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We examinednumericalsimulationsof lateral dispersionby small-scale
geostrophicmotions, or vortical modes,generateddy the adjustmentof mixed patches
following diapycnal mixing events.A three-dimensionaiodel was usedto solve the
Navier-Stokes equationsand an adwection/difusion equationfor a passve tracer Model
resultswere comparedwith theoreticalpredictionsfor vortical mode stirring by Sunder
meyer et al. (in press),and with resultsfrom dye releaseexperimentsconductedover
the New Englandcontinentalshelf by Sundermger and Ledwell (2001) and Ledwell et
al. (in press).For “weakly nonlinear” casesin which adjustmenteventswere isolated
in spaceand time, lateral dispersionin the model was consistentto within a constant

scalefactor with the parameterdependence - predicted

by Sundermger et al. (in press),where and , respectiely, are the vertical and hor-
izontal scalesof the mixed patches, is the changein strati cation associatedvith
the mixed patches, is the Coriolis parameter is the frequeny of diapycnal mixing
events,and is the backgroundviscosity For mixed patcheswith horizontal scalesof

order the deformationradius, the associatedscalefactor which Sundermger et al. (in
press)assumedo be of order 1, had an actualvalue of about7. A secondmore en-
ergetic parameterregime was also identi ed in which vortical mode stirring became
strongly nonlinear and the effective lateral dispersionwas even larger. Estimatesof the
relevant parametersver the New Englandshelf suggestthat this strongly nonlinear
regime is more relevant to the real oceanthan the weakly nonlinearregime, at least
underlate summerconditions. This suggestghat stirring by small-scalegeostrophic
motions may, under certain conditions,contritute signi cantly to lateral dispersionon

scalesof 1-10km in the ocean.

Analysisby Sundermyger (1998)andSundermger andLedwell
(2001) of a seriesof tracerreleasesxperimentsconductedduring
late summerstrati cation over the New Englandcontinentalshelf
hasshavn thatisopycnal dispersionon scalesof 1-10km andpe-
riodsof 1-5dayscannotbe explainedby existing modelsof lateral
dispersionnamelysheardispersioranddispersiorby interleaving
watermassesA similar resultwasfound by Ledwell et al. (1998)
andSundermger andPrice(1998)in relationto the North Atlantic
TracerReleasd&xperimentn the pycnoclineof the openocean;jn
thatcase jnternalwave sheardispersiorcould not accountfor dis-
persionon scalesof afew tensof kilometersandperiodsof a few
weeks.Oneexplanationfor this discrepang, proposedy Sunder
meyer (1998)and Sundermger et al. (in press)in relationto dye
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releasexperimentgerformedoverthe New Englandshelf,andby

PolzinandFerrari(2004)in relationto the openoceanjs thatthe
obsered lateraldispersioron scalesof 1-10km maybeexplained
by the presencef sub-mesoscalgeostrophianotions,or vortical

modesgeneratedby theadjustmenbf mixedpatchedollowing di-

apycnal mixing events(e.g.,Kunze,2001). In the coastalocean,
Sundermger et al. (in press)hypothesizedhata random eld of

vortical modescould causesufcient stirring on thesescalego ef-

ciently disperseadye patch.In theopenoceanit is possiblethat
verticalsheadispersiorassociatevith theverticalstructureof the
vorticalmodesmayalsobeimportant,althoughSundermger etal.

(in press)suggesthisis unlikely.

In the presentstudy we usea humericalmodelto simulatethe
adjustmenbof mixed patchesof uid following diapycnal mixing
events,andtestthe hypothesighatlateraldispersioncausedy the
resultingsmall-scalegeostrophianotions,or vortical modes,may
leadto signi cant dispersioron scalesof 1-10km in theocean.n
particular we focuson testingthe parametedependencproposed
by Sundermger et al. (in press)for scalesrelevant to the coastal
ocean.
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Figure 1. Schematiof the adjustmenbf diapycnal mixing events
andthe formationof small-scalegeostrophianotions,or vortical
modes.Horizontallines representsopycnals,with lensesof well-
mixed uid superimposed.Lower panels(b & c) shav a single
mixing event andthe ensuinglateral spreadingduring the adjust-
ment.

