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ABSTRACT

Instabilities arising on a latitudinally sheared mean flow fall into one of at least two classes: inertial instabilities
associated with a reversed potential vorticity and barotropic instabilities associated with a reversed meridional
gradient of potential vorticity. Both types of instability are described by the generalized Laplace tidal equation,
a horizontal structure equation that explicitly includes the effect of horizontal divergence on the disturbances.
The effect of horizontal divergence on barotropic instability has not been extensively studied. A systematic
investigation of the eigenfunctions of the generalized Laplace tidal equation for monotonic mean zonal wind
profiles having a single, narrow region of reversed vorticity gradient in tropical latitudes reveals that, in the limit
of low planetary zonal wavenumber, the modes of barotropic instability bifurcate into weakly divergent modes
of hemispheric scale, and strongly divergent, “internal” modes trapped about the source region, i.e., equatorially
trapped. Disturbances in the second category penetrate into the deep tropics—the side of the critical latitude
with positive intrinsic frequency—as a Kelvin wave type of behavior not previously seen in this context.

These results suggest, first, that hemispheric barotropic instability need not be purely nondivergent. In fact,
the growth of weakly divergent modes is preferred. Their equivalent depth is similar to that of free neutral
modes of the homogeneous vertical structure equation. Second, the existence of equatorially trapped divergent
barotropic instability may be of interest in the tropical troposphere and mesosphere. The equatorial amplitude
of these disturbances can be significant, and their frequency, which is generally less than that of a dry Kelvin
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wave, is determined by a critical latitude in the region of reversed vorticity gradient.

1. Introduction

The horizontal structure of linear oscillations in a
uniformly rotating, stratified atmosphere is governed
by the Laplace tidal equation

L{¢}=ed (L1)

where ¢ is geopotential and ¢ is the eigenvalue or sep-
aration constant, inversely proportional to equivalent
depth (Flattery 1967; Longuet-Higgins 1968). If the
mean zonal wind varies in latitude but not in height,
or is slowly varying in height (Boyd 1978), a gener-
alized version of (1.1) may be derived (see Appendix).
Latitudinal shear alters the stable modes of (1.1), but
more importantly, this shear can also give rise to un-
stable modes if certain criteria are met. The known
instabilities fall into one of two classes: (i) inertial in-
stabilities associated with a reversed potential vorticity,
modes which may be zonally symmetric (Dunkerton
1981; Stevens 1983) or nonsymmetric (Boyd and
Christidis 1982; Dunkerton 1983a; Stevens and Cie-
sielski 1986); (ii) barotropic instabilities associated with
a reversed meridional gradient of potential vorticity
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(Dickinson and Clare 1973; Lindzen and Tung 1978;
Pfister 1979, Hartmann 1983; Dunkerton 1987).
Barotropic instabilities are often assumed to be hori-
zontally nondivergent (¢ = 0) but, as we shall see, this
is an unnecessary and even undesirable restriction to
the general equation (1.1).

An assessment of the relative importance of inertial
and barotropic instability in the atmosphere is guided
by the respective instability criteria which, on the one
hand, make inertial instability difficult to achieve; a
reversed potential vorticity requires a departure from
conservative motion (Hoskins 1974) or cross-equa-
torial transport of angular momentum (Dunkerton
1981). On the other hand, a barotropically unstable
flow can be set up by a simple conservative redistri-
bution of the potential vorticity field (e.g., Killworth
and MclIntyre 1985; Haynes 1985). A second consid-
eration is that inertial instability, as a “parcel” insta-
bility, is largely confined to the region of anomalous
potential vorticity, and is characterized by small vertical
wavelength, making it susceptible to scale-dependent
damping. In contrast, barotropic instability involves
Rossby waves (e.g., Lindzen and Tung 1978) which,
if allowed to propagate, can occupy a significant frac-
tion of the sphere (Dunkerton 1987). The source region
need not be extensive in size; frequency selection is
determined by a critical latitude within the region of
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reversed potential vorticity gradient (Dickinson and
Clare 1973; Lindzen and Tung 1978).

The existence of a class of horizontally divergent in-
stabilities (e > 0) in a barotropically unstable mean
flow has not been widely recognized (Hartmann 1983;
Stevens and Ciesielski 1986 ); in the separable problem
these instabilities are baroclinic, that is, possess oscil-
latory vertical structure, but they arise from the lati-
tudinal shear of the mean zonal wind. Their horizontal
structure is in some respects similar to that of nondi-
vergent barotropic instability (critical latitude, juxta-
position of propagating and evanescent regions, etc.).
To avoid confusion with baroclinic instabilities arising
from the vertical shear or lower boundary condition,
the abbreviated term “divergent barotropic instability”
will be applied to this class of solutions (1.1).!

