vertical de-
rivative of y.]

1982). This causes the meridional circulation to split
into tropospheric and stratospheric components (Fig.
2). Nevertheless, the mean zonal flow is remarkably
similar in the two cases. The width of the steady state
circulation agrees well with that predicted by Held and
Hou’s nearly inviscid limit. The mean zonal flow in
the circulation region has the characteristic parabola
shape, and is sharply divided from the outer flow. The
angular momentum balance in the steady state is dom-
inated by horizontal advection and vertical diffusion
(v = 1.0 m? s7!), with a secondary contribution from
vertical advection in the subsidence region(s).
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FiG. 2. As in Fig. 1, but with thermal relaxation rate of Fig. 3.

TIMOTHY J. DUNKERTON

957

42
km

35

21

IS RS WS Al I A arire I T

O

LI S B B S A B B I (L

0.00 0.08 -1 0.16
d

FI1G. 3. Thermal relaxation rate profile used in this study, consisting
of a specified tropospheric rate (0.15 d~!) and Fels’ (1982) radiative .
relaxation rate in the stratosphere (long wavelength limit).

A nonzero viscosity seems essential to the derivation
of a steady state circulation using time integration of
the primitive equations. Held and Hou (1980) were
unable to simulate an exactly inviscid steady state de-
spite the fact that their progression of simulations v —
0 seemed to approach the “nearly inviscid” limit. This
failure might be due to inertial instability. In the exactly
inviscid steady state,

JY,M)=0 or M=M(y) (1.2)

where M is angular momentum and ¢ is the mean
meridional streamfunction. For any closed cell, M (if
nonconstant) has an interior extremum and is inertially
unstable. Held and Hou speculated that some multiple-
cell structure in their least viscous case may have been
attributable to symmetric overturning.

This shortcoming of the time-integration approach
does not detract from the value of their “nearly invis-
cid” limit as a means of understanding the dynamics
of steady state mean meridional circulations. The law
of angular momentum conservation in its exact, finite-
amplitude form plays a crucial role in these circula-
tions. Considered as an initial value problem with the
atmosphere initially at rest everywhere, as assumed in
our numerical calculations, the flow can never become
westerly at the equator in the presence of advection
and (exclusively) downgradient diffusion if no other
sources of angular momentum are present (Hide’s
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theorem ). Thus geostrophic balance with the thermal
equilibrium (1.1) cannot be attained in the tropics, as
a pool of warm air here is in balance with westerlies.
One can say that the assumed thermal equilibrium is
not compatible with the available angular momentum.
This is a sufficient, but not necessary, condition for a
thermally driven mean meridional circulation that
persists indefinitely, if the stratification is not com-
pletely eliminated.

Nonlinear advection is essential to the mean flow
evolution, particularly near the equator. Note that lin-
ear theory in effect pretends that parcels of vorticity f
are continually being “resupplied” in the circulation
region. In reality, parcels are stretched and deformed
by the circulation in this region, producing the parab-
ola-shaped mean flow profile.

The symmetric case studied by Held and Hou (1980)
is pedagogically useful but obviously idealized because
the thermal heating in reality is not symmetric about
the equator. In the middle atmosphere, where ozone
heating is dominant, this is most obvious at the sol-
stices, when the daily-averaged solar insolation differs
markedly between summer and winter, as shown in
Fig. 4. Consequently, the radiative equilibrium tem-
perature has a strong latitudinal gradient at this time
(e.g., Wehrbein and Leovy 1982).

In the solstitial case the incompatibility issue is more
acute, because the solar insolation and radiative equi-
librium profiles have a nonzero gradient right at the
equator. Therefore the equilibrium balanced flow is
singular and discontinuous at the equator—a fact that
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FIG. 4. Solar insolation incident on a horizontal surface at the top
of the atmosphere (megajoules per square meter per day) as a function
of latitude and time of year. (From Wallace and Hobbs 1977.)
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has received remarkably little comment in the litera-
ture. Once again, there is no way to generate such a
profile from the available angular momentum via ad-
vective and (exclusively) downgradient diffusive pro-
cesses (as only a persistent upgradient flux at the equa-
tor would suffice). A circulation must exist in the steady
state, if such a state exists. It might be objected that
the steady state is irrelevant on account of the seasonal
cycle, but a more accurate conclusion is that the steady
state concept deserves consideration whenever the
damping timescales are much shorter than a season—
as is true over most of the atmosphere with the possible
exception of the very lower stratosphere and polar
night. In the next section I will outline the nearly in-
viscid theory for asymmetric heating, analogous to that
of Held and Hou (1980), and present some numerical
computations in subsequent sections. This theory af-
fords an interesting generalization of their work; it also
introduces a technical complication due to cross-equa-
torial flow and equatorial inertial instability.