a. Overviav of Vortical ModeStirring

The procesof lateraldispersiorby small-scalevorticescaused
by patchymixing relies on the fact that diapychal mixing in the
oceanis notuniformin spaceandtime. Rather it is episodic,con-
sistingof isolatedeventswhich arethe resultof breakinginternal
waves (e.g., Phillips, 1966; Garrettand Munk, 1972). The result
of episodicmixing is that localizedregions of weak strati cation
are generatedpreferentiallyin regions of intensemixing. These
low strati cation regionsresultin local horizontalpressuregradi-
entswhich causethe well-mixed uid to adjustlaterally forming
“blini,” or “pancales” (Figure 1; Phillips, 1966). The processof
adjustmentmay leadto two typesof motions:a slumpingvelocity
which is directedradially outward, andin the caseof geostrophic
adjustment,an azimuthalvelocity which is geostrophicallybal-
anced.For both typesof motions,the neteffect of the adjustment
isthesame;uid will bedisplacedaterally However, of particular
interestherearethe geostrophicalljpalancednotions,sincethose
can persistfor muchlongertimes. For a single event, the lateral
displacements appropriatelydescribedas an adwective process.
However, for a large numberof events,the sum of the displace-
mentscanbethoughtof asarandomwalk with rms stepsizeequal
to thermshorizontaldisplacemenéveragedvertheevents,i.e,an
effective lateraldiffusivity.

The hypothesighat vortical modestirring may be importantin
the coastaloceanis basedn resultsfrom dye-releasexperiments
and microstructureobserations madeduring the CoastalMixing
and Optics Experiment(CMO; Sundermger and Ledwell, 2001;
Ledwell et al. in press;Oakey and Greenanjn press). Analysis
by Sundermger and Ledwell (2001)of the lateraldispersiondur-
ing theseexperimentsshaved that the obsered dispersioncould
not be explainedby sheardispersionor lateralintrusions. In ad-
dition, in all of the experimentsthey obsered patchinessn the
dye distributions6—12hoursafterinjection. Horizontalandverti-
cal transectghroughthe dye suggesthat the patchines®ccurred
on scalesof 0.5-10m vertically and a few hundredmetersto a
few kilometershorizontally This combinedwith the shorttime it
took thedyeto evolve from a singlecoherenstreakto amorecon-
voluted/patchydistribution suggestthe presenceof somestirring
mechanismatthesescales.

In additionto the dye obsenations,concurrentemperatureand
velocity microstructurebsenationsduringCMO alsoshaved sig-
ni cant patchinesgOakey andGreenanjn press;Sundermger et
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al., in press). Speci cally, microstructureransectshaved local-

izedregionsof intensemixing superimposedn arelatively quies-
centbackgroundof low diapycnal diffusivities. Theseregions of

high mixing, which wereubiquitousthroughouthedata,hadverti-

calscalegangingfrom 2—10m, andhorizontalscalegangingfrom

afew hundredmetersto a few kilometers.Furthermoreasshavn

by Sundermgeretal. (in press)atleastsomeof themicrostructure
patchesverestrongenoughandlong-lived enoughto induceorder
1 changesn strati cation. Both the dye andmicrostructureobser

vationswerethusconsistentith the hypothesighatthe obsered

stirring of the tracerpatchmay have beencausedby small-scale
motionsfollowing diapycnal mixing events.

b. ScopeandOutline

While the adjustmentof mixed patchesmay not be the only
sourceof vortical modeenegy in the ocean,in the presentstudy
we focuson this mechanismasa pathway to lateralstirring. The
scalingresultsof Sundermger (1998)and Sundermger et al. (in
press)yrovide orderof-magnitudesstimate ®f the effectivenesof
stirring by this process. However, thesescalingresultshave not
yet beenquantitatvely tested;a moreprecisepredictionwhich in-
cludesa fuller descriptionof the physicsis needed. The present
studyattemptso provide sucha descriptionby examiningnumer
ically the adjustmenbf mixed patchesandthe effects of vortical
modestirring on apassie tracer

We concentratehere on scalesrelevant to the coastalocean,
speci cally thoserelevantto the CMO studysite. For reasonghat
will soonbecomeapparenthowever, we limit our analysisto cases
in which diapycnal mixing events are relatively infrequent,and
hencehevorticalmode eld is, aswe shallargue,considerablyess
enegeticthanin therealoceanIn addition,to balancehetrade-of
betweemumericatractabilityandgeophysicatealism we emplo/
(amongothers)wo particulamumericatechniqueso simplify our
computationsFirst,we arti cially increasdhe Coriolis frequeny
in our model by an order of magnitudeso asto reducethe ratio
of thebuayang frequeny to the Coriolisfrequeng, . Thisal-
lows usto resole internalwave motionswhile still integratingover
the mary hundredsof inertial periodsrequiredfor modelspin-up.
Secondwe usebothNewtonianandhyperviscositiesn ourmodel.
The former provides a tunableviscosity parameterwhile the lat-
ter ensuresomputationaktability. With thesemodi cations, (see
Sections3 and4 for moredetails),our goalisto provide a rst look
athow theadjustmenbf mixedpatchesffectslateraldispersiorin
theoceanandhow this dispersiordepend®n externalparameters.
In thediscussionwethenrelateour ndings backto realisticocean
parametespaceandcommenbntheimplicationsof ourresultsto
the coastalocean.

