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ABSTRACT

Wave-CISK with conditional heating is investigated in the equatorial zonal-height plane by analytic and
numerical techniques. For two- and three-level models, previous results are extended to give additional evidence
that the most unstable mode has a single wet region of infinitesimal width. A three-level model has qualitatively
similar behavior as the two-level model except that propagating solutions are possible due to coalescence of
internal vertical modes. Phase speeds with conditional heating are found to be slightly greater than those for
unconditional heating. The structure has one circulation cell in the vertical and is asymmetric in longitude with
stronger motion on the leading edge. Growth rate is inversely proportional to the width of the single wet region.
That width can be limited by second-order diffusion. A general integral relationship between growth rate,
viscosity, phase speed, and heating is derived.

The main conclusion is that the linear wave—CISK catastrophe is modified by conditional heating but not
eliminated. The preferred mode of instability has one wet region, but it occurs on the smallest possible scale.
It is likely that numerical models that use conditional heating are sensitive to resolution, especially for the
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commonly used spectral truncations, unless there is sufficiently strong damping at the smallest scales.

1. Introduction

Intraseasonal oscillations constitute an important
part of atmospheric variability in the tropics. Their ob-
servational characteristics have been extensively doc-
umented (Madden and Julian 1971, 1972; Weickmann
1983; Krishnamurti et al. 1985; Lau and Chan 1985;
Knutson and Weickmann 1987; Nakazawa 1988). For
our purpose we emphasize the following features: an
eastward-propagating circulation in the equatorial
plane with broad zonal scale but narrow region of up-
ward motion and precipitation.

Wave-CISK models with linear dynamics but con-
ditional (positive-only) heating have successfully re-
produced these features (Hayashi and Sumi 1986; Lau
and Peng 1987). When heating is allowed only in re-
gions of large-scale upward motion, the usual linear
wave-CISK catastrophe, wherein the most unstable
mode has infinitely large wavenumber, is avoided. By
this simple modification, wave-CISK purportedly be-
came a viable mechanism for exciting realistic circu-
lations. But the fundamental physics of the mechanism
is still unclear. Why does the region of upward motion
contract while the overall scale remains broad? How
far will it contract? How fast will it propagate?

Dunkerton and Crum (1991 ) addressed these ques-
tions for two- and three-level Kelvin wave models. They
found analytic solutions that showed a modified form
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of the CISK catastrophe: the most unstable mode has
only one region of upward motion (the “wet region’),
but it occurs at the smallest possible scale. Numerical
results therefore depend on resolution, which deter-
mines the smallest scale. Contraction of the wet region
can be limited by scale-dependent damping. Propa-
gation was briefly investigated incorporating evapo-
ration-wind feedback (Emanuel 1987; Neelin et al.
1987; Lau and Shen 1988) and multiple-mode CISK
(Lau and Peng 1987; Chang and Lim 1988; Lim et al.
1990). We note that Gill (1982 ) also obtained analytic
solutions with positive-only heating, but for situations
stable to CISK heating.

Two-level models are fundamentally different from
models with three or more levels. A linear two-level
model has only one internal mode and cannot support
propagating, unstable solutions that arise from coales-
cence of two internal modes (Chang and Lim 1988).
Dunkerton and Crum (1991) showed an example of
analytic solution for a three-level model with positive-
only heating. Lim et al. (1990) addressed the issue nu-
merically for a time-dependent, five-level, Kelvin wave
model. They argued that positive-only heating is a se-
vere nonlinearity that takes effect for infinitesimal per-
turbations and results in a nonlinear “mode” similar
to solutions obtained by Lau and Peng (1987). Some
of their calculations produced an intriguing “multiple
cell” behavior consisting of several axes of upward mo-
tion concentrated in a narrow region and surrounded
by a wide area of downward motion such that the entire
mode was of broad zonal scale. Individual axes moved
relative to the mode in a manner suggestive of the
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propagation of cloud clusters embedded in superclus-
ters (Lau et al. 1989). Sensitivity of the solutions to
resolution and dissipation coefficients was not ad-
dressed; nor were questions concerning choice of scale,
degree of contraction, and propagation completely an-
swered.