2. Theory

The quasi-compressible “nearly inviscid” theory is’
substantially the same as the Boussinesq version de-
scribed by Held and Hou (1980); only the salient fea-
tures and differences from their work need attention
here. See also Schneider (1983).

a. Quasi-nongeostrophic equations

The equations of motion are written in the approx-
imate log-pressure coordinate system and notation of .
Holton (1975) under the assumptions of zonal sym-
metry, hydrostatic balance, small 7'/ H, geostrophic
balance of the mean zonal wind, isothermal standard
atmosphere, and linear thermal relaxation:

ou 7 0 _ i o

o acos060ucose+waz 2Q sinfo = X
(2.1a)

.. 10

@ sinfi + 7 55 =0 2.1
2 sinbi a 4o (2.1b)

v —z D _z - 0_2 _ _
99: | 0 9¢: w(_‘?L + NZ) = ar(dF — &.) (2.1¢)

ot a 9

L —éf)cose+ii w =0
a cosf a0 - po 02 po

9z

(2.1d)

where the overbar denotes a zonal average. Small dif-
fusion of angular momentum is allowed in both the
horizontal and vertical direction, which is denoted here
by X and will be specified later. The geostrophic as-
sumption in (2.1b) represents a departure from Held
and Hou’s numerical approach; it eliminates expo-
nentially growing, but not zero-frequency, modes of
inertial instability by removal of dv/9¢. (These modes
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remain because the governing streamfunction equation
is mixed elliptic / hyperbolic as explained below.) Held
and Hou retained the term proportional to tané for
gradient wind balance. For simplicity this nonlinear
term is dropped, incurring an error of order w/
(2Qa cosf). In (2.1c), ay is height dependent but in-
_ dependent of latitude; N = 0.02s™' and H = 7 km in
our examples below.

This equation set might be called “quasi-nongeo-
strophic” in parallel with the nomenclature of Tung
(1986) who emphasized the importance of nonlinear
advection in the general set of “nongeostrophic” prim-
itive equations (based, in part, on the earlier work of
Schneider and others). Our equations retain the essen-
tial nonlinear advection terms in the mean zonatl wind
and temperature tendency equations, while dropping
the nonessential contributions from dv/d¢, diffusion
of , and other terms in the original version of (2.1b).
The term “quasi-nongeostrophic” seems preferable to
others such as “quasi-geostrophic” which in this context
usually carries the connotation of small advection (e.g.,
Plumb 1982).. “Semigeostrophic” would also be in-
adequate.

Solution of the system (2.1a—-d) is obtained through
definition of a mean meridional streamfunction

_ _ (9 1\,
—7 cosf = (az H)'p (2.2a)
w cosf = ﬂ (2.2b)
dy

(Holton 1975, §5). The resulting streamfunction
equation is given in appendix A of Dunkerton (1988).
It is an elliptic equation for statically stable flow unless
the latitudinal shear exceeds the Coriolis parameter.
At large Richardson number (2 < N?), the relevant
shear may be approximated along isobaric, rather than
isentropic, surfaces, and the leading terms of the
streamfunction equation are

_ a 1 7 NZ —2 27
fz(_ — _a_\b. + .iz—u’l g__‘f
0z H/J oz a ou
+ - .. =forcing (2.3a)
where x = sinf and it is assumed that |$,.| < N> A
hyperbolic region exists in this case wherever

1 4 _
7 cosh 30 u cosﬁ) <0. (2.3b)

1Z=(r-

This region admits zero-frequency modes of inertial
instability. It also plays the leading role in generating
exponentially growing modes in the time-dependent
problem in which 69/t is retained (Dunkerton 1981;
Stevens 1983). In this sense, time integration of the
fully nongeostrophic primitive equations is superior to
the streamfunction method used here. However, in-
tegration of zonally symmetric equations for equatorial
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inertial instability is likely to be unrealistic because,
when scale-dependent dissipation is present, zonally
nonsymmetric modes of instability are preferred (Boyd
and Christidis 1982; Dunkerton 1983). For this reason
it may actually be desirable to suppress exponentially
growing, as well as zero-frequency, modes of symmetric
instability on the equatorial beta-plane. The stream-
function method, assuming geostrophic balance in
(2.1b), is a first step in this direction. I will return to
this matter in the next section.