Theremaindeof this papetis organizedasfollows. In Section2
we review the geostrophid randomwalk scalingof Sundermeger
(1998)and Sundermeger et al. (in press).Section3 describeshe
numericalmodel. In Section4 we describethe parametersisedin
a basecasemodelrun. Also in Section4, we investigatethe de-
pendenceof on relevant model parameters.In Section5, we
discussthe implicationsof our results. Section6 providesa brief
summaryandconcludes.

a. MomentunBalance

As a rst testto determinewhethersmall-scalevorticescaused
by patchymixing could explain lateral diffusivities obsened dur-
ing CMO, Sundermeger (1998) and Sundermger et al. (in press)
usedscaleanalysisappliedto the horizontalmomentumequations



combinedwith a simplerandomwalk formulationto obtainorder
of-magnitudeestimate®f theeffective lateraldispersiordueto the
adjustmentof mixed patchesfollowing diapycnal mixing events.
Speci cally, they consideredermbalancesn the componenof
thehorizontalmomentumequation,

@)

whereall variableshave their traditional meanings,and rep-
resentssomeambientbackgroundviscosity which may be either
molecularor eddyviscosityrepresentingrocessesutsidethe mix-
ing eventsthemseles. Scalingthis equationjt follows that,

- — — — 0
where , and , representorizontalvelocity andlength scales,
respectiely, is acharacteristicime scale, istheverticalscale

of the mixing events, is the changein strati cation associ-
atedwith the events,andthe scalingfor the pressuregyradientterm
hasbeenobtainedrom the hydrostaticequation.Thelatterderives
from taking — of the hydrostaticequation,
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andnoting that  scalesas Pluggingthis into the x-
momentumequation,and further noting that background
, it follows that the horizontalpressuregradienttermin (2)

scalesas . Finally, dividing (2) throughby ~ givesthe
equialentnon-dimensionaform,
Bu
— R — Ek 4
o Ro 4

where the Burger number Bu
Ro —, andtheEkmannumberEk
The abore expressiongepresenthe basicmomentumbalance
associatedvith the relaxationand adjustmenfollowing episodic
diapycnal mixing events. Assumingpatchesof mixed uid adjust
geostrophicallywhich basedn therelevanttime andspacescales
estimatedoy Sundermger et al. (in press)appearedo have been
the caseduring CMO, we ervision a classicRossbyadjustment
problem.Thebuoyang/ anomalyinducedby diapycnal mixing re-
sultsin a horizontal pressuregradientas representedby the rst
termontherhsof (1). If theanomalyis rotationallysymmetricin
thehorizontal,andif thein uence of friction is small, this pressure
gradientleadsto aninitial radial spreadingf the well-mixed uid
of orderthedeformatiorradius.As thisinitial adjustmenbccursa
geostrophico w is establishedn the azimuthaldirectionsuchthat
themixedregion rotatesanti-g/clonically. Geostrophi@djustment
is nottheonly possiblescenarioageostrophiadjustmenmayalso
occur (Sundermeger et al., in press). However, herewe focuson
thegeostrophiadjustmentegime.

, the Rossbynumbey

b. Geostophic/ RandomWalk Scaling

The theoreticalscaling of Sundermger et al. (in press)pro-
videsa rst estimateof how theeffective diffusivity by small-scale
vortices causedby patchy mixing might vary with key parame-
ters. They shaved that for a seriesof mixing events, and for a
given vertical diffusivity, thereexists an optimal scaleof mixing
eventsfor whichamaximumeffective horizontaldiffusivity results.
This maximumdiffusivity is predictedo occurwhenthehorizontal
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scalesof mixing eventsarecomparabléo theinternaldeformation

radius, ——, andthe vertical scalesare large enoughthat

eventsadjustgeostrophically In thatcase the horizontalvelocity,
, associateavith the adjustmenbf thewell-mixed uid scalesas

