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ABSTRACT

Singular value decomposition (SVD) analysis is frequently used to identify pairs of spatial patterns whose
time series are characterized by maximum temporal covariance. It tends to compress complicated temporal
covariance between two fields into a relatively few pairs of spatial patterns by maximizing temporal covariance
explained by each pair of spatial patterns while constraining them to be spatially orthogonal to the preceding
ones of the same field. The resulting singular vectors are sometimes complicated and difficult to interpret
physically. This paper introduces a method, an extension of SVD analysis, which linearly transforms a subset
of total singular vectors into a set of alternative solutions using a varimax rotation. The linear transformation
(known as ‘‘rotation’’ ), weighting singular vectors by the square roots of the corresponding singular values,
emphasizes geographical regions characterized by the strongest relationships between two fields, so that spatial
patterns corresponding to rotated singular vectors are more spatially localized. Several examples are shown to
illustrate the effectiveness of the rotation in isolating coupled modes of variability inherent in meteorological

datasets.

1. Introduction

The representation of spatial patterns of meteorolog-
ical variables in terms of empirical orthogonal func-
tions (EOFs), known as principal component analysis
(PCA), has been used with increasing frequency in
atmospheric science since its introduction several de-
cades ago (Lorenz 1956). This analysis technique en-
ables one to describe a multidimensional meteorologi-
cal field with a relatively small number of spatial pat-
terns that account for large fractions of variance of the
field. Similar analysis techniques such as canonical cor-
relation analysis (CCA) and singular value decompo-
sition (SVD) analysis that identify pairs of spatial pat-
terns from two data fields are also becoming popular.
Singular value decomposition, in general, is a basic ma-
trix operation in linear algebra, whereas the SVD anal-
ysis discussed in the present study refers to the tech-
nique that isolates pairs of spatial patterns and their
associated time series by performing singular value de-
composition on the temporal covariance matrix be-
tween two data fields. Both CCA and SVD are gener-
alizations of PCA analysis, designed for a single data
field, to two data fields and identify linear combinations
of variables (or spatial patterns) in two fields that are
most strongly related to each other. The main differ-
ence between CCA and SVD is that CCA identifies

Corresponding author address: Dr. Xinhua Cheng, Northwest Re-
search Associates, P.O. Box 3027, Bellevue, WA 98009-3027.

© 1995 American Meteorological Society

spatial patterns by maximizing the temporal correlation
between two data fields, whereas SVD maximizes the
temporal covariance between two data fields. In an un-
published paper dated in 1982, K. E. Muller at the Uni-
versity of North Carolina proposed to use SVD analysis
as an alternative to CCA because it utilizes the infor-
mation on the variance in the fields under considera-
tion, whereas this information is obscured in CCA. Re-
cently, Bretherton et al. (1992) gave an extensive re-
view of these analysis techniques.

Spatial patterns (or EOFs) derived from PCA are
constrained to be both spatially and temporally orthog-
onal to one another so that they can be the most efficient
patterns for explaining the temporal variance integrated
over the entire analysis domain. However, the spatial
orthogonality is sometimes a strong and undesirable
constraint imposed on EOFs. As a result, EOFs are sub-
ject to a number of inherent problems such as domain
dependence, sampling variability and inaccurate rep-
resentation of the real physical relationship in the input
data (Richman 1986). Linear transformation (or rota-
tion) of a subset of leading EOFs, known as rotated
PCA, is often used to obtain spatial patterns that are
more physically meaningful and statistically robust.
Due to the similarity between the optimization criteria
in PCA and SVD analysis, spatial patterns derived from
SVD analysis also suffer from the same problem as
unrotated EOFs, especially when the relationships be-
tween two fields involve a spatial scale much smaller
than the analysis domains. Experience based on rotated
PCA suggests that SVD analysis should be considered
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as the first step in identifying coupled modes of vari-
ability within two fields by reducing the original fields
into a small number of pairs of linearly independent
components. Then the initial solutions can be linearly
transformed subject to certain constraints to yield al-
ternative solutions that may be more physically inter-
pretable. In a study designed to document the relation-
ships between extratropical sea surface temperature and
the 700-hPa height field, Lanzante (1984) tried to ro-
tate the spatial patterns derived from the SVD analysis
between anomalies in the two fields using the varimax
method. However, his approach is not appropriate be-
cause the rotation included only a subset of spatial pat-
terns belonging to one of the two fields that he ana-
lyzed. Hence, it is not clear whether the geographical
regions that are most strongly correlated within the two
fields are emphasized in the results. There are also stud-
ies (Cliff and Krus 1976; Reynolds and Jackosfsky
1981) that attempt to rotate canonical variates to en-
hance the interpretability of results obtained from CCA.
The rotation was based on a subset of unweighted ca-
nonical coefficients.