It should be noted that some numerical models of
zonally symmetric flow have no difficulty with sym-
metric instability because of their coarse resolution
and/or high viscosity. This was apparently not the case
in Held and Hou (1980) and Hunt (1981).

b. Antisymmetric thermal equilibrium

~Held and Hou (1980) studied the hemispherically
symmetric problem driven by (1.1), the second Le-
gendre polynomial. What happens if, instead, we force
the flow with the first polynomial, as motivated by Fig.
4? If, for example, ’

b:=amp (2.42)
=Rh
o= (2.4b)

then integrating the thermal wind equation vertically
from the surface (where winds are assumed small) to
some maximum height z, with a; # a;(z),

' ~E azZr
zr) = — —— cotf.
u-(zr) 20a ©
This profile is singular and discontinuous at the equa-
tor. Obviously the same is true for the general equilib-
rium wind profile obtained from

2.5)

$i =3 aPulp) 2.6)

n=0

since a; # 0; moreover, all odd polynomials have a
term proportional to u. The following discussion com-
plements Held and Hou (1980) by confining attention
to the lowest-order antisymmetric term (2.4a). In sec-
tion 4, a more general profile with seasonal variation’
will be considered.

¢. Angular momentum conservation

The angular momentum about the axis of rotation
consists of a relative and absolute part and is propor-
tional to

M = i cos8 + Qa cos?d. Q.1
Equation (2.1a) is equivalent to
oM voM _oM
o EW w 3z = X cosf, (2.83)
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noting that

M . -

) a cosbZ.
For adiabatic motion, the advection is exactly hori-
zontal in isentropic coordinates, and the inertial sta-
bility condition is determined by the sign of M /38 in
this reference frame.

Some aspects of angular momentum conservation
can be illustrated by a simple kinematic model in which
air parcels are displaced from some initial latitude 6,
to a new latitude 6:

(2.8b)

i cosf + Qa cos?d = Qa cos?f, (2.9a)

or

2 2
_ B~ wo
M= Qg ——
Vi—p?

where pg = sinfy. The special limiting case pg = 0 is
expressed by Eq. (8) of Held and Hou (1980). Figure
5 illustrates several angular momentum-conserving
profiles of mean zonal wind in addition to this special

|
I

T
-0.5

(2.9b)

-0.2
-1.0 1.0
RG. 5. Kinematic model of angular momentum conservation,
showing the nondimensional mean zonal wind U* = #/{a. Starting
from rest, parcels drift northward until the equilibrium profile is ob-
tained (dot-dash line). Tropical parcels never achieve equilibrium,
and continue to drift north, steepening the linear shear and pushing
it off the equator as a parabola-shaped mean flow develops. Thin
lines show & profiles.
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case. Clearly it is impossible to generate a profile like
(2.5) from advection of M, horizontally or otherwise,
because sufficient angular momentum does not exist
anywhere to produce the large balanced winds on either
side of the equator. If it is assumed that parcels, initially
at rest, are displaced in latitude at a more or less con-
stant rate (at least until # ~ %*), the near-equatorial
flow has approximately linear shear at first, and later
evolves into a (nearly) angular momentum-conserving
parabola. The linear shear steepens, contracts, and is
eventually displaced off the equator into the winter
hemisphere. Without further information we do not
know which parabola develops; presumably its point
of origin lies at or to the left of the origin of that pa-
rabola which is tangent to the balanced equilibrium
wind profile on the summer side.

The inertially unstable region is defined, on the win-
ter side, by any slope of & exceeding that of the parab-
olas (all having nearly the same slope near the equator).
Its extent initially increases and is bounded by the
equator. Later, it moves off the equator and shrinks in
size. One eventuality is that this region disappears as
the flow develops the Held and Hou discontinuity be-
tween inner and outer regions.