The purpose of this paper is to investigate unstable
solutions of (1.1) for nonzero but real ¢, representing
horizontally divergent modes of instability on the
sphere. With a little care, it is straightforward to con-
struct barotropically unstable mean flow profiles near
the equator which are inertially stable—the opposite
situation from that considered by Boyd and Christidis
(1982) and Dunkerton (1983a).? In this way, a clear
separation can be maintained between inertial and
barotropic instability.

A practical motive for this study is to further explore
the role of barotropic instability in the tropical tro-
posphere and mesosphere. In both regions, the neces-
sary condition for instability is satisfied in the equatorial
flank of the winter westerly jet. Although zonal vari-
ations of the basic state may help determine the lon-
gitude of instability (Simmons et al. 1983), it will be
pedagogically useful to first examine the instability of
zonally symmetric basic states. By restricting attention
to a few monotonic profiles of mean zonal wind with
a single, narrow region of reversed vorticity gradient,
it will be possible to confirm the mechanisms respon-
sible for frequency selection and horizontal structure,
and to note the effects of horizontal divergence. It will
be shown that for shears representative of the tropical
troposphere, unstable modes exist which, in the limit
of small zonal wavenumber, bifurcate into weakly di-

! This hybrid term is a semantical compromise; it should be kept
in mind that “divergent” pertains to the horizontal velocity field of
the disturbance, and “barotropic” refers to the mean zonal wind as
the source of the instability. No limitation is placed on the magnitude
of horizontal divergence, nor is any balance assumption made. In
this respect divergent barotropic instability differs from the weakly
divergent quasi-geostrophic instability discussed extensively in the
literature of the 1960s (e.g., Pedlosky 1964, and references therein).
In comparison, little theoretical work has been done on the general
case. Ripa (1983), for example, derived a generalized ‘Fjortoft theo-
rem” for the shallow water system, a modified form of which applies
directly to the equation set in the Appendix.

2 Stevens and Ciesielski (1986) examined sech? jet profiles, which
were inertially and barotropically unstable.
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vergent modes of hemispheric scale, and strongly di-
vergent, “internal” modes, which are trapped about
the source region, i.e., equatorially trapped. Neverthe-
less, as e is increased, there is an interesting penetration
of the instability into the deep tropics—the side of the
critical latitude with positive intrinsic frequency. This
effect, to my knowledge, has not been previously doc-
umented for Rossby waves, but it might have been
anticipated from a conjecture made by Boyd (1982).
Section 2 discusses solution methods used to derive
unstable modes of (1.1); results are presented in section
3. These results are analyzed further in section 4; some
applications are then briefly suggested in section 5.

2. Solution methods

The form of Eq. (1.1) is derived in the Appendix
[see (A25) and (A26)]. The geopotential equation
contains “apparent” singularities at the inertial lati-
tudes (A = 0) and a first-order singularity at the critical
latitude (@ = 0). Obviously, if the frequency lies off
the real axis, there are no singularities of either type,
and it is straightforward to solve (1.1) using conven-
tional methods.

a. Iteration over w, €

A shooting method is perhaps the most efficient way
to solve the second-order boundary value problem:

A2¢““ + A1¢“ + A0¢ =( (213)
¢(x£1)=0 (2.1b)

if an accurate guess for the eigenfrequency (or ¢) is
available. Even without a good first guess, it is routine
to search a large number of combinations (w, ¢) until
an eigenmode is located. Then, the trajectory of this
mode can be followed through the parameter space.

Equation (2.1a) [derived from (A26)] was written
in finite difference form and solved with the tridiagonal
algorithm, working from both poles into equatorial
latitudes and applying matching conditions there. 200-
2000 grid points were used, equally spaced in u
= sin(lat) (Ax = 0.001-0.01). All variables were as-
signed as double precision complex, to ensure accuracy
in the calculation of continued fractions.

b. Time-dependent solution (most unstable mode)

To help validate the solutions obtained with itera-
tion, a time-dependent model was derived from Egs.
(A10)-(A12), making the equatorial beta-plane ap-
proximation. Implicit time-stepping was used, with no
a priori assumptions about time-dependence:

—aou + (7, ~ By)v + k¢ = ~wu, (2.2a)
+ov + Byu + ¢, = +wvy, (2.2b)
—ewd + ku + v, = —ewd,. (2.2¢)
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The symbol w has a different meaning here than else-
where in this paper, viz.,

2i
At
and the subscript # indicates the value at the previous
time step. The next value is

¢n+l = 2¢ - ¢n (24)

and so on. The implicit method requires no diffusion
for numerical stability, but is able to isolate only the
most unstable mode (if one exists). The equatorial
beta-plane is valid only for disturbances trapped in the
vicinity of the equator. Equations (2.2a—c) were com-
bined to yield a geopotential equation, which was
solved in a channel extending from 40°S to 60°N, with
150 grid points equally spaced in dimensional latitude
y = af.

w=

(2.3)

¢. Comments

These two methods should not yield identical results
because of the equatorial beta-plane approximation
used in the second method; nevertheless, it will be
shown that suitably trapped solutions exist for large e,
and these modes yield good agreement between the
two methods.

In what follows, we restrict attention to real € and
complex w (Imw > 0). Boyd (1981, 1982) discusses
the general case (complex ¢) for near-neutral modes.
Derivation of such modes not only adds a degree of
freedom to the problem (expanding the parameter do-
main to be searched) but seems to demand accuracy
near the critical latitude singularity. This difficulty can
be avoided by restricting attention to unstable modes
for which the eigenfrequency lies off the real axis by a-
finite and resolvable amount.3

3. Results
a. Mean flow profiles

The climatological flows of the winter troposphere
and mesosphere have two features in common; both
jet streams are centered between the subtropics and
midlatitudes, and both satisfy the necessary condition
for barotropic instability at low latitudes. (Zonal vari-
ations of the jet imply that certain regions are more
* unstable than others: Simmons et al. 1983.) The me-
sospheric jet may also be unstable on its poleward flank
(Pfister 1979; Hartmann 1983). There are, of course,
several other differences between the two regions. The
subtropical mesospheric jet is much stronger than the
tropospheric jet stream (Dunkerton and Delisi 1985).

3 Iteration is also useful for the nonsingular neutral modes of (1.1);
comparison was made to the published Hough functions of Flattery
(1967) and Longuet-Higgins (1968) to test the numerical algorithm. .
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Cross-equatorial shear exists in the mesosphere at the
solstices, which may be inertially unstable ( Dunkerton
1981, 1983a; Hitchman et al. 1987). In the tropical
troposphere the cross-equatorial shear is much smaller;
the 200 mb flow is roughly symmetric about the equa-
tor. However, the latitudinal shear separating the trop-
ical flow from the jet stream is considerably stronger
in the winter hemisphere (Newell et al. 1974; Arkin
and Webster 1985; Rosenlof et al. 1986; Liebmann
1987).

For instability calculations it is desirable to choose
a mean flow that is realistic in the region of interest,
but simple enough to study theoretically without undue
complications from other effects. Although the real at-
mosphere may exhibit different kinds of instability at
other latitudes, an attempt to capture all of these effects
at once would not only introduce other unstable modes
into the problem, but would also make the interpre-
tation of the modes we want to study more difficult.
Therefore, we will limit our discussion to monotonic

profiles of the form
0 — 8 '
2.
6, ]/

In this section, the constants U, 6, and #; will be chosen
in such a way that the flow is inertially stable every-
where, and barotropically unstable within a narrow re-
gion in the winter hemisphere, just north of the equator.
Two combinations will be examined:

o = —| 1 + tanh .
a a[ tan (3.1)

U=50ms"!

6o = 20° Case I
6, = 5° |
U=40ms™!

0, = 13° Case 11
6, = 6°

These profiles are shown in Fig. 1, along with the mean
vorticity and vorticity gradient. Note that both profiles
are inertially stable (vorticity is the same sign as f).
The reversal of vorticity gradient is stronger in Case 1
than in Case II, but the region of reversed gradient is
closer to the equator in Case II. These profiles are fairly
representative of the 200 mb tropospheric flow in the
Pacific region (as far as the location of reversed gradient
is concerned) according to the observational studies
quoted above (cf. Simmons 1982). The hyperbolic
tangent profile, by definition, is not necessarily stable
according to Ripa’s (1983) theorem.