The purpose of this paper is to present a new method
that yields alternative solutions by orthogonally rotat-
ing the spatial patterns derived from SVD analysis. The
outline of the paper is as follows. Section 2 introduces
mathematical formulations of SVD analysis and of the
orthogonal rotation. Section 3 provides several exam-
ples to illustrate the effectiveness of the rotation in the
diagnosis of coupled modes of variability inherent in
meteorological datasets. Conclusions are presented in
the last section.

2. Formulation

In this section, we will propose a method that relaxes
the spatial orthogonality constraint imposed on spatial
patterns derived from SVD analysis. To facilitate our
presentation of the method, the discussion of SVD anal-
ysis in Bretherton et al. (1992) is summarized in the
following subsection.

a. SVD analysis

The problem of isolating a pair of spatial patterns
whose temporal covariance is maximized between two
data fields can be formulated mathematically as fol-
lows. Consider a “‘left’’ data field S(x, ¢) that consists
of T observations, each of which has N; grid points, and
a “‘right’’ data field Z(y, ¢) that contains the same num-
ber of maps, each of which has N, grid points. These
two data fields can be viewed as N, by T and N, by T
matrices, respectively. We want to determine a set of
N,-dimensional orthogonal vectors p; (k =1, - -+, N;)
for S(x, ) and a set of N -dimensional orthogonal vec-
torsq (k=1, ---, N,) for Z(y, t) so that covariance
between projections of S(x, ) on p, and projections of
Z()’ » t ) on q;
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is maximized subject to the conditions
pip«=1 and qiq =1 (2)

The maximization of covariance betweed S(x, ¢) and
Z(y, t) is a variational problem that leads to the equa-
tion

chsz(lk = Ok, (3)

where C,, = 1/TSZ" is an N, by N, temporal covariance
matrix and o, is a Lagrange multiplier that measures
covariance between the two fields for the kth mode. In
matrix form (3) becomes

C,.=PxQ", (C))

where X is an N, by N, matrix whose elements equal
zero except for the first R [R < min(N;, N,)] diagonal
elements (o;), and P = (p/| - |px,) and Q
= (qi| - - |gn,) are respective N, by N and N, by N,
orthogonal matrices, which satisfy

PP=1 and Q'Q=1. (3)

Equation (4) is a fundamental matrix operation
known as singular value decomposition in linear alge-
bra and can be computed numerically with an efficient
algorithm available in most linear algebra software
packages. From now on, the Lagrange multipliers oy,
the nonzero diagonal elements in X, are recognized as
the singular values, which are ranked in descending
order o, = 0, = ... = oz = 0. Vectors p; and g, are
referred to as the associated left and right singular vec-
tors, respectively.

Having defined the matrices P and Q uniquely, we
can decompose the data fields S(x, #) and Z(y, t) as
follows:

S(x,t) = P(x)AT(2) (6a)
Z(y,1) = Q(y)B"(2), (6b)

where A and B are respective T by N, and T by N,
matrices. Column vectors in A and B are time series of
expansion coefficients that are defined by projecting the
left (right) field onto the left (right) singular vectors.
A pair of singular vectors, together with the associated
time series define a mode in the SVD analysis. A time
series contains temporal variations of the correspond-
ing singular vectors and has the unit of the field it rep-
resents. Hence, temporal covariance between the two
fields can be expressed in terms of the time series by
substituting of (6) into (4)

1 T

T A'B =X, 7)
That is, a time series of the left field is correlated only
with the time series of the same mode in the right field.
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Singular vectors represent the solutions to the prob-
lem of maximizing temporal covariance between two
data fields. They are defined in such a way that the
temporal covariance between the associated time series
is always positive. As evident in (7), the covariance
explained by a pair of singular vectors (pi, q.) is o
and the total covariance between the two fields is equal
to the trace of 2. Therefore, the relative importance of
a SVD mode can be measured in terms of covariance
fraction (CF),' which is defined as
CF, = -

2 ag;

=1

(8)

The two important properties associated with SVD
results are that singular vectors are orthogonal to one
another within each field as evident in (5) and that the
associated time series of expansion coefficients are or-
thogonal between the two fields as evident in (7) (i.e.,
the kth column time series in A is correlated only with
the kth column time series in B). The latter relationship
is useful in establishing one-to-one relationships be-
tween two fields, whereas the former is often consid-
ered as a strong and undesirable constraint unless one
wants to describe as much as possible of the covariance
between two fields with as small as possible a number
of SVD modes.