This paper extends results of Dunkerton and Crum
(1991) and Lim et al. (1990). A two-level model is
treated in section 2, including a review of our previous
results with additional evidence that the preferred mode
has a single wet region. We also demonstrate the effect
of model resolution in the diffused case. A three-level
model is analyzed in section 3. It is shown that the
modified CISK catastrophe present in the two-level
model occurs in this case; the unstable nonlinear
“modes” have upward motion that occurs on the
smallest possible scale. That scale may be limited by
diffusion. Phase speeds and growth rates are compared
with results from traditional (linear, unconditional)
heating for several parameter settings of interest, and
an integral relationship between phase speed, viscosity,
growth rate, and heating is derived. Multiple cell be-
havior was sometimes found in inviscid simulations
or in viscous cases at low resolution but is strongly
sensitive to resolution. It is apparently an artifact of
nonconverged (resolution-dependent) solutions. Re-
sults are discussed further in section 4.

2. Two-level model

The two-level model of linear wave-CISK has stable
solutions propagating at a reduced, moist phase speed
(e.g., Gill 1982). Unstable solutions are stationary and
do not satisfy meridional boundary conditions for Kel-
vin waves propagating eastward relative to the mean
flow (Wang and Rui 1990). Nevertheless, it is useful
to investigate the properties of a two-level model with
conditional heating as it yields an analytic solution
similar to those found in more complex models.
Mechanisms of zonal propagation will be discussed in
section 3 and appendix B. In what follows, inviscid
and viscous solutions are treated separately because of
their different mathematical character, Discussion fol-
lows Dunkerton and Crum (1991) and will generalize
their inviscid result.

a. Inviscid case

In the two-level model, equations may be derived
for variables representing the difference between upper
and lower layers. If the barotropic component is zero
and mean flow i = 0, then for hydrostatic motion

du d¢
LA 2.1
a  dx ( v 2)
a’du/dx, if Ou/dx>0
9 L 3% ' (2.1b)
ot ax 0, if du/dx <0,
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where # and ¢ are perturbation zonal wind and geo-
potential, ¢3 is the dry phase speed squared, and a’is
a moisture parameter expressed in units m? s 2 (see
next section for further discussion of this parameter).
In (2.1b), conditional (positive-only) heating is pro-
portional to upper-level divergence or lower-level con-
vergence. Geopotential has a zonal-mean component
that does not, however, interact with the dynamics via
the momentum equation (2.1a). Zonally symmetric
Hadley circulations cannot be modeled with Kelvin
wave equations in the zonal-height plane and are ig-
nored here.

Solutions are sought with time dependence exp(wt)
in a stationary reference frame broken into two regions,
labeled wet (W or 1) and dry (II) in Fig. 1a. (An integral
theorem derived in appendix A suggests that it is nec-
essary to consider only stationary instabilities in the
context of a two-level CISK model.) Heating occurs in
region I and is zero in region II. Thus du/dx > 0in 1,
and du/dx < 0 in I1. Variables are nondimensionalized
as

e=b/L, Q=wl/cy, s=2éco, (2.2)

where b is the dimensional width of region 1, L is do-
main width, and é* = a? — ¢§. The parameter s is a
nondimensional measure of CISK instability. Letting
x now be dimensionless, (2.1a,b) reduce to

2

Q
¢XX+?¢ =0 inl (2.3a)

in II.

¢xx_ 92¢ =0

(2.3b)
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FIG. 1. (a) Schematic diagram of wet and dry regions in the two-
level model. Geopotential indicated by the solid line. (b) As in (a),
but with two wet/dry regions.
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Solutions are sought for @ = Q(e, §) subject to conti-
nuity of ¢, uat x =0, 1 and at x = e.

