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ABSTRACT

This paper presents results obtained with high-resolution numerical models of the gravity-wave critical layer.
The structure and growth rates of preferred modes of secondary instability—within or near regions of potential
temperature overturning in the wave field—are discussed. Model instabilities, which appear to be primarily
convective, are of two kinds. The expected mode of convective instability is nonradiating, trapped within the
region of overturning. A new “radiating” mode of instability was also obtained that has a preferred zonal scale,
grows to observable amplitude prior to the nonradiating mode, and extends into the adjacent stable regions of
the wave field. As a result, this mode is important in the transition to turbulence and may affect momentum
deposition and turbulent mixing due to gravity-wave breaking.

1. Introduction

Internal gravity waves are known to be important
in the transport of momentum, heat, and constituents
in the terrestrial atmosphere. These waves retard the
flow in and above jet streams, especially in the meso-
sphere, and assist in forcing tropical mean-flow oscil-
lations. They also cause turbulent mixing. Momentum
deposition and turbulence is attributable to the unstable
breakdown of internal gravity waves propagating ver-
tically in a quasi-compressible atmosphere or ap-
proaching a critical layer where wave phase speed
equals mean flow speed in the direction of wave prop-
agation. Large-amplitude waves cause isentropic sur-
faces to overturn—a situation that, in a nearly inviscid
flow, is highly unstable. Simple calculations demon-
strate that local convective instabilities grow rapidly
compared to the time scale for wave propagation, es-
pecially in the hydrostatic limit (e.g., Dunkerton and
Fritts 1984; Hines 1988). Thus, it is commonly as-
sumed that instabilities will develop, and moreover, be
strong enough to “‘saturate” the large-scale wave field
(Lindzen 1981; Dunkerton 1982; Holton 1983; Fritts
1984; Lindzen 1988; Schoeberl 1988; Dunkerton
1989). A central feature of convective-saturation theory
is that primary wave amplitude not be allowed to
greatly exceed its marginally stable value. The amount
of supersaturation varies from model to model, with
minor consequences for momentum deposition. On
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the other hand, turbulent diffusivity of the mean state
is sensitive to the wave amplitude and degree of tur-
bulence localization within the wave field (Fritts and
Dunkerton 1985; Coy and Fritts 1988; Dunkerton
1989; McIntyre 1989).

Because little is actually known about the unstable
breakdown of gravity waves, compared to what is as-
sumed by theory, the gravity-wave secondary instability
is an appropriate topic for direct numerical simulation
and laboratory study. The problem is only beginning
to be investigated. Numerical simulations of gravity-
wave breakdown were recently performed in a com-
pressible atmosphere by Walterscheid and Schubert
(1990) and in a Boussinesq fluid by Winters and d’A-
saro (1989). Laboratory experiments simulating the
gravity wave—critical layer interaction were undertaken
by Koop and McGee (1986) and Delisi and Dunkerton
(1989). All of these studies demonstrated that a large-
amplitude gravity wave, with steepened or overturned
1sentropic (isopycnal) surfaces, is unstable to smaller-
scale motions; these instabilities quickly become tur-
bulent, and the entire process causes momentum de-
position in the region of breakdown. To this extent,
the laboratory and numerical evidence lends support
to saturation theory. There are, however, unknowns.
Evidence of constituent mixing, for example, is un-
clear; laboratory experiments of Delisi and Dunkerton
(1989) indicated only a modest rearrangement of the
initial stratification by persistent wave breaking lasting
several hours (see also Delisi and Orlanski 1975). It
should be kept in mind that these experiments had
essentially monochromatic wave forcing; turbulence
was observed only within or near regions of steepening
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and overturning. Given the sensitivity predicted by
theory, experimental results may not apply to all cases.
More disturbing is that there is as yet no agreement on
the dominant mechanism of secondary instability
within the primary wave field, nor has it been possible
to explicitly represent the saturation process itself. In
Winters and d’Asaro, periodic boundary conditions
were assumed with an initial condition, but no bound-
ary forcing. As the wave packet approached the critical
level, it became unstable, apparently via shear insta-
bility, to small-scale turbulent motions. The experi-
ment was designed so that a turbulent cascade would
eventually be absorbed by scale-dependent damping.
Thus, the primary wave was simply absorbed; no
equilibration process could be represented in their for-
mulation. In Walterscheid and Schubert, the initial
evolution of convective instabilities was simulated, but
computational constraints prevented a long-time in-
tegration much beyond the onset of instability. Their
results did suggest at least an initial equilibration of
primary wave energy due to secondary instability.
Laboratory experiments of Delisi and Dunkerton
(1989), which could be run for very long times, indi-
cated that quasi-equilibrated, “saturated” states may
be possible. Their structure, however, resembled a tur-
bulent hydraulic jump, which might be an artifact of
tank geometry and experimental conditions. In  any
case, the wave forcing was eventually altered by the
interaction, making comparison to saturation theory
difficult.

