2744

JOURNAL OF THE ATMOSPHERIC SCIENCES

" Inertial Instability of Nonparallel Flow on an Equatorial 8 Plane

TIMOTHY J. DUNKERTON
Northwest Research Associates, Bellevue, Washington
(Manuscript received 22 June 1992, in final form 7 December 1992)

ABSTRACT

- A simple theoretical - model was developed to investigate the inertial instability of zonally nonuniform, non-
parallel flow near the equator. The basic state was independent of height and time but included cross-equatorial
shear with longitudinal variation, as observed in the tropical mesosphere and elsewhere. Numerical solutions
were obtained for the most unstable modes.

* It is shown that, in addition to previously known “global” (symmetric and nonsymmetric) modes of inertial
instability, there exist “local” modes within regions of anomalous potential vorticity. Local modes may be
exactly stationary or display zonal phase propagation, but are distinguished from global modes by their zero
group velocity and concentration of amplitude within, or downstream from, the region of most unstable flow.
Local stationary instability has the largest growth rate and occurs in strong inhomogeneous shear when the in
situ mean flow is near zero, that is, quasi-stationary with respect to the (stationary) basic-state pattern. This

situation is expected in an equatorial Rossby wave critical layer.

The local mode has properties similar to those of “absolute™ instability of nonparallel flow as discussed
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elsewhere in fluid dynamics.

1. Introduction

Inertial instability may arise in conservative axisym-
metric flow near the equator when there is nonzero
latitudinal shear 4 = #,. In this case potential vorticity
(PV) on one side of the equator is anomalous, satisfying
a necessary condition for centrifugal parcel instability
(Dunkerton 1981). Analytic eigenmodes of symmetric
instability in zonally uniform shear on an equatorial
B plane were obtained by Dunkerton and indepen-
dently by Stevens (1983). Subsequently Boyd and
Christidis (1982) and Dunkerton (1983) found that
low-wavenumber, zonally nonsymmetric instabilities
have larger growth rates than symmetnc instability
when (i) the vertical wavenumber m is near or below
a neutral point of symmetric instability

m ' 4
- (L.1)
(N is static stability and 8 = 2Q/a = 2.29

X 107" m™ s7"), and (ii) nonzero integer zonal
wavenumbers s = ka exist below a short-wave cutoff

kmax = B/+. Although symmetric instability has max-
imum inviscid growth approachmg v/2as |m| - oo,
the nonsymmetnc mode is preferred when second-or-
der viscosity and diffusion are added and conditions
(i) and (ii) are met (Dunkerton 1983). Similar con-
clusions pertain to midlatitude flow containing non-
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symmetric inertial and barotropic instabilities, as
shown by Stevens and Ciesielski (1986).

Anomalous PV exists in the tropical winter meso-
sphere (Dunkerton 1981; Hitchman and Leovy 1986),
upper troposphere between South America and the In-
dian Ocean (Liebmann 1987), lower troposphere near
Indonesia (Krishnamurti et al. 1985, 1988), and Pacific
south equatorial current (Philander 1989, p. 62). In-
ertial instabilities were found in a nearly inviscid 2D
axisymmetric mode! of the troposphere (Held and Hou
1980) and in 3D middle atmosphere GCMs (Hunt
1981; O’Sullivan and Hitchman 1992). This instability
was suggested as a possible explanation of layered
structures in the tropical mesosphere (Hitchman et al.
1987; Fritts et al. 1992) and mesoscale anomalies in
the midlatitude upper troposphere (Ciesielski et al.
1989). Conditional symmetric instability is thought to
explain frontal rainbands according to Bennetts and
Hoskins (1979) and several others.

Unfortunately for the theory, none of the regions of
anomalous PV in atmosphere or ocean is zonally sym-
metric. Observations and numerical models suggest,
for example, that inertial instabilities in the mesosphere
coincide with tropical penetration of planetary Rossby
waves from midlatitudes (Hitchman et al. 1987;
O’Sullivan and Hitchman 1992). For the theory to be
relevant, it must be generalized to a nonparallel or
zonally nonuniform basic state.

The purpose of this paper is to develop a simple
theoretical formalism and thereby to document two
types of inertial instability in nonparallel flow: local
instability (stationary and zonally propagating) and
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global instability (symmetric and nonsymmetric). Of
these, the local instabilities are new and probably most
relevant to middle atmosphere models in which break-
ing planetary waves produce regions of significantly
anomalous PV near the equator.