©)

where is thehorizontalscaleof the mixing event. Assumingthe
displacemenassociatedvith this adjustmentepresents stepin a
horizontalrandomwalk, andthatthe stepsize, , is givenby the
geostrophiorelocity timesthe adjustmentime scale, -, they
proposedhatthe stepsizecanbe expresseds

(6)

Writing the effective horizontaldiffusivity asthe stepsizesquared
timesthe frequeng of events, , (i.e., the frequeng of taking a
step),it follows thatthe effective horizontaldiffusivity scalesas

@)

Finally, assuminghatthebuoyang ux associateevith anensem-
ble of mixing eventscanbe expressedn termsof a diapycnal dif-
fusivity,  (e.g.,GarrettandMunk, 1972),

®)

andsubstitutingfor in termsof , andfor the deforma-
tionradius, , they shavedthattheeffective horizontal
diffusivity in (7) canbeequialently expresseds

9

As discussedy Sundermger et al. (in press),the above ex-
pressiorfor representa lower-boundestimateof the effective
lateraldispersiorby small-scalesortices,or vorticalmodescaused
by patchymixing. Onereasorfor thisis thattheabove scalinguses
aninertial time scale, —, to estimatethe displacemenéssoci-
atedwith anindividual event. However, it is likely thatlongerlived
vorticeswill continueto displace uid and contritute to stirring
for mary inertial periods,until they areeventuallydissipatedaway.
Althoughthe stirring ef ciency of ary individual vortex likely di-
minishesaftermary eddyrotationperiods(asnearby uid becomes
mixed),for Ekmannumbersof order10or less,Sundermger etal.
(in press)arguedthat the contribution of a given vortex to lateral
stirring shouldstill scaleasthe diffusiontime scaledivided by the
inertial period, — - . In the abore randomwalk formulation,
oneway of interpretingthis is thatit effectively increaseshe fre-
gueng of takinga step,hence(7) and(9) become

(10)
and

11

If the diffusion time scaleis equalto oneinertial period, then
, and(10) and(11) revertto (7) and(9). However, if

,then  will increaseproportionally aseachaddi-
tional inertial periodthata given anomalycontritutesto stirring is
akinto takinganadditionalstep.While successie “steps”dueto a
givenanomalymay becomeprogressiely lesseffective compared



to theinitial displacementgsincenonewv uid is beingadwected),
aswe shallshaw in ournumericakimulationsthis effectis limited,
atleastfor Ekmannumberof order10 or less.

A secondreasorthatthe abore expressiondor may repre-
sentlower boundsis that they do not explicitly accountfor non-
linear interactionsbetweervortices;rather they assumehateach
stepoccursin isolation. The above formulationthereforedoesnot
entirely accountfor strongly nonlinearinteractionsbetweenvor-
ticesor for vortex meging, both of which cancanhave signi cant
effectson the enegy containingscalesandhencecanalterthe ef-
fective horizontaldiffusivity, . Neitheris this effect accounted
for by the addition of the diffusive time scale, — - , although
the latter at leasttakesinto accountthe lifetime of individual vor-
tices.

Themajorgoalof this paperis to testtheabove theoreticaideas
for vortical modestirring asthey may apply to the ocean.To this
end,we have incorporatednto a numericalmodeltherelevantdy-
namicsof the adjustmentof mixed patchesfollowing diapycnal
mixing events,andtheresultinglateraldispersion.

a. GoverningEquations

We useda fully optimized and parallelizedcode developed
by Winters et al. (2003) to solve the three-dimensional -plane
Boussinescequationsand an adwection/difusion equationfor a
passve tracer whoseconcentratioris denotedby . The model
equationsveresolved spectrallyon atriply periodicdomain:

(12)

(13)
(14)

(15)

whereall variableshave their traditionalmeanings.

Noteworthy in our modelis our useof both Newtonianviscos-
ity anddiffusivity, representeddy and , andhyperviscosity
and -diffusion, representeddy and . While the former are
physicallymotivated,the latter are strictly numericalinasmuchas
they were designedo affect the smallestscalesin both horizon-
tal andvertical directionsin a mannerthatis independenof grid
resolution. The latteris achieved by normalizingthe hyperviscos-
ity by the maximumnon-dimensionalavenumbelin the relevant
coordinatedirection,i.e., ma Where  is the morefa-
miliar hyperviscosity (For grid resolutionsof
for example,the horizontaland vertical normallzatlonfactorsare

max and , respectiely.) This approaclhis used
in conjunctionwith thewavenumbertruncationmethodof Patter
sonand Orszag(1971)to dissipateenegy andtracervarianceat
thesmallestscales.In practice,we usethe  viscosityanddiffu-
sionto ensurecomputationaktability. Meanwhile,the  viscos-
ity anddiffusionrepresenthebackgroundiscosityanddiffusivity,
and , respectiely, which are adjustedbasedon dynamical
considerations Note that For mostof the runsreportedhere,the
Newtonianviscoustime scaleis muchshorterin the vertical than
in thehorizontaldueto the smallaspectatio of themodeldomain.
Furthermorehyperviscosityis only importantat the very smallest
scalesn boththeverticalandhorizontaldirections.