b. Rotated SVD analysis

To obtain objective solutions that are more spatially
localized, we orthogonally rotate a loading matrix that
includes a subset of the total singular vectors. The load-
ing matrix is constructed by combining the left and
right singular vectors into a single column vector, in a
manner similar to that used in multivariate PCA (i.e.,
Kutzbach 1967; Weare 1987, Wang 1992), and
weighting the vector by the square root of the corre-
sponding singular value

M M )

P D2 Pw
C P 72 p}.N-‘) pgN.o p}(;M)
=(o)E= 0 W
g™ qi% gy

Vo,

o))

' To be consistent with PCA and rotated PCA, we use covariance
fraction as a measure of relative importance of SVD modes. Breth-
erton et al. (1992) used squared covariance fraction (SCF) as the
measure because the total squared covariance in C,. is an invariant
in SVD analysis.
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where P and Q are the respective truncated left and
right singular vector matrices, which contain only the
N leading SVD modes, and 3'/? is an N by N diagonal
matrix whose diagonal elements are the square roots of
the N leading singular values. Hence, L is an N, + N,
by N matrix, which can be imagined as N, + N, vectors
in N-dimensional space. In the present study, the rota-
tion is carried out by varimax -orthogonal rotation,
where the orthogonal rotation refers to the transfor-
mation matrix, U, which transforms the loading matrix
through orthogonal rotation of the N, + N, vectors in
N-dimensional space. The reason for choosing varimax
rotation is because it is one of the widely used rotation
methods and produces ‘realistic’’ spatial patterns.

Varimax rotation simplifies the column structures of
the loading matrix L by maximizing the total variance
of the squared column loadings [e.g., Eq. (20) in Rich-
man (1986)], which is known as the simplicity crite-
rion and will be referred to as the localization criterion
in the following discussion. As a result, simplified
structures tend to have column loadings biased toward
either large or zero values. Weighting the left and right
singular vectors by the square roots of the correspond-
ing singular values creates spatial patterns that have
large amplitude in the regions where the temporal co-
variance between the fields is large. Hence, the rotated
spatial patterns should be easier to interpret than their
unrotated counterparts. The column vectors in L are
orthogonally rotated in an N-dimensional space to
achieve the localization criterion. Once the rotation is
done, an orthonormal transformation matrix U is de-
fined uniquely, which, in turn, determines the rotated
loading matrix

L* = LU, (10)

where U is an N by N square matrix and satisfies U'U
= UUT = |. The rotated left and right singular vectors
can be obtained by substituting (9) into (10)

P* = PS2UW;! (11a)
Q* = Q'2uw; !, (11b)

where W, and W, are both N by N diagonal matrices
that normalize the column vectors in P* and Q* to unit
vectors, respectively. By requiring the amount of vari-
ance explained by the N leading SVD modes in each
field to remain the same after the rotation, time series
of expansion coefficients associated with the rotated
singular vectors can be determined using linear regres-
sion:

A* = AL 2UW, (12a)
B* = BE'2UW,, (12b)

where A and B are both T by N matrices, containing
the first N columns of matrices A and B, respectively.
The time series in matrices A* and B* represent the
time variations of the corresponding rotated singular
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vectors and have the units of the corresponding fields.
It is worth noting that (12) is an efficient way to com-
pute the rotated time series.

It is easy to verify that the product of P*™P* or
Q*TQ* is no longer a diagonal matrix. Therefore, the
spatial orthogonality imposed on the singular vectors
is relaxed by the rotation. On the other hand, one can
show that temporal covariance between the rotated time
series remains orthogonal:

lA*TB*=2”‘, (13)

T
where £* = WW, is an N by N diagonal matrix be-
cause W, and W, are both N by N diagonal matrices.
Because the loading matrix L is orthogonally rotated,
the amount of covariance retained in the matrix remains
the same. Therefore, the trace of matrix X* is equal to
that of 3. Since the rotated time series are temporally
orthogonal, the fractions of covariance that they ac-
count for are additive. In analogy with (8), one can
show that the covariance fraction explained by a pair
of rotated singular vectors (p¢, q;) is

*

g

* _ Ok
CF; =+ s

EO’;

=1

(14)

where o is the kth diagonal element of matrix X*.