b. Eigenfrequencies for Case I

Figure 2 shows the nondimensional eigenfrequency
as a function of ¢* for Case I, covering the geophysically
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FIG. 2. Eigenfrequencies of divergent barotropic instability for Case I: (a) Reo; (b), (c) Ime.
Curves are labeled with planetary zonal wavenumber s.
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relevant range of eigenvalues from ¢* = 1-10 000. The
equivalent depth # is defined as

_ (29a)?
gh

Free modes of the homogeneous vertical structure
equation have

€*

(3.2)

(3.3)

(Andrews et al. 1987, p. 172). For this choice of &, *
~ 10. Smaller equivalent depths than %, H (larger ¢*)
correspond to “internal” modes of the vertical structure
equation. For values of static stability characteristic of
the tropical troposphere, ¢* ~ 300 for the first baro-
clinic mode (Geisler and Stevens 1982). This number
should not be taken too seriously, however, on account
of the destabilizing effect of moisture. It will be worth-
while to explore a wide range of *, noting that the
stability of this region may depend on the coupling of
several baroclinic modes (Chang and Lim 1988). For
the present purpose we simply regard e* as a variable
parameter.

Eigenfrequencies are shown in Fig. 2 for the first ten
planetary zonal wavenumbers. Intermediate scale
waves (s = 6-10) depend only weakly on ¢* until large
values are reached, at which point the growth rates
decrease rapidly. The largest growth rate for this wind
profile occurs at s = 6, near ¢* = 140, corresponding
to an e-folding time of about two and one-half days.

In contrast, the low-wavenumber modes bifurcate
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into two branches. For high values of ¢*, the growth
rates maximize around ¢* = 500-1000; for low values,
around €* = 1-20. For wave 1, a third branch exists
at ¢ = 0 (not shown ), although the growth rate of this
mode is extremely small and there is some sensitivity
to the grid. The modes shown in Fig. 2 are robust and
have much larger growth rates than the purely non-
divergent mode.

Figure 2 was derived from the exact wave equation
on the sphere. Results using the time-dependent
method on an equatorial beta-plane are similar (see
Fig. 3) except at low values of (s, €*). In that limit,
the eigenfunctions are not equatorially trapped (as
shown in the next subsection). Good qualitative agree-
ment is obtained elsewhere in the figures.

Three further points should be noted:

1) The overall range of Re(¢) extends from g, to
05, where v

| oy = sa(6,) (3.4a)
o2 = 50(0,) (3.4b)

and
Bea(61) = Ber(62) = 0 (3.5)

where B.q is the mean vorticity gradient. In other words,
the unstable modes have a critical latitude within the
region of reversed vorticity gradient. ( There is no crit-
ical latitude singularity, as the frequency is complex.)
This frequency selection mechanism is consistent with
Pedlosky’s (1964 ) semicircle theorem, although no as-
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sumption of quasi-geostrophy has been made in our
analysis. :

2) The real and imaginary components of eigenfre-
quency are proportional to s at large ¢* and small s.
This dependence suggests that the latitudinal geostro-
phy or “longwave” approximation would be accurate
for these modes (see Appendix, approximation 5). In
that approximation, disturbances are nondispersive in
longitude, propagating with a phase speed independent
of 5. The geopotential field necessarily has zero gradient
on the equator.

3) At high €*, mode trajectories in rhis case ter-
minate near the neutral Kelvin wave frequency o
=s/ Ve*. Below this terminus, the unstable eigenfre-
quencies lie in the “intrascasonal” range (period of
about 50 days).

¢. Eigenfunctions for Case I

Figure 4 shows geopotential eigenfunctions for three
modes. The most unstable mode (s, ¢*) = (6, 140) is
strongly peaked north of the unstable region, covering

a
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FIG. 4. Eigenfunctions of Case I for selected modes (s, €*).

TIMOTHY J. DUNKERTON

1293

a relatively narrow band of latitudes. There is a large
phase shift and detectable kink in amplitude as one
passes through the unstable region; a small secondary
amplitude maximum is then encountered near the
equator. For the (1, 2026) mode this secondary max-
imum is noticeably larger; other features are similar,
including the narrow width of the eigenfunction. The
third mode shown, (1, 23), is very different in latitu-
dinal scale, spanning the entire winter hemisphere. It
will be recalled from Fig. 2 that this hemispheric mode
belongs to a different branch of instability; it is weaker
and less horizontally divergent than the others.

Evidently the confinement of the eigenfunction to
a narrow band of latitudes just north of the unstable
region can be attributed to one of two causes: increasing
either s or ¢* contributes to the trapping of the eigen-
function, as one might expect from the respective terms
in the refractive index, viz.,

s2

e and €*A*
The hemispheric mode, in contrast, lacks both mech-
anisms of trapping, and is able to propagate throughout
most of the winter westerly waveguide.