There is a valuable contribution from these studies,
the observation that more than one type of secondary
instability is possible. The initial instability in Delisi
and Dunkerton resembled an inclined row of Kelvin—
Helmbholtz billows. On the other hand, small-scale fea-
tures in Walterscheid and Schubert resembled cellular
convection. Theory indicates a preference for Kelvin—
Helmbholtz or convective instability depending on wave
and mean-flow parameters (Dunkerton 1984, 1989;
Fritts and Rastogi 1985; Fritts and Yuan 1989; Yuan
and Fritts 1989). Breaking in Walterscheid and
Schubert was due mainly to ambient density decrease,
while mean flow shears were initially present and rap-
idly intensified in laboratory experiments of Delisi and
Dunkerton. The variety of instabilities makes it nec-
essary to undertake a detailed investigation of gravity-
wave breakdown in order to understand its effect on
momentum deposition, constituent mixing, and sat-
uration.

As part of an ongoing study, we are using direct nu-
merical simulation with a hierarchy of models to in-
vestigate the propagation and unstable breakdown of
internal gravity waves in the atmosphere. The waves
have horizontal scales ranging from about 50 km,
thought to dominate the mesospheric momentum
budget, extending to synoptic and planetary scales as
inertia—gravity waves and equatorially trapped plane-
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tary waves important in the upper troposphere and
stratosphere. The investigation reported in this paper
utilized hydrostatic and nonhydrostatic models to
simulate two-dimensional gravity-wave propagation
and breakdown in a stratified fluid without rotation.
For simplicity, a monochromatic forcing was assumed,
with primary wave propagating vertically into spatially
and temporally constant linear mean-flow shear having
a critical level in the upper part of the domain. This
configuration is similar to earlier studies (e.g., Fritts
1982, 1985; Dunkerton and Fritts 1984; Fritts and
Dunkerton 1984; Dunkerton 1987), but horizontal
resolution is now much finer than before. Here, an
attempt was made to simulate a two-dimensional fluid,
including turbulent breakdown, and not merely the
interaction of a few large-scale waves. As will be shown,
transition to a turbulent state includes quasi-circular
motions in the plane of propagation with a length scale
defined, in part, by the depth of overturning. Below
the critical level, this scale can be shallow, so high hor-
izontal resolution is required.

This requirement was met by Walterscheid and
Schubert (1990), allowing secondary instabilities to be
simulated. In addition, their paper reviewed many
fundamentals of gravity wave-mean flow interaction.
Here, we endeavor to build on their results with the
help of simpler models, in order to examine in detail
the spectral evolution and structure of local secondary
instabilities in a gravity-wave critical layer. The prob-
lem turned out to be more interesting than expected,
as there are several modes of instability in an over-
turned gravity wave. Because the basic state consisting
of primary wave and zonal mean flow is convectively
unstable, and is more complex than assumed by Yuan
and Fritts (1989), the instability problem is more
complicated.! A new result from our study is a “ra-
diating” mode of secondary instability that develops
within the region of overturning, deriving energy from
the unstable stratification, while simultaneously ex-
tending into the adjacent stable regions of the wave
field. Because of its preferred finite horizontal scale,
this mode can play a role in the transition to turbulence.

In section 2, the numerical models are described.
Section 3 outlines the basic simulation and presents
results obtained with a nonlinear hydrostatic model.
In section 4, comparison is made to linear nonhy-
drostatic models, including theoretical discussion of
convectively unstable modes obtained in a parallel-flow
approximation. Some implications of these results are
mentioned in section 5.

' Yuan and Fritts (1989) and Fritts and Yuan (1989 ) determined
growth rates of Kelvin—-Helmholtz instability in an inertia-gravity
wave with and without mean shear, respectively, for convectively
stable flow approximated by hyperbolic, rather than sinusoidal, func-
tions.
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2. Numerical models
a. Nonlinear hydrostatic model

The nonlinear model began with hydrostatic equa-
tions of motion in log-pressure coordinates, that is,
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 where u and ¢ are zonal velocity and geopotential, re-
spectively, w is vertical velocity (in log-pressure coor-
dinates; see Holton 1975), z is log-pressure height, and
H is the density scale height. Equations were divided
into zonal mean and perturbation, to be solved sepa-
rately. For simulations reported here, the mean flow
was held constant in time; the effect of mean-flow ac-
celeration is examined in the Appendix (see also
Dunkerton and Robins 1992). The entire flow was as-
sumed two dimensional, so that meridional velocity v
and any y variations of the flow were ignored, as was
rotation (f = 0). This left # (zonal wind) and ¢,
(“temperature”) as dependent variables of the model.
Equations for # and ¢, were stepped forward in time
using a second-order Adams—-Bashforth method.