b. ModelSetup
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Exceptwhere otherwisenoted, the simulationsdescribechere
used 64 grid points in the vertical, and either or
grid pointsin the horizontal. A numberof higher
resolutionrunswerealsoconductedising and
grid points. Typical horizontalandvertical do-
main sizeswere m (equialently
m after scaling;seebelow), and m, respec-
tively. Thesescaleswere chosenbasedon obserational results,
aswell asconsideration®f computationaktability and tractabil-
ity. Speci cally, Sundermger etal. (in press)estimatedhe defor
mation radiusassociatedvith mixed patchesover the New Eng-
land shelf to be approximately m. A horizontal do-
main of 5000m thuscanaccommodatenultiple anomaliesacross
the domain,while avoiding self-interactionof individual anoma-
lies acrossthe model's periodicboundaries.The latter conditions
arenecessargo thatmultiple anomalieswithin the modeldomain
behae as a (quasi)random eld of eddiesratherthanasan ar
ray of regularly spacededdiesacrossthe modelsperiodicbound-
ary conditions. Meanwhile,in the vertical, Sundermeger et al. (in
presskestimatedhatthe scalef mixing eventsrangedrom about
1-10m. In mostof our simulationswe thus usedmixing events
of vertical scale m, sincelarger vertical scaleswould
have necessitate@ven shorterintegrationtime steps. Analogous
to the horizontal,this alsoallowed multiple anomaliesn the ver-
tical, without self-interactionacrossthe models periodic vertical
boundaries.

c¢. Initial ConditionsandForcing

To simulatelateralstirring by vortical motions,the modelwas
spunup from a stateof restanduniform strati cation by injecting
potentialenegy (PE) in the form of randomly placedGaussian-
shapedstrati cation anomaliesThis wasdoneby periodicallyim-
posinga short-lved Gaussiartiffusivity pro le of theform

(16)

at randomlocationsin the modelin the mannerdescribedy Le-
long and Sundermeger (this issue).Herewe choosethe variances,

, ,and tobeatleastl/20of theoverall modeldomain,so
that, for example,in a 64 gridpointdomain,a Gaussiaranomaly
pro le of width  would berepresentety atleast13 gridpoints
in ary coordinatedirection(Table1). Theimposeddiapycnal dif-
fusivity wasappliedto all dynamicalvariablesnamely ,
and . Theresultingstrati cation anomalieswere then allowed
to freely adjustto form small-scalevortical motionsplus internal
waves. This forcing was intendedto representepisodicmixing
eventscausedy arandominternalwave breaking.We madeno at-
temptto explicitly simulatetheturbulentmixing eventsthemseles.
Ratherwe parameterizetheir effectasrandomlyplacedstrati ca-
tion anomaliespr buoyang/ ux events. Using this approachthe
modelwas spunup to a statisticallystationarystatein which the
input of PEandsubsequentonversionto kinetic enegy (KE) was
balancedy dissipation.

d. ModelTracer/ Inferred

Passve tracerwasreleasednto themodeloncethe o w reached
a statisticalequilibrium. The initial conditionfor the tracerwasa
Gaussiarstreakat the centerof the domainorientedwith its major
axisin the -coordinatedirection,
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This con guration allowed us to to evaluatelateral dispersionin
the and directions,but notthe direction. Note, however, that
sincethemodelis homogeneouandisotropicin  and , thelatter
did not poseary limitation to our analysis it merelyallowed usto
diagnosehorizontalmixing coefcients moreefciently.

To ensurethat the tracer streak was at least initially well-
resoled in the model, we usedthe same and hereasfor
theanomalypro les, namely1/200f themodeldomain.As above,
thereasorfor thiswasto ensurehattheinitial dyestreakwaswell-
resohed by the model. Although this choiceof tracerscalesalso
x esthescaleof thetracerpatchrelative to theanomalyscale this
doesnoteffectourresultssinceit is thelongertermdispersioract-
ing overthescaleof thedomainthatdetermineghelateraldiffusiv-
ity we areinterestedn, andthis long-termdispersionis insensitve
to theinitial conditionaftera relatively shorttime. An additional
adwantageof maintainingthescaleof thedyepatchrelative to scale
of theanomaliess thatin casesvhenwe expecttwo runsto bedy-
namicallysimilar, this similarity is alsoreadilyapparentn thedye
elds.