From (2.3a,b) Dunkerton and Crum (1991) derived
the solution criterion

tan(Qe/2s) = stanh[Q(1 — ¢)/2], (2.4)

valid for modes having even symmetry about the center
of the wet region [a hydrostatic version of that derived
by Kuo (1961) and Yamasaki (1972) for “linear” con-
vection]. Symmetric and antisymmetric solutions with
zeroes of ¢ exist, but only the lowest symmetric mode,
with no zeroes, is consistent with the definition of wet
and dry regions, and the requirement d¢/dt > 0.
(Asymmetric modes are obtained when ¢ # 0 but are
not relevant to the viscous analysis.) Equation (2.4)
yields @ = Q(e, 5). It is easily shown that

(2.5)
(2.6)

Qe=2stan"!'s as Q—> oo

I

e=s%/(1+s?) as Q—>0.
In (2.5), growth rate increases indefinitely as the wet
region contracts. This was found to be consistent with
time-dependent numerical integrations of (2.1a,b). In
all cases the solution contracted as far as model reso-
lution would allow, and © oc € !. Therefore, the CISK
instability with conditional heating produces a narrow
precipitation region. In this simple inviscid model, the
smallest value of e is preferred, but the product Qe
asymptotes to a constant. The hydrostatic approxi-
mation is violated in this limit; a weaker singularity is
obtained with nonhydrostatic terms included (Ya-
masaki 1972).

In (2.6), a neutral curve is encountered slightly
above s = 0, dependent on e. Previous modeling showed
that marginal stability occurs above the neutral point
of linear theory (Lau and Peng 1987; Hendon 1988).
This is due to conditional heating and apparently de-
pends on model resolution, which determines the
smallest possible e.

Roots of (2.4) were shown in Fig. 2 of Dunkerton
and Crum (1991) for several values of s. Curves of Qe
bend smoothly downward with increasing e until
reaching the neutral point. They are self-similar at
small s.

From (2.3a,b), solutions are sinusoidal (exponen-
tial) in the wet (dry) region. Solutions were shown in
Dunkerton and Crum (1991); Fig. 1a illustrates geo-
potential in a particular case. Allowing a single wet/
dry region, or any combination of identical regions
equally spaced in longitude, it was shown that the most
unstable mode has a single wet region of infinitesimal
width. Wave-CISK with conditional (positive-only)
heating (and linear dynamics) therefore has a scale
selection “catastrophe” similar to traditional linear
theory, favoring the smallest possible scale, but with a
significant difference: the preferred mode has only one
wet region. The dry structure is evanescent, decaying
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F1G. 2. Examples of geopotential (solid ) and zonal velocity (dashed)
in the two-level model, with s = 0.4. Values of nondimensional growth
rate Q are: (a) 2.51, (b) 3.10, (c) 4.58, (d) 5.02, (e) 5.92, (f) 6.03,
(g) 6.05.

in proportion to the growth rate as expected from a
simple group velocity argument. One may visualize
the dry solution as “radiating” at constant group ve-
locity ¢o from the wet/dry boundary, at which point
the solution is growing exponentially in time.

For unequal combinations of wet/dry regions, we
have been able to prove analytically that (i) the asymp-
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totic formula (2.5) applies when two narrow wet re-
gions are present; (i) two wet regions of equal finite
width, but unequal spacing, are most unstable when
farthest apart; and (iii) starting from the latter config-
uration, growth rate increases as the width of one wet
region goes to zero (i.e., toward a single wet region).
Consistent with this, time-dependent numerical inte-
grations of (2.1a,b) from arbitrary initial conditions
evolve to a single wet region as long as initial wet/dry
combinations are not identical. These conclusions are
motivated by a generalized configuration shown in Fig.
1b. The list of matching conditions is ignored for brev-
ity, but some examples of geopotential and zonal ve-
locity are shown in Fig. 2. The series shown begins
with a single broad wet region (Fig. 2a); this region is
split into two equal halves unequally spaced (Figs.
2b,c). Growth rate increases as they become equally
spaced (Fig. 2d) but continues to increase as the width
of one wet region is decreased holding the other con-
stant (Figs. 2e, f ). Maximum growth rate is achieved
when the second wet region vanishes (Fig. 2g), leaving
a single wet region of half the width as in Fig. 2a. The
argument could of course be repeated starting from the
last panel.