The next step was to solve for ¢ and w, accomplished
by vertical integration using Simpson’s rule. The in-
tegration, and evaluation of horizontal derivatives, was
done in zonal wavenumber space using a fast Fourier
transform between physical and spectral space. To
avoid aliasing, the top one-third of the zonal wave-
number spectrum was set equal to zero at each time
step. A nearly monochromatic primary wave was ex-
cited at the lower boundary by specifying w there. A
profile of vertical velocity was obtained by integrating
the continuity equation to the upper boundary, where
the Klemp and Durran (1983) radiation condition was
imposed, giving ¢ at that point. The geopotential profile
was then obtained by downward integration of ¢,. To
avoid numerical noise at the lower boundary, nonlinear
terms were artificially weighted by a sine ramp function
in the lowest one-tenth of the model domain.

Various model resolutions were used. For simula-
tions reported here, 201-401 vertical grid points gave
nearly identical results, allowing the lower resolution
(201) to be used for most of the nonlinear runs. Hor-
izontal resolution included 256 zonal harmonics. This
relatively high resolution, however, was necessary only
to represent secondary instabilities. It was acceptable
to force the primary wave at lower resolution ( 128 har-
monics) until instabilities first became visible in the
spectrum (typically, about 20 orders of magnitude be-
low the primary wave). At that point, we zero filled
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the zonal wavenumber spectrum between harmonics
129 and 256, giving a complete spectrum of waves 1-
256 for use as an initial condition in 256 harmonic
runs. In retrospect, this procedure would have been an
economic necessity. Fortunately, it was completely ad-

- equate for the simulations reported here.

Terms on the rhs of (2.1)~(2.2) represent dissipation
in the form of scale-dependent diffusive damping (de-
scribed later); they were set to zero in inviscid simu-
lations.

b. Linear model of nonhydrostatic nonparallel flow

Dunkerton (1987) used a low-resolution two-di-
mensional model of nonhydrostatic flow to simulate
the nonlinear interaction between large-scale gravity
waves via parametric subharmonic instability. As de-
scribed in that paper, the nonhydrostatic model used
a streamfunction—vorticity representation with vorticity
and potential temperature (or buoyancy) as dependent
variables.

The same model could be used here to study the
linear evolution of secondary instabilities in a gravity-
wave critical layer so that comparison could be made
to the nonlinear hydrostatic model of section 2a. As
originally formulated, Dunkerton’s model (1987) cal-
culated nonlinear terms in spectral space without
transforms; it was then possible to devise a linear model
by retaining only certain nonlinear interactions. De-
noting the primary wave as “wave 1,” the linear model
assumes that (i) each nonlinear product of spectral
coefficients includes wave 1 as one of the components
of the product (rather than a sum over all wavenumbers
as in the original nonlinear model) and (ii) all nonlin-
ear contributions to wave 1 can be neglected. These
criteria approximate a fully nonlinear model when all
harmonics N > 1 have small amplitude. The advantage
of a linear model is that the modal structure of sec-
ondary instabilities can be isolated without disturbing
the basic state (zonal mean plus primary wave) once
the instabilities attain finite amplitude.

In practice, secondary instabilities evolve on a much
faster time scale than the primary wave, so it was ac-
ceptable (for qualitative purposes) to freeze wave 1 at
some initial condition. This was determined by inte-
grating a single-harmonic model until overturning. It
was unnecessary to include wave 1 in the secondary
instability, due to separation of scales.

¢. Linear model of nonhydrostatic parallel flow

Scale separation suggests that a parallel-flow ap-
proximation could be useful for interpretation. This
approach was used by Fritts and Yuan (1989) and
Yuan and Fritts (1989) to determine growth rates of
Kelvin-Helmholtz instability in an inertia-gravity
wave.
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A parallel-flow model used columns of “basic state”
zonal wind and temperature obtained from the two-
dimensional model of section 2b. That is, the flow in
any column was assumed independent of horizontal
direction x. Unstable modes were isolated by solving
the one-dimensional Taylor-Goldstein equation