The theoretical model is described in section 2, in-
cluding a brief review of symmetric and nonsymmetric
instability. Growth rates and structure of nonparallel
instabilities are illustrated in section 3 for a wide range
of model parameters using a simple dnalytic basic state
resembling the onset of planetary wave breaking. The
theoretical interpretation of local instability is discussed
further in section 4 and the Appendix.

2. Background

To isolate the effect of horizontal basic-state varia-
tions, a simple two-dimensional (x-y) model is desir-
able, analogous to the shallow-water system. In a ver-
tically continuous atmosphere these equations descnbe
perturbations oscillating in height with constant si-
nusoidal variation. Vertical wavelength is then con-
tained in Lamb’s parameter ¢ (Andrews et al. 1987)
and is specified 4 priori. In this section, the simple
model is developed, its solution method described, and
a brief review given of parallel flow instabilities (several
features of which carry over to the nonparallel case).

a. Theoretical model

The hydrostatic primitive equations on an equatonal
8 plane are

W+ uuy, + o(u, — By) + wu, + ¢, = (2.1a)
vt u(oe+B8y) +ov, +wo,+¢,=Y (2.1b)
b+ Udee + VP + WN? + ¢) = Q  (2.1c)
1
U+ v, + —(pow). =0 (2.1d)
Po

where u, v, w are zonal, meridional, and vertical ve-
locity, ¢ is geopotential, po is basic-state density p;
exp(—z/H),and X, Y, Q are dissipative terms. Equa-
tions (2.1) are essentially those of Andrews and Mc-
Intyre (1976) written in log-pressure notation of Hol-
ton (1975).

To formulate an idealized model of instability the
dependent variables may be expanded as

u(x, y, z,t) = ﬁ(x, yYyt+u(x,y, z,t) (2.2)

and similarly for v, w, ¢. Here U(x, y) is a barotropic
basic state independent of height and time for the pur-
pose of linear stability analysis. Linearized perturbation
equations are then

A+ KViu' — vmPu'
(2.3a)

u; + auk +v'(id, — By) + ¢ =
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v} + vl + Byu' + ¢, = B + KViv' — vm®v’ (2.3b)
&)+ il + ¢ (uk +v)) = C+ KVid — vm’¢

(2.3¢)
under the folloWing assumptionS'

1) The basic- state velocity field is barotropic, tem-
porally constant, and horizontal (W = 0). More gen-
erally we could regard the mean flow as slowly varying
in height and time (Boyd 1978).

2) Advection of basic-state temperature is neglected,
that is,.u’ - Vy®, = 0. This term has a counterpart
o’ VH<I> normally retained in the shallow-water sys-
tem

3) Pexturbatlons vary as expzmz and m?> 1/(4H?)
whereupon e ~ m?/N? asin (1.1).

4) ,¢zz, < N-. 2 :

5) Dissipative terms are written as second-order
viscosity and diffusion.

In (2.3a—c) the zonally Symmétric component of U
was kept on the lhs, that is,

U— a(y) + U(x, y) (2.42)
V- V(x,) (2.4b)
and on the rhs
—A = (Uu + Vuy) + (U, +v'Uy) (2.52)
=B = (Uv+ Vo)) + (V. +0'V,) (2.5b)
~C= (Ugi+ V). (25¢)

b. Solution method

To solve (2.3a-c) a semi-implicit method was used
in which variables were expanded in zonal harmonics
(letting k be integers for the moment),

u © Uk .
1 k

vi=2 3 i exp X (26a)
¢ S
ul 1 Uy ikx

== X (2.6b)
Vv 2 k0 Vk a
A w [ A k
Bl =2 3 {B}exp™. . (260)
C 2 k=—c0 k

Terms on the Ihs of (2.3a-c) were treated implicitly in
time, that is,

! In real atmospheres the basic state will include variations of static
stability induced by potential vorticity anomalies (Hoskins et al.
1985). For simplicity, only the variation of induced horizontal velocity
U, V was retained in the definition of 4; B, C. This assumption is
reasonable in the tropical middle atmosphere, where incident Rossby
waves have approximately horizontal ray paths.