It can be shown that the asymptotic formula (2.5)
applies in the case of two narrow wet regions. This is
not surprising, since the addition of a narrow wet region
makes no difference if its dry “tail” decays exponen-
tially fast in longitude and if the second wet region is
placed at a longitude where the dry solution radiating
from the first wet region is exponentially small. By the
same argument, any number of infinitesimally narrow
wet regions could be added. However, one must keep
in mind that a numerical model has finite resolution
and therefore prefers a single wet region—unless there
are several identical, equally spaced wet regions ini-
tially, in which case no single spike can dominate the
asymptotic solution.

b. Viscous case

To obtain scale selection in a situation where inviscid
growth rates increase with decreasing scale, it is nec-
essary to add scale-dependent damping that grows suf-
ficiently fast to overcome the inviscid catastrophe. For
CISK, second-order diffusion is one such mechanism.
Sometimes spatial smoothing is used explicitly in
models (e.g., Itoh 1989) while in other cases smoothing
is inherent in numerical methods. An analytic model
with second-order diffusion may be constructed fol-
lowing Dunkerton and Crum ( 1991). Considering dis-
turbances of fixed form growing exponentially with rate
w in a coordinate system moving with speed ¢, and
allowing for second-order diffusion in both equations,

2
(w—ci—va—)u+(—9?—=0 (2.7a)

ox
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( d 32) , du
w—c——vo|o+cd—

dx ax? dx
a*du/dx, if Qu/ox>0
- , (2.7b)
0, if ou/dx<O.

The boundary conditions (applied at wet/dry bound-
aries stationary with respect to the translating coordi-
nate system) are as follows. Evidently ¢ and ¢, must
be continuous for ¢,. to exist; similarly for « and u,
(Yamasaki 1972). This implies u#, = 0 at the bound-
aries and u,, is continuous there. The heating is con-
tinuous (although 4/dx of heating is not), implying
continuity of ¢,,. There are two more conditions than
actually needed to solve the problem derived from
(2.7a,b), consisting of a fourth-order equation in wet
and dry regions. In each region the solution consists
of four unknown coefficients multiplying functions of
the form exp(kx) where

ka={—(ctco) = Vcxtco)+aww}/2v (2.8)
in the dry region and '
ky = {—(c*iVa® - c3)
+ [(c+ Va2 — 3)? + 4wr]'2} /20 (2.9)

in the wet region. The problem is overdetermined and
it is necessary to locate roots of w for certain unknown
values of € and ¢. In the present case, one finds ¢ =0
(as required by an integral theorem derived in appendix
A). The discrete character of the problem was recog-
nized by Yamasaki (1972) and may be contrasted to
the inviscid continuum. Our analytic theory comple-
ments numerical solutions derived by Yamasaki.

A solution for Q@ = Q(v) with s = 0.344 is shown in
Fig. 3. Growth rates decrease to zero as diffusion is
increased [ eventually encountering the Q = 0 axis with
a value of e slightly less than the inviscid neutral point
(2.6)]. Conversely, growth rates increase as v — 0, and
¢ becomes small in this limit. Time-dependent inte-
grations (obtained with the numerical model described
in section 3) at finite resolution, shown with dashed
lines and symbols in Fig. 3, depart from analytic results
as v — 0, intersecting the inviscid axis at a finite value
of Q. Numerical results are well resolved, or indepen-
dent of resolution, only if » 1s not too small.

This comment also pertains to multiple-mode CISK
as discussed in the next section. The singular nature
of the problem has not been sufficiently appreciated in
recent literature on wave-CISK with conditional heat-
ing although it was recognized long ago in convection
literature (Kuo 1961; Yamasaki 1972) and in the con-
text of Ekman CISK (Charney and Eliassen 1964).
Our two-level model of large-scale wave-CISK at the
equator is equivalent to a hydrostatic, parallel-plane
model of “linear” convection with conditional heating.
As such, it contains the same scale-selection catastro-
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FI1G. 3. Analytic growth rate () and wet-region width (€) for two-
level model as a function of nondimensional diffusion v with s = 0.4.
Numerical results for various spectral truncations shown by dashed
lines and symbols.

phe. The novelty of multiple-mode CISK and its gen-
eralizations (e.g., to include evaporation—wind feed-
back) is contained in the heating term that allows zonal
propagation. Nevertheless, the scale-selection pathol-
ogy remains.