Effective verticalandhorizontaldiffusivities in the modelwere
diagnosedy estimatingthetime rateof changeof the secondmo-
mentof tracerin the and directions respectrely. For example,
in the direction,

-—— (18)

where
19)
and is thedomainsizein the -direction. The expressionfor

the vertical diffusivity is similar. In the trivial caseof no diapy-
cnal mixing eventsbeing introducedinto the model, the vertical
andhorizontaldiffusivities would be equalto the explicit diffusiv-
ity, (providedthattheFickiandiffusivity termin (14) wasmuch
larger thanthe hyperdiffusivity term, which it was). Any diffu-
sivity in excessof this could thereforebe attributedto stirring by
small-scalevortices,or vortical modes causedy patchymixing.

e andViscousScaling

To keepthe simulationscomputationallytractablethe Coriolis
frequeng, , wasarti cially increasedy afactorof 10 compared
to realistic valuesin the majority of our runs. The effect of this
wasto reducethe ratio of the buoyang frequeng to the Coriolis
frequeng, , from arealisticvalue of approximately200to a
moretractablevalueof approximately20. This allowed usto cap-
ture the dynamicsassociatedvith both of thesetime scales,i.e.,
internalwavesandgeostrophiadjustmentwithout having to per
form prohibitively long numericalintegrationsor useprohibitively
smalltime steps. As will be discussedn Section4, this arti cial
increasan  did not fundamentallyalter the dynamicsof the ad-
justmentof mixed patchesor the resultantvortical mode stirring
in our model, provided that two additional conditionswere met.
First,in theincreased runs,we alsoreducedhe horizontalscale
of the anomalies, , soasto maintainthe ratio of the size of the
anomaliego thegeostrophicdeformationscale ——, andthe
importanceof the nonlinearadvectiontermsin the horizontalmo-
mentumequations.In otherwords, considering(2), we held both
the Burger numberand the Rossbynumber x ed. This ensured
that the geostrophiadisplacementssociatedvith adjustmentoc-
curredon the samescalerelative to the anomaliesjndependenof
thevalueof . A consequencefthisreduced scalingwasthat
all horizontalscalesn our modelwerealsoeffectively reducedby
afactorof 10. Thus,for example,arealistichorizontaldomainsize
of m in our modelbecame m.

A secondcondition for dynamicalsimilarity was that we in-
creasedriscosity/difusion so asto hold the ratio of the diffusive
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time scaleof the anomaliedo the inertial time scale,i.e., the Ek-

mannumber x ed. The purposeof this wasto maintainthe rel-

ative level of importance(or unimportance)pf frictional forcesin

both the adjustmentand eventual spin down of geostrophicvor-

tices. This meantthat the molecular/subgridscaldiffusivities in

our modelwere also scaledcomparedo realisticvalues. Specif-
ically, modeldiffusivities were of order10 timeslargerthantheir

correspondingealisticvalues(seediscussiorof viscosityparame-
terdependencen Sectiorde).

The above scalingspresere the dynamicsassociatedvith the
generatioranddecayof vortical modes.However, asnotedby Le-
long andSundermger (this issue)they do notexactly presere the
internalwave eld. However, sincetheinternalwavesdonotthem-
seles contrikute signi cantly to lateral dispersion,and sincein-
teractionsbetweenthe internalwave andvortical mode elds are
small,this doesnot signi cantly effecttheresultspresentedhere.

Last,we notethatin the analysisthatfollows, unlessotherwise
indicated,all resultsare reportedin termsof their scaledvalues
in orderto allow directcomputatiorof variousquantitiesirom the
scaling. We shall thenrelatethesevaluesbackto realisticvalues
relevantto the coastaloceanin thediscussiornn Section5.

a. BaseParametes

To illustrate the dynamicsof vortical modestirring andto test
the parametedependencgiven by (10) — (11), we now presenia
seriesof modelrunsfor a rangeof valuesof externalparameters,
includingthe backgroundstrati cation, , thehorizontalandver
tical scalesof mixing events, and , thechangein strati cation,

, rotation, , thefrequeng of mixing events, , andsubgrid-
scaleviscosityanddiffusion, and . Webegin by presentinga
basemodelrun, which is representate of the geostrophicscaling
regimedescribedn Section2. We thenexamineavarietyof runsin
which we vary differentparameteran turn andin concertin order
to testthedependencef ontheabove variables.