The (1, 2026) mode was recalculated at higher res-
olution (500 grid points), and the results for u, v, and
¢ are shown in Fig. 5 together with the three terms of
the continuity equation (A12) and their sum. Going
from lower to higher resolution produces no detectable
change in the wave fields and no significant change in
the eigenfrequency, but the sum of continuity equation
terms is somewhat smaller at higher resolution (about
1% magnitude) than at lower resolution (typically
about 5%-10% magnitude). This error arises from fi-
nite differencing, probably from the differentiation of
v cosf and calculation of u near the critical latitude.
Solutions of the eigenvalue problem continue to con-
verge at even higher resolution (up to 2000 grid points).

As noted earlier, a mode such as (1, 2026) would
be a good candidate for the latitudinal geostrophy or
“longwave” approximation, judging by the smallness
of frequency and of meridional velocity. There is an
approximate 7:1 ratio between the magnitudes of zonal
and meridional velocity for this mode. [ This is not true
for the most unstable mode (6, 140); in that case, u
and v are of nearly equal magnitude.] Note, however,
that the contribution from v is essential to the balance
of terms in the continuity equation.

d. Low-wavenumber results for Case I1

Results for Case II are similar to those of Case I,
except that (i) the growth rates are generally weaker;
(i1) fewer planetary zonal wavenumbers are unstable
(s = 1-7); (ii1) the maximum growth rates are shifted
to slightly higher ¢* and lower s. Further discussion of
this case will be restricted to the s = 1 divergent branch
of instability.
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FIG. 5. Wave fields for eigenmode (s, ¢*) = (1, 2026) of Case I, calculated at the higher resolution. Real (solid) and imaginary (dashed)
parts are shown. Panels at right display the three terms of the continuity equation (A12) and their sum.

Figure 6 shows the eigenfrequencies for this mode;
beta-plane values are also shown for comparison.
Growth rates maximize near ¢* = 10 000. Horizontal
structures for a few eigenfunctions are shown in Fig.
7; generally speaking, their form is similar to the pre-
vious case except that the peak amplitude is located
closer to the equator and the secondary maximum there
is considerably larger. This secondary peak seenis to
reach its largest value when the growth rate itself is
maximum*; values of geopotential amplitude at the
equator are ~0.5 for ¢* in the range 5000-10 000. Ve-
locity and geopotential fields for ¢* = 5000, shown in
Fig. 8, indicate that the zonal perturbation velocity is
also substantial near the equator. In fact, one might
mistake this near-equatorial structure for that of an
equatorial Kelvin wave, were it not for the fact that
the meridional velocity, though small, makes an es-
sential contribution to the balance of terms (cf. Fig.
5). Away from the equator, the horizontal structure is
very different from a Kelvin wave; there, the primary
geopotential maximum (minimum) is surrounded by
anticyclonic (cyclonic) flow.

Curiously, it appears that the Kelvin wave is also
destabilized by the shear profile of Case II, although

41t is close to this point that the trajectory of eigenfrequency in
Fig. 6 passes over the Kelvin wave’s trajectory.

the growth rates are very weak. Figure 9 shows an ex-
ample, (s, ¢*) = (1, 3905), for which ¢ = 0.0178
+ 0.000505i. The real part of eigenfrequency is about
the same as one would expect for the Kelvin wave in
no latitudinal shear. The geopotential field has a node
and weak secondary maximum away from the equator.
The meridional velocity, though different from zero,
is about a factor of 25 less than the zonal velocity (not
shown). For this mode, the primary balance of terms
in the continuity equation is between geopotential ten-
dency and zonal velocity divergence. The eigenfre-
quency trajectory is easily distinguished from divergent
barotropic instability, the real part having the opposite
dependence on e.

It is likely that the Kelvin wave instability, if genuine,
does not belong to either the inertial or barotropic class,
as the location of critical latitude is well outside the
region of reversed vorticity gradient (poleward side).

4. Analysis and discussion

For an atmosphere in uniform rotation, the Laplace
tidal equation governs the horizontal structure of ro-
tational and gravitational oscillations. When latitudinal
shear is added, modes of both classes may be destabi-
lized, depending on whether certain criteria are met.
In the preceding discussion, attention has been limited
to flow profiles that are inertially stable and barotrop-