NZ
Vet w[(c_ ot

where ¢ is disturbance streamfunction, ¢ is complex
phase speed, k is zonal wavenumber, and N2, i rep-
resent static stability and zonal wind of the basic state
(now distorted by a finite-amplitude primary wave)
that, in accord with the parallel-flow approximation,
was assumed independent of x. To locate complex ei-
genfrequencies a shooting method was used like that
of Dunkerton (1990) with boundary conditions y = 0.
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3. Results of nonlinear hydrostatic model

a. Primary wave

For the case reported here, domain depth was 10

km, with linear # profile varying from —16 m s™' at

the lower boundary to +4 m s ! at the upper boundary.
Background stratification N2 = 0.0004 s~2, implying
for isothermal conditions a density scale height H
= 7014 m. Domain width was 50 km, also the hori-~
zontal wavelength of primary wave (wave 1). A sta-
tionary, nearly monochromatic disturbance was excited
by specifying vertical velocity of wave 1 at the lower
boundary with amplitude 0.4 m s™', increasing grad-
uvally from zero to its full value at z = 10 000 sec (held
constant thereafter). The critical level for this wave
was at 8 km. The model time step was At = 0.0625
sec. Our first calculation was inviscid, that is, X = Q
= 0.

The resulting evolution of potential temperature is
shown in Fig. 1 at various times. Overturning began
just prior to 15 000 sec; however, secondary instabilities
did not become visible in physical space until somewhat
later, after 19 000 sec. Until this time, structure of the
primary wave determined by the hydrostatic model was
virtually identical to the linear nonhydrostatic model,
consistent with the shallow inclination of this wave
(~30:1 in the region of overturning) and small am-
plitude of higher harmonics.

Perturbation temperature is shown in Fig. 2 for times
corresponding to Fig. 1. Vertical wavelength of the pri-
mary wave contracted approaching the critical layer;
in the region of strongest overturning or unstable lapse
rate, it was ~ 1%»-2 km.

b. Spectral evolution

Figure 3 shows the development of the vertical com-
ponent of perturbation kinetic energy, { w'?), inte-
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FIG. 1. Potential temperature for inviscid simulation of nonlinear
hydrostatic model at ¢ = (a) 14 000 and (b) ¢ = 19 000 sec. Units
on axes: kilometers.

grated over the entire domain, as a function of zonal
wavenumber, for the inviscid simulation of Figs. 1 and
2. The spectrum evolved in two phases. In the first
phase, energy appeared in a distinct peak near zonal
wavenumber 48; this peak moved to lower wavenum-
bers with time. Meanwhile, energy appeared at higher
wavenumbers with no distinct zonal scale. This region
of the spectrum will be referred to as the “convection
continuum.” In the second phase, after 17 000 sec, the
peak near wavenumber 32 was overtaken by the con-
tinuum and its identity lost. By 18 000 sec, the vertical
component of kinetic energy beyond about wavenum-
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FIG. 2. Perturbation temperature for simulation of Fig. 1 at the
same times. Contour interval: 0.067 K. Warm (cold) regions shown
in white (black).

ber 112 was comparable to that of the primary wave.
. Only later did the instability actually become visible
in potential temperature. Note that vertical velocity is
proportional to streamfunction times zonal wavenum-
ber, so the spectrum E,, is weighted toward high wave-
numbers. Potential temperature perturbations in Fig.
1b, proportional to zonal velocity, remained small rel-
ative to wave 1 until later (beyond 19 000 sec).

c. Convection continuum

To isolate the structure of convective instabilities in
the inviscid simulation, temperature and velocity fields
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were run through a high-pass filter retaining all zonal
wavenumbers greater than 20. Figure 4 shows the re-
sulting temperature field at 18 000 sec, with two ve-
locity vectors superposed, in a region of the primary
wave where instabilities attained large amplitude (near
the location of strongest overturning). As implied by
Fig. 3, there was a mix of zonal scales, but dominant
scales were near the resolution of the grid. This can be
seen in the temperature perturbations, which had ver-
tical wavelengths as small as 100 m (2 grid points).
Counting wavelengths from left to right, the dominant
zonal wavenumber was about 150, near the truncation
point (see Fig. 3). In all inviscid cases performed, there
was no horizontal scale selection in the convection
continuum apart from numerical truncation of the
model. In effect, the zonal scale of instability was de-
termined at the outset by the number of harmonics
retained in the calculation.

In contrast, the vertical scale of streamfunction or
velocity perturbations was defined by the depth of
overturning. In physical space, convection cells were
elongated in the vertical. This is expected to be the
most efficient rearrangement of parcels necessary to
stabilize the large-scale wave field (Dunkerton 1989).
It was only within the region of overturning that vertical
velocities of the secondary instability had significant
amplitude.

Similar reasoning suggests that the convection con-
tinuum will, in fact, be three dimensional. Thus, it
cannot be represented adequately in a two-dimensional
model. For our purpose, this limitation is not critical,
as the energy cascade is assumed to proceed from low
to high wavenumbers and there undergo irreversible
absorption. More relevant is whether the initial insta-
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FI1G. 3. Spectrum of the vertical component of perturbation kinetic
energy as a function of zonal wavenumber for inviscid simulation.
Labels denote time in seconds X 1000.