The relevance of this kinematic model must be de-
termined by explicit calculation of the thermally driven
circulation. This is a nontrivial problem because the
circulation depends inter alia on the distribution of M
(through Z). This matter will be discussed in section
3. First, let us outline the remaining details of the hy-
pothetical “nearly inviscid” limit: in this case, for the
antisymmetric equilibrium (2.4a).

d. Potential temperature conservation

The motion driven by thermal relaxation is not, of
course, adiabatic, but potential temperature must nev-
ertheless be conserved in a certain sense within the
circulation region. Denoting the vertical integral by

< .>"EJ:T(. . )dz

(2.10)

and assuming a circulation confined between the sur-
face and z, and between two latitudes u; and g, (“s”
for summer and “w” for winter), it follows that

[ ¢ooardyan= [ Cooardlyan @11

where po = p; exp(—z/H). Equation (2.11) is equiv-
alent to Eq. (13b) of Held and Hou (1980) if po and
ar are independent of height.

From the thermal wind relation,

] -
S{poarit;y = — P {poard.) - (129
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F1G. 6. Equal-area rule derived from potential temperature con-
servation in the case of antisymmetric thermal equilibrium. Quantity
shown is the vertically integrated temperature (weighted by p and
(11').

which can be simplified with an assumption about the
vertical structure of i,:

- u(zr)
0, ~ —=.,

, A (2.12b)
Zr

In Held and Hou’s Boussinesq case this assumption
was not required. However, we can accommodate
height-dependent p, and a7 using this assumption to-
gether with g, # a,(z), in which case the factor { poarr)
drops out and the relevant height scale is z7.

The remaining “equal-area” argument is identical
to that of Held and Hou (1980), except for the deter-
mination of 7. If it is assumed that # is continuous
at u, i.e.

aM(us) = 4”5 (2.13)

(as is temperature at both u, and u, ), then the relevant
parabola, together with u; and u,., can be calculated
implicitly using the profile of temperature in the cir-
culation region

(1 —pe>)In(l = p?) + u? + const.  (2.14)

In the small u limit, this profile consists of a constant
plus a quadratic term (representing the pool of cold
air near the equator, if one exists, in balance with east-
erlies there) minus a quartic term. For small or large
u, the algebra is too messy to solve by hand: a graphical

! The assumption (2.13) seems appropriate in this context although
Schneider (1987) allows a discontinuity to exist on both sides of the
equator under more general circumstances.
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method is easier. An example is shown in Fig. 6. Near
the equator, the temperature is below equilibrium,
maintained against radiative relaxation by rising mo-
tion and adiabatic cooling. In the winter hemisphere,
subsidence produces relatively warm temperatures
surrounding the transition point to westerlies which,
as in Held and Hou (1980), are stronger than those of
the outer cotf flow.

This Hadley regime has an ambiguity in common
with the Boussinesq circulation of Held and Hou
(1980), as it depends on the domain height. If the ther-
mal forcing remains nonzero at all levels, the circula-
tion will extend vertically to fill the domain. In reality,
the thermal forcing is a nontrivial function of height,
and dissipation of angular momentum occurs at some
finite altitude. Thus a_semi-infinite, nearly inviscid
Hadley regime with 7"+ T* (z) and vertical bound-
aries at ug, py is not only ill-posed but academic. The
numerical simulations presented below utilize simple
forcings to demonstrate that nonlinear advection of
angular momentum is important in the middle at-
mosphere; these experiments support the preceding
theory and also suggest that further numerical and per-
haps theoretical investigation of the nonlinear Hadley
regime would be fruitful in this context.

3. Numerical simulation

A shortcoming of the kinematic model discussed
above in connection with Fig, 5 is that we do not know
the magnitude or extent of the mean meridional cir-
culation apart from solution of the system (2.1). The
numerical method used here solves the streamfunction
equation (2.3a), evolving the zonal momentum equa-
tion (2.1a) with advection terms calculated from the
streamfunction as in (2.2a, b).

a. Model parameters

Model variables were evaluated on a sine-latitude
grid with 37 grid points from pole to pole, equally-
spaced in u, and 43 equally-spaced grid points from
the surface to 42 km. The streamfunction boundary
condition was y = 0 along the edge of this model do-
main. The inversion for ¥ was performed with either
a simple version of Gauss-Seidel relaxation or a more
efficient multigrid algorithm based on the method of

. weighted residuals (routines from the MUDPAK li-

brary developed by John C. Adams at the National
Center for Atmospheric Research ). The exact stream-
function equation was inverted, including all terms
proportional to i, even though these terms were very
small in the examples described here. For the mean
zonal wind, the stress condition of Held and Hou
(1980) was utilized at the surface, with drag coefficient
C = 0.005 m s, while at the upper boundary i,, = 0.
The time step was taken to be 1 day unless noted oth-
erwise,