2746

=5 (Ui + uf!), etc, (2.7)
so that for each harmonic
e k. e
—&uly + Di(n, — By) + p O = —iAf; — wuf  (2.8a)
.~n . 0 - N
+ad, + By, + a—y— ¢r = B} + wv} (2.8b)
i -1 k - 4 n ] n
~wy + € =+ — 0| = —iCE — woi, (280)
a ady
where @ = « — kit/a, w = 2i/ At, and
Ay = Ay + diffusion terms, etc. (2.9)

After some manipulation (2.8a-c) reduce to a geo-
potential equation

Ai(ﬂ)—¢[k2+lf—i(yAy— A)] = A+ D

ay \ A 1)
(2.10)
for each harmonic, where
A = By(By —v) — &> (2.11)

In (2.10) D, whose definition is omitted for brevity,
includes the explicit forcing and solutions from the
previous time step. Equation (2.10) was solved by dis-
cretizing in y with 64 grid points and using a tridiagonal
algorithm. The domain was periodic in x and extended
from —4y; to +6y, where y; = v/28. There are no
critical latitude (& = 0) or inertial latitude (A = 0)
singularities when @ is complex. A spectral rather than
pseudospectral method was used to evaluate D since
in this case Uy, Vi = 0 for any | k| # 1; that is, a purely
wave 1 contribution to basic-state variation in x was
assumed. Product terms A4,, etc., could be determined
efficiently without transforms. In the numerical inte-

grations
Uu=vy—y)+ i (2.12)

where vy and #, are constants. Fields of U, V are spec-
ified in section 3.
c¢. Instability of uniform parallel flow

When U = V = 0, harmonic perturbations propor-
tional to expi(kx — wt) satisfy

—out+ov(y—8y)+ k¢ =0 (2.13a)
+ov+ Byu+ ¢, =0  (2.13b)
—@ep + ku+v,=0 (2.13c)

where @ = w — kii. The geopotential equation derived
from (2.13a-c) is just (2.10) with D = 0 and & rede-
fined as intrinsic frequency. This equation is linear in
the “eigenvalue” e. Boyd (1978) derived the meridional
velocity equation
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2edky
yy + 6&)2 _ k2 Uy
k 2ek*y(By — )
— — — + k2 —— =0
v[& (B—vy)+tkt+ed+ YR
(2.14)

which is nonlinear in e unless, for example, e®? > k?
in which case

2ky

k
vy, + Y v, — v[‘&)‘ (B—m)+ EA] ~ 0. (2.15)

Ifk=0

Uy — evlﬁy(By —v)— =0 (2.16)

and the eigencondition for symmetric instability is

_ (2n+ 1)NB
|m|

(Dunkerton 1981). Solutions for v are Hermite func-
tions (polynomials times a Gaussian) centered about
a “shifted equator” y, = v/28, the center of anomalous
vorticity region. For n = 0 the neutral point of sym-
metric instability (hereafter, “neutral point™) is given
by (1.1). For small k and v, = 0,

w2+ v/4 (2.17)

NS kB
24 424 — + —. 2.18a
w®+ v/ ] ( )
At € = €peuts
w3 —-—kﬁ . (2.18b)

€

Equations (2.18a,b) were derived in nondimensional
form by Boyd and Christidis (1982).

At-finite k the eigenproblem (2.10) or (2.14) must
be solved numerically. Growth rates for y = 107> s™!
are shown in Fig. 1 illustrating the relative importance
of symmetric anid nonsymmetric modes. Curves were
obtained from the geopotential equation by a shooting
method; symbols correspond to values from the time-
dependent model. They are in excellent agreement ex-
cept at very small growth rates, where the time-depen-
dent model could not determine growth rate accurately,
and at large ¢, where latitudinal resolution was inade-
quate.

An approximate model derived from (2.15) contains
eigenfrequencies similar to the exact values of Fig. 1
over a large portion of parameter space. This model
begins with constant vy and assumes that y variations
of intrinsic frequency can be neglected outside A:

vyy+-2£’)—/vy—v[lcﬁ+m]w0 (2.19)
wo wo

where wq is a constant (complex) intrinsic frequency
within the unstable region. It follows that
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FIG. 1. Growth rate as a function of zonal wavenumber in parallel

flow, for 4 = 107> 57!; ¢ in units m™2 52, Symbols denote results of
time-dependent numerical model; solid and dashed curves show an-
alytic results from a shooting method. (The dashed curve had no

symmetric instability because € < €ney.)

(w0 — kv?/B)? 1 2_iv_ﬁ_]/ — 5745, KB

wo€
(2.20)
where
B — 2wk
— L2 _
wo=w — ky 267 =iy (2.21)

A formal justification of approximations leading to
(2.20) will not be given except to note that terms of
O(k*y?) arise from A at large y and cannot be ignored
for latitudinal trapping and quantization of eigenfunc-
tions near the short-wave cutoff. The approximate dis-
persion relation (2.20) has the desired behavior at small
and large k. In between, agreement with exact growth
rates and phase speeds is good for € = €y (nOt shown).
At smaller e the cubic equation fails in two ways: growth
rates are overestimated at intermediate k and there is
no Kelvin wave instability at small k below the neutral
point (Boyd and Christidis 1982).