Once the time series associated with the rotated sin-
gular vectors are obtained, one can compute hetero-
geneous regression maps. If a;(z) and b (¢) are the
time series associated with p;* and q, respectively,
one can show that the left and right heterogeneous re-
gression maps are proportional to the corresponding
rotated singular vectors:

reg[S(x, ), bi ()] = (aF/(bF*(1))*)pf  (15a)
reg[Z(y, 1), a¥ ()] = (o /{a¥?(1))'"*)qi, (15b)

where (f(t)) denotes the time average of a time series
f(1). The heterogeneous regression maps of the kth
SVD mode indicate how well the anomaly pattern in
the left (right) field is related to the kth singular vector
of the right (left) field. Anomaly amplitude in the maps
reflects the strength of the coupling between the two
fields, which can be considered as the response of left
(right) field to a one-standard-deviation anomaly in the
right (left) field. If the data fields have been normal-
ized, (15) represents the respective left and right het-
erogeneous correlation maps. One can also verify that
the kth left (right) homogeneous regression map is not
proportional to p; (q).

If the left field S(x, ) and the right field Z(y, ¢) are
identical, the left singular vectors will be the same as
the right ones. Hence, (4) becomes PCA: the singular
values are equal to eigenvalues and the singular vectors
the EOFs. It is easy to show, in this case, that the sim-
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plicity ( variance of squared loadings) of a loading vec-
tor in L is equal to that of the PC loadings (the EOF
weighted by the square root of the corresponding ei-
genvalue ). Therefore, varimax rotation of the two load-
ing matrices will yield the same transformation matrix
U, which indicates the rotated SVD analysis is equiv-
alent to rotated PCA. In this case, the rotated SVD anal-
ysis produces identical left and right spatial patterns
and they are equal to those obtained from rotated PCA.
Equations (8) and (14) can be interpreted as the frac-
tion of the variance explained by unrotated and rotated
PCs, respectively. The left and right heterogeneous re-
gression maps defined in (15) are identical and are
equal to the regression maps based on the rota-
ted PCs.

An important question concerning the rotation is to
determine the proper number of pairs of singular vec-
tors to be retained in the analysis. The number of SVD
modes to retain in the rotation depends upon the data
being analyzed. Because of its similarity with respect
to rotated PCA, experience based on rotated PCA also
applies to rotated SVD analysis. Many techniques have
been devised to serve as guidelines in determining the
optimal number of EOFs to rotate [e.g., the scree test
(Cattel 1966), eigenvalue separation test (North et al.
1982) and the Rule N test (Preisendorfer 1988)]. Rich-
man and Lamb (1987) and O’Lenic and Livezey
(1988) demonstrated rotated patterns resulting from in-
appropriate choices of truncation point. In practice, one
should experiment with a number of truncation points.
On the other hand, rotating a small number of singular
vectors tends to blend together patterns that are really
discrete due to the lack of degrees of freedom. On the
other hand, if the number of retained singular vectors
exceeds the number of degree of freedom in the data,
the dynamical structure in the data will be over-re-
solved and as a consequence, the resulting patterns will
tend to be monopoles. Rotated patterns of physical in-
terest should be the ones that are stable within a fairly
wide range of truncation points. In this range, rotation
is capable of separating the mixture of patterns evident
on the unrotated SVD maps to reveal localized features
and the resulting patterns are quite insensitive to the
number of SVD modes retained.

3. Examples

In this section, we will present some examples that
illustrate the effectiveness of the rotated SVD analysis
in identifying physical meaningful patterns. The data-
sets used in the first three examples are the Northern
Hemisphere wintertime anomalies of sea level pressure
(SLP) and 50- and 500-hPa height fields, derived from
National Meteorological Center (NMC) final analyses.
The anomaly fields are archived on a 445-point polar
stereographic grid that covers the Northern Hemisphere
north of 20°N. The data used in the last example are
the European Centre for Medium-Range Weather Fore-
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cast (ECMWF) 200-hPa uninitialized wind analyses on
a 2.5° by 2.5° latitude—longitude grid for the period
1985-93. Our SVD analyses are based on the temporal
covariance matrix.

a. Vertical structure of low-frequency variability

There have been many studies (i.e., Kutzbach 1970;
Wallace and Gutzler 1981; Horel 1981; Esbensen 1984,
Barmnston and Livezey 1987; Kushnir and Wallace
1989) using PCA to document atmospheric low-fre-
quency variability at a given vertical level such as the
sea level, 700 or 500 hPa. In general, spatial patterns
of the leading EOFs of low-frequency variability tend
to be hemispheric in extent, difficult to interpret dy-
namically, and not very robust from a statistical point
of view. Upon rotation of the leading PCs, several sta-
tistically robust, spatially localized patterns, the Pa-
cific/North American (PNA) pattern (Wallace and
Gutzler 1981) and the North Atlantic Oscillation
(NAO) (Walker and Bliss 1932) emerge among the
leading modes in terms of the explained variance. Hsu
and Wallace (1985) showed that the prominent low-
frequency patterns are characterized by structures that
are to first-order equivalent barotropic, but exhibit
slight westward tilts with height in the lower tropo-
sphere.