3. Three-level model

It was noted in the Introduction that a linear CISK
model with three or more levels is necessary to describe
unstable, propagating solutions arising from coales-
cence of two internal modes. In this section, we analyze
a three-level model that has two internal modes. This
is the minimum model that can accommodate coales-
cence but probably the most complicated one for which
there is any hope of obtaining analytic solutions with
conditional heating. Also, a three-level model mini-
mizes computation time for very high-resolution sim-
ulations described later.

a. Formulation and solution techniques

A schematic diagram of the three-level model is
shown in Fig. 4. The governing equations for nonro-
tating, hydrostatic, two-dimensional waves in the
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equatorial zonal-height plane, linearized about a rest-
ing basic state, may be written in nondimensional form
as

ou, 99, u
=, 1
o ox | ax? (3.
6u2 6¢2 32142
=2, 22 2
o  Ix dx? (3.2)
3, 4om 20w _ 0%,
3 39x  3ax  ax
2 4
a%(g% 5%), if >0
+ X x (3.3)
0, otherwise
b2 2 p0um 4 50U 9
d 3 ox 3 ox dx?
a%(§%+§%), it >0
+ x x (3.4)
0, otherwise

where u,, u,, ¢, and ¢, are the differences in zonal
velocity and geopotential between levels 1 and 3 and
levels 3 and 5, respectively. The barotropic component
of the flow has been set to zero (Hendon 1988). The
equations have been nondimensionalized by taking the
equatorial circumference of the earth (27a) as a length
scale and 2wa/c, (¢? defined below) as a time scale.
The stability profile enters through r?> = ¢}/c3 where
¢} = RT,Ap?/2p3, ¢3 = RT4WAp?/2pi, and T
= —p(dT/dp — T/ p)is the static stability of the basic
state. Following Crum and Stevens (1983), we take I',
= 20 K and I'; = 35 K. Dimensional phase-speed pa-
rameters are then ¢; = 53.6 m s~ 'and ¢, = 354m s .
The convective heating Q(x, p), proportional to low-
level convergence, is parameterized similar to Lau and
Peng (1987) by writing for level j (j = 2, 4),

2 8ul

Qi = —Lgmjws = LQﬂjAp(_"— + 35‘;) (3.5)

for Q > O only, where L is the latent heat of conden-

0 - p=0,0=0
l ———m u, ¢

2 o

3 —— —— u, ¢ %Ap
4 (0]

5 ———— u, ¢

6 ~ P=p,, ®=0

FIG. 4. Schematic diagram of the three-level model.
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sation, g a specific humidity appropriate to the lower
atmosphere, w, is the vertical velocity at level 4, and 7
the vertical profile of heating defined by

Ds — p)

Ds
This vertical profile is a half-sine wave adjusted by the
parameter b to vary the level of maximum heating,
hereafter denoted ppmax. (Prior to calculation n was
normalized in the usual way.) Then a? and a3 have
dimensional expressions a = RAp®Lqn,/(2p,¢,) and
a3 = RAp*Lqna/(2psc,). (Their nondimensional val-
ues are obtained dividing by c?.) The coefficient of
second-order diffusion is denoted by » and is nondi-
mensionalized by the factor 2wac;. We note that dif-
fusion is necessary in order for the analytic solutions
to select a unique phase speed and wet-region width
in analogy with two-level model results. All other sym-
bols have their usual meaning. Rotation has been ig-
nored except that eastward-propagating solutions may
be identified as Kelvin waves.

The phase speeds for linear heating are important
parameters in the nonlinear solution. “Linear” heating
implies that heating and cooling occur for positive and
negative values of low-level convergence (2/3)du,/dx
+ (4/3)0u,/dx. Nondimensional phase speeds of the
two eastward-propagating moist internal modes are
easily found to be

c%=§(1+r2—]a%~a§)

7(p) = exp(bp) sin1r( (3.6)

-3

Note that ¢;- may be complex, depending on the vertical
profile of heating and the specific humidity as expressed
by a? and a3. Phase speeds of the two eastward-prop-
agating free modes of the dry system, hereafter denoted
by cr, are obtained by setting a? = a3 =0in (3.7). In
the nonrotating case there exist westward-propagating
modes of equal and opposite phase speed; however, it
is implicitly assumed that rotation selects an eastward-
propagating disturbance (Yoshizaki 1991).