3. Instability of nonparallel flow

The time-dependent model of section 2 was used to
determine the growth of unstable modes in nonparallel

DUNKERTON

2747

flow. Some characteristics of these modes are now de-
scribed. The basic state, independent of height and
time, was designed as a simple analog of incipient
planetary wave breaking in the tropical mesosphere.
The evolution of inertial instability in a time-dependent
Rossby wave critical layer was recently discussed by
O’Sullivan and Hitchman (1992) in a three-dimen-
sional model. In order to understand the selection of
unstable modes, it will be worthwhile to explore the
parameter dependence of inertial instability in a sim-
pler two-dimensional model.

a. Basic state
The basic state was defined by
u(M)+Ux,y)=v(y—y)

—7—"?—}5[1 +tanh(£§;—&)]cosu/0)+ . (3.1)

s

In (3.1), the latitude of maximum shear is y,, ¥ is
dimensionless amplitude of basic-state variation, y;
= v /28 is the center of anomalous zonal-mean vortic-
ity as defined previously, and i, is a constant mean
flow independent of x, y. The profile (3.1) is shown
inFig. 2 fory. = 1.8y,,¢ = 1,and ity = 0.

In Fig. 2, latitudinal shear at y = y, was increased
(decreased ) relative to the zonal mean by 50% at 180°
(0°) longitude. The flow was inertially unstable at all
X, but more so at the center of figure. This region could
represent a zone of enhanced latitudinal shear set up
by Rossby waves penetrating from latitudes north of
the equator. In reality, there would be some latitudinal
phase tilt during critical layer development (O’Sullivan
and Hitchman 1992)—an unnecessary complication
for stability analysis.

The meridional component of basic state V( x, y)
was included in all simulations, that is,

U+ V,=0. (3.2)

This had a minor effect compared to the zonal com-
ponent (3.1). Although the details are omitted, it can
be stated that all of the results shown here were similar
when V = 0. Local instabilities were also found when
U =0 and V = V(x) (localization due to dV/dx).
The effect of V' was generally to disrupt rather than
enhance the instability in comparison to parallel flow.
These cases were felt to be less interesting and were
not investigated further.

b. Latitude of maximum shear

The latitude of maximum latitudinal shear was y,
according to (3.1). On the other hand, the maximum
rate of “parcel instability” is R = /= By(By + {) where
{is relative vorticity. This quantity is contoured in Fig.
2; it did not always maximize at y = y, but was a func-
tion of y, (and other parameters), having (for ¢ = 1)
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FIG. 2. Profile of nonparallel basic state (3.1) with = 1. Contours show dimensionless parcel

displacement growth rate R/vy. Contour interval 0.1, with 0.1 and 0.4 contours omitted.

an overall maximum value R = 0.75y when y = y,
= 1.5y,. Maximum R was located north of y, because
the wave’s contribution to basic state expanded the
zone of instability at 180° (recall that y; was the center
of anomalous zonal-mean vorticity). As | y.| = oo,
however, the relative vorticity at | y.| became small
relative to By, so the region of anomalous vorticity
next to the equator returned to a parallel configuration.
For parallel flow the maximum R = y/2 at y = y;,.
Growth rates of the most unstable mode as a func-
tion of y. are shown in Fig. 3 fory = 4 X 107°s7/,
€' =256 m?s72 y = 1, and i = 0. For these cal-
culations eight zonal harmonics were used, and At?
= 900 s. Vertical wavelength ~5 km for this choice of
¢ when N = 0.02 s™!. The asymptotic forms of mode
and growth rate were realized after a few days in most
cases, although as will be seen later, this time scale
depended on v. The results appear reasonable: growth
rate peaked at y. ~ 1.7y, and for large | y.| instabilities
developed as in parallel flow (not shown). The inter-
pretation of Fig. 3 is slightly more complicated, how-
ever, because: 1) instabilities near the center of the plot
were exactly stationary “‘s” and grew about twice as
fast as in parallel flow—a larger variation than expected
from R alone. Peak growth occurred a little to the right
of 1.5y;. 2) Instabilities adjacent to those labeled “s”
were zonally propagating but not global in extent.
The basic-state zonal flow [#(y) + U(x, y)in (3.1)]
at location of maximum R(180°, y) also varied with
Y., it was zero at this point when y. ~ 2.2y,. This
variation affected the growth rate in addition to the

variation of R. Growth was optimized for a combi-
nation that maximized R and minimized the in situ
mean flow. The dependence of growth rate on mean
flow speed, or breakdown of Galilean invariance, is
characteristic of local instability of nonparallel flow as
discussed, for example, by Pierrehumbert (1984).
We return to this point in the next subsection and in
section 4.