Our SVD analysis of the low-frequency variability
in the lower troposphere is based on 10-day low-pass-
filtered SLP and 500-hPa height anomalies sampled at
5-day intervals (2, 7 December, . . ., 25 February) for
48 December—February winters from January 1946
through February 1993. The rotation is carried out re-
taining the first 15 SVD pairs. The results for the lead-
ing rotated SVD modes are quite robust as the trunca-
tion is varied. For example, the pattern correlation be-
tween the PNA pattern shown in Fig. 2¢ and the
corresponding one obtained from the analysis with the
first 10 and 20 SVD pairs retained is 0.98 and 0.99,
respectively. Figure 1 shows the percentage of the total
hemispherically integrated temporal covariance ex-
plained by the 15 leading pairs of unrotated (crosses)
and rotated (asterisks) singular vectors. The 15 pairs
of singular vectors together account for 82.2% of the
total covariance between the two fields. The rotation
does not affect the amount of covariance accounted for
by the singular vectors retained in the analysis but
changes the distribution of the covariance among them.
In general, the leading rotated solutions fail short of the
unrotated ones with respect to the fraction of the co-
variance explained. However, it should be emphasized
that rotated solutions are optimized for explaining co-
variance concentrated in a few regions rather than for
explaining as much as possible of the covariance inte-
grated over the whole domain.

Figure 2 shows the spatial patterns of unrotated sin-
gular vectors for SLP and 500-hPa height fields. The
singular vectors are scaled so that they can be consid-

CHENG AND DUNKERTON

—_ . -
- N w
T 1 1
X

+

[

I
X +
* +
X+
|

*

CF(%)

-
“ NWbhbOOO~N®OO
T

[ T T

% .
+ ¥
+ %
% -
++*
¥ X -
+ +

* ¥

T S R S TS N SR S

7 8 9 101112 13 14 15
mode

i

12 3 45 6

4

FiG. 1. Percentage of the hemispherically integrated covariance
fraction associated with the first 15 pairs of unrotated (crosses) and
rotated (asterisks) singular vectors based on the 10-day low-pass-
filtered SLP and 500-hPa height fields for 48 winter seasons from
January 1946 through February 1993.

ered as regression maps of the field, obtained by re-
gressing the field with the normalized time series as-
sociated with the pairing singular vector of the other
field. The two leading singular vectors at the 500 hPa
bear a close resemblance to the EOFs of the 10-day
low-pass-filtered 500-hPa height field shown in Cheng
and Wallace (1993). The two pairs of singular vectors
contain elements of the PNA, NAO, and the North Pa-
cific Oscillation (NPO) (Walker and Bliss 1932; Rog-
ers 1981) patterns. In particular, the NAO and NPO
appear convoluted in the second singular vector, and
the NAO seems to be split between the first two sin-
gular vectors. The spatial patterns of the higher SVD
modes (not shown) tend to be more hemispheric in
extent and smaller in scale.

Figure 3 shows the first two pairs of rotated singular
vectors, scaled in a manner similar to those in Fig. 2.
It is evident that the spatial patterns exhibit more re-
gional structures than the unrotated ones. Comparing
the first pair of rotated singular vectors with results of
earlier studies, it is evident that they correspond to the
NAO, which is characterized by a seesaw in the SLP
between Iceland and the Azores as emphasized by van
Loon and Rogers (1978). The poleward center of ac-
tion at the 500-hPa level is located about 20° of lon-
gitude to the west of its counterpart at sea level, imply-
ing the existence of low-level horizontal temperature
advection. The second pair corresponds to the PNA
pattern, which exhibits only a slightly westward tilt
with height. The time series associated with the SLP
and 500-hPa spatial patterns of the two rotated SVD
modes exhibit temporal correlations of 0.94 and 0.90,
respectively. The results based on rotated SVD analysis
are, in general, consistent with those obtained by Hsu
and Wallace (1985), whose analysis was based on lin-