There are two distinct types of unstable linear so-
lutions. If the level of maximum heating is high enough,
the two real phase speeds coalesce into one complex
phase speed as the specific humidity is increased. Ex-
amples of this behavior for models with more levels
can be found in Crum and Stevens (1983) and Chang
and Lim (1988).! If the level of maximum heating is

2 1 2 1/2
+—[(1 +r2—§a%—a%) —3(r2—a§)] . (3.7)

! CISK instabilities in the three-level model arise from coalescence
of the lowest two internal modes and thérefore propagate unrealisti-
cally fast in longitude. Multilevel models allow coalescence of higher
modes and hence slower phase speeds. The three-level model remains
attractive for its simplicity in the present context and as a foundation
for more realistic models that will be necessary to accurately represent
propagating instabilities in the tropics.
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low, one of the phase speeds becomes pure imaginary
as the specific humidity is increased, indicating a sta-
tionary instability. We will compare the phase speed
for conditional heating with these linear heating speeds.

As in the two-level model, nonlinear solutions are
sought that propagate with speed ¢ and grow exponen-
tially with growth rate Q. Solutions are obtained sep-
arately for the wet region (defined to be 0 < x < ¢)
and the dry region (e < x < 1) and matched by re-
quiring continuity of ¢y, ¢,, d¢,/0x, 3¢>/0x, Dy, D,,
4D, /dx, and dD,/dx at the wet /dry boundaries. Here,
D, =(4/3)0u,/dx + (2/3)0u,/dxand D, = (2/3)du,/
dx + (4/3)du,/dx. The D variables were used in place
of zonal velocity for analytic convenience; continuity
of zonal velocity is ensured by (3.1), (3.2). The ad-
ditional constraint is that D, = 0 at x = 0, ¢ that is,
that low-level convergence vanish at the wet/dry
boundary. (This yields a discrete solution for certain
values of ¢, ¢.) In each region, an eighth-order equation
for ¢, can be obtained and solutions sought of the form
exp(kx). Some algebra using the definitions of cr and
cr yields

ky={—(ctcr)x V(cEtcp)*+4w}/2v (3.8)
for the dry region, and

ko= {—(cxcr)xVcxtcr)>+4w}/2v (39)

for the wet region. Applying matching conditions
means we must find those values of ¢, ¢, and Q for
which the determinant of a 16 X 16 matrix is zero. If
v is small, some of the k become very large and indi-
vidual elements of the matrix differ by hundreds of
orders of magnitude. This is due to a singular pertur-
bation: the highest-order derivatives are multiplied by
the small parameter ». Finding roots of the determinant
is a numerically difficult problem as » = 0. We are
successful only for some cases with moderately large
diffusion and good initial guesses. For this reason an-
alytic solutions would not be feasible for models with
more than three vertical levels. Thus, we must com-
plement our analytic solutions with a time-integration
model, seeking to make it as accurate and well resolved
as possible.

Time-dependent solutions were found spectrally by
expanding the dependent variables in Fourier series of
M terms and using a transform method to evaluate the
heating term in physical space on a grid of 4 M points.
(Note that aliasing errors are inevitable for the absolute-
value nonlinearity. The usual choice is 3M + 1 points
for quadratic nonlinearity; 4 M points seems a reason-
able choice for minimizing both aliasing error and
computation time.) Very high spatial resolution was
used (up to 512 wavenumbers) to ensure well-resolved
solutions. Previous modeling studies used much lower
truncation (R15 for Lau and Peng 1987; M = 64 for
Lim et al. }990). We used a third-order Adams—~Bash-
forth time-differencing scheme (Durran 1991). The
time step depends on M and » and must decrease as