Instability structure for y, = 1.8y, is shown in Fig.
4, The disturbance was exactly stationary and confined

06 T T -
L
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s o
g RN
041} / \ T
/d \\
~ " d/ YR\
> / L
3 -4 S~
F G\g_o/cr
0.2 T "
0.0 ’- " L a
0 1 2 3
Ye / ¥s

Fi1G. 3. Growth rate as a function of y,. Local

stationary instability denoted by “s.
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FIG
Yy=1,1p=0and y. = 1.8y,

to the middle half of the domain. Velocity was directed
from low to high pressure indicating a dynamical source
of instability ( Coriolis force). Curiously the geopoten-
tial phase tilted slightly although no tilt was imposed
on the basic state (3.1). Identical results were obtained
with doubled resolution in x, y and Ar = 450 s.

Figure 4 exemplifies “local stationary” instability.
Note that 1) although localized in x it is not infinites-
imal in size. This indicates that terms in addition to
v'U, are important in the dynamics, as expected from
section 2¢. An oversimplified model could be formu-
lated in which v'U,, was the only term in A4, all linear
terms oc d/dx were dropped, and B, C = 0. Growth
rate in this case could be obtained from the symmetric
formula (2.18a with k& = 0) but was a function of x,
implying a é-function catastrophe. (This behavior was
verified numerically.) Further, 2) absence of zonal
propagation over a finite range of parameters (in this
case, y.) apparently requires the zonally symmetric (s
= (0) component of perturbation, an important part of
the total wave field. Most of the perturbation energy
was contained in the lowest four harmonics. When the
s = 0 component was artificially excluded from the
numerical model, real phase speed was nonzero except
where its trajectory crossed the ¢, = 0 axis at a point
near y. = 1.8y;.

In parallel flow, nonsymmetric instability propagates
zonally except in the special case ¢(k, ¢) = —ipp
(Dunkerton 1983; Stevens and Ciesielski 1986). Only
symmetric instability is trivially “stationary” regardless

. 4. Structure of local stationary mode for ¥y = 4 X 107357, ¢! = 256 m? 572,

Negative ¢ contours are dashed.

of parameters. In nonparallel flow, local stationary in-
stability is possible. It is in a sense locally symmetric,
although this description ignores the spatial variation
of instability structure (e.g., Fig. 4).

¢. Dependence on uy

The term i in (3.1) added a constant mean flow
independent of x, y. In parallel flow iz, would have no
effect other than to shift phase speed by this constant.
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FiG. 5. Growth rate as a function of .
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For local modes in nonparallel flow, growth rate is al-
tered.

Figure 5 shows w; /v for the same parameters as Fig.
2 but with y, = 1.8 y; and 1, varied over a large range.
Local stationary instability occurred near the point of
zero mean flow, but for large |#,|, the instability was
displaced off center and forced to propagate in the di-
rection of . _

An example of this zonally propagating or advected
instability is shown in Fig. 6 for &, = =30 m s~'. Prop-
agation was to the west, and the pattern was observed
to repeat every six days. Obviously this was insufficient
time for global traverse, and in any case, the disturbance
reentering from the right had little role to play in the
sequence.

It is thought that local instabilities generally belong
to a class defined by “absolute” instability (Pierre-
humbert 1984). Absolute instability is sensitive to a
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mean flow that displaces the center of mode away from
the source of instability and thereby lowers the effective
growth rate. When the mean flow is stable at large | x|,
a sufficiently large | #| can stabilize the problem. This
did not happen at the edges of Fig. 5 because of the
zonally symmetric component of shear and periodic
boundary conditions; advected modes simply wrapped
around and continued to exist as global modes in x,
with smaller growth rate. A sponge region near x = 0,
to simulate an infinite domain, dramatically altered
the advected mode as discussed at the end of this sec-
tion. The interpretation of local modes as absolute in-
stability is deferred to the Appendix.

Of the two subtypes of local instability (stationary
and advected), the stationary variety seems more rel-
evant to equatorial Rossby wave critical layers, for in-
stance, when a quasi-stationary Rossby wave induces
a region of significantly anomalous potential vorticity
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FI1G. 6. Structure of unstable advected mode for parameters of Fig. 4 but with ifo = —30m s™'.