Model parameterdor a typical run in the geostrophigparam-
eter regime are listed in Table 1. Valuesare basedroughly on
obserations madeduring the CMO dye-releaseexperimentsre-
portedby Sundermger and Ledwell (2001) and Sundermger et
al. (in press),exceptthat, as describedin Section3, we usean
arti cially increasedsalue of the Coriolis frequeng; namely we
use Furthermore for reasonghat
will be discussedater, we setthe frequeng of diapycnal mixing
events, , to besmallcomparedvith . (Thecaseof larger will
be discussedn Sections4f and5.) For realistic valuesof buoy-
ang frequeng, , andanomalyheight, , ourincreasedralue of

decreasethe deformationradiusassociateavith the anomalies,

——, from 250 m to 25 m. To maintain x ed Burger and
Rossbynumberswe thereforealsodecreasethe horizontalscale
of the strati cation anomaliesrom m to a scaledvalue
of m. We similarly reducedthe modeldomainsizefrom
a nominalrealistic value of m to a scaledvalue of m.
Finally, in orderto maintaintherelative importanceof friction, i.e.,
x ed Ekmannumbey we increasedhe viscosity approximatelya
factorof 10from realisticvalues to m s . Note
thatin orderto avoid stronglynonlinearinteractionsin our model
(seeSection4f), this is slightly larger thanthe scaledmolecular
value.However, while thisis true of thevalueusedin thebaserun,
arunwith a(scaled)aluesimilarto moleculawiscosityis included
in ouranalysisof the  parametedependencef Sectionde.



Table 1. Model parameterfor baserun.
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VariableName Symbol Model Value Scaledvalue
HorizontalandVertical DomainSize , 500m, 12.5m 5km, 12.5m
Coriolis Parameter s s
BackgroundStrati cation — 0.037kg/m 0.037kg/m
Intenal betweerAnomalies — —
Anomaly Amplitude e 1.0 1.0
AnomalyHorizontalScale 50m 500m
Anomaly Vertical Scale 1.25m 1.25m
Viscosity m s m s
Diffusivity m s m s
Viscosity (horizontal) m s -
Diffusivity (horizontal) m s -
Viscosity(vertical) m s -
Diffusivity (vertical) m s -
Model Time Step 30s 30s

Total Model RunTime -
TracerlnjectionTime -

x 10

PE (J/kg)
o

f dye release

'
[N

x 10°
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N
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0 200 400 600
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Figure 2. Time seriesof a) PE anomaly and b) KE for a typi-
cal modelrun shawving spin-upand equilibrationto a statistically
steadystate. Injection of modeltraceris indicatedby arrovs and
backgroundshading.Note that negative valuesof PE anomalyare
an artifact of the vertically periodic boundaryconditionsand our
methodof forcinganddo notrepresenarealextractionof PEfrom
the system(seetext).

b. Spinupand StatisticalEquilibrium

Time seriesof PE andKE for the baserun are shovn in Fig-
ure2. ThePEtime seriesshavs a quasi-steadyevel of enegy
modulatedby theinjectionof anomalieverthe courseof therun.
Note the negative valuesof PE are an artifact of the z-periodicity
in the model and the methodof forcing, and do not representa
real extraction of PE from the system. This is becauselthough
strati cation anomaliesstrictly represent positive buoyang ux,
anomalieswhich are injected nearthe top or bottom boundaries
of the domain(andhencepartially wrap aroundthe domainin the
vertical) appearto contrikute a negative buoyang to the total PE
budget. Unfortunately this effect masksthe initial spin-upof PE
from to the stationaryequilibriumstate.

The KE time seriesshavs boththe spinup from andthe
eventualequilibrationover thecourseof therun. Notethatthetime
scalefor spinup is of the sameorderasthe vertical diffusiontime
scalefor theanomaliesin this case,

0 l01

non-dimensional wavenumber

Figure 3. HorizontalKE spectrumfor a typical modelrun shav-
ing a spectralshapeindicative of isolatedvortices. The rapid de-
creaseof enepgy at large wavenumber(small scales)s dueto the
wavenumbettruncationdescribedn thetext.

This is consistentwith the ideathat the numberof anomaliesin

the domainat ary giventime is determinedby the diffusive time
scaletimesthe frequeny of diapycnal mixing events. Closerin-

spectionof the time series(not shavn, however seelLelong and
Sundermger, this issue)further revealsthat the spin down of in-

dividual anomaliess of the sameorderasthe viscoustime scale
of the anomalies, . This suggestghat
while the KE of individual anomaliess governedby the viscous
time scale thetotal KE in the modelis controlledby the diffusive
time scale.

The horizontal KE spectrumof a fully spun-upmodelrun is
shavn in Figure 3. Particularly notevorthy is the steepspectral
slope,in excessof for largewavenumbersA similar spectral
shapewas obtainedfor a singleanomaly exceptthatin that case
thetotal enegy wasless(seeLelongandSundermeger, thisissue).
This is consistentwith the isolatednatureof the vorticesin this
simulation,i.e., thespectrunis simply the sumof the spectrarom
individual vorticesand associatednternalwaves. Simulationsin
which vorticesarenot isolated,andthereforeinteractnonlinearly
give shallover spectraklopes.This cases discussedh Section4f.

c. Evolutionof
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Figure 4. Rows from top to bottom: Planviews of (1) Ertel PV with
anomaly (3) dye concentration;vertical slicesof (4) Ertel PV with

Dye

PV,

Dye

velocity vectorsoverlaid, (2) density
velocity vectorsoverlaid, (5) density

anomaly (6) dye concentration.Time increasedgrom left to right in eachrow, andis givenin termsof numberof

inertial periodsat the top of the gure. Domainsizeis
cross-section.

Planviews andvertical cross-sectionsf velocity, Ertel poten-
tial vorticity (de ned asPV - — —), density
and dye concentrationare shawn in Figure 4. Noteworthy are

the positive and negative PV anomaliesin the plan views of PV,
correspondingo cyclonic and anti-g/clonic vortices formed by
geostrophicadjustmenfollowing diapycnal mixing events. The
presenceof both positive and negative vorticity anomaliesis re-

m in planview, and m in vertical

quiredby conserationof PV, sincediapycnalmixing cannofcreate
or destry PV, but merelyredistrituteit acrosdayers(e.g.,Haynes
andMclntyre, 1987). Indeedthis canbe seenin vertical sections
of PV, which shaw individual anomaliesasanti-gyclonic PV cores
boundedby cyclonic PV countervorticesabore andbelow.
Planviews of densityanomalyaresimilar in characteto those
of PV, althoughthe detailsdiffer somavhat. Speci cally, at the
centerof astrati cation anomalythehorizontaldensityanomalyis



zerowhile the PV is atits maximumvalue. This structureis best
seernin verticalsectiongFigure4), which shav two-lobestructures
in the densityanomaly correspondingo three-lobestructuresin
PV (seealsoLelongandSundermger, thisissue).

Tracerdistributionsshav the evolution of the dye from anini-
tial Gaussiarstreakto onethatnearly lls the domainin boththe
horizontalandverticalby the endof therun. Notethatthe horizon-
tal deformationsof the dye patchoccurat the scaleof the stirring
vortices. Also, in the vertical, dye concentratiorshavs signi cant
patchinescausedby horizontalstirring at differentdepthlevels.
Finally, notethatin this simulation,the rapid homogenizatiorin
theverticalis dueto the explicit backgroundliapycnal diffusivity
in themodel,notdiapycnalmixing of episodicmixing events.This
is becausén thisrun,we speci cally chose tobesmallsothatin-
dividual vorticesdid notinteractwith oneanother A consequence
of thisis thatthe contribution of episodicmixing to thetotal verti-
cal mixing is alsosmall. As evidencedby Figure4, however, this
doesnot necessarilymply thatthe effect on by the anomalies
is small.

d. Estimateof EffectiveDiffusivities

Effective verticalandhorizontaldiffusivities in the modelwere
diagnosedrom the growth rate of the secondmomentof tracer
in the horizontal and vertical using (18) and its vertical analog
(Figure5). Theresultingvertical diffusivity for the baserun was

m s , which, asexpectedwasthe samevalue
asthe explicit Laplaciandiffusivity setin themodel(seeTable1l).
This shaws that, asnotedabore, the net vertical diffusivity in the
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Figure 5. Growth of secondmomentsof modeltracerin (a) the

-directionand(b) the -direction. Dottedlinesrepresenthe2nd
momentsde ned by (18), while solid linesindicatethe maximum
slope,i.e., the maximumdiffusivity. The asymptoticbehaior for
largetimesin the  is anumericalartifactof modeltracerextend-
ing acrosthemodeldomainin the verticaldirection.
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modelwas setby the explicit backgrounddiffusivity, , not by
event mixing. The above is consistentwith the fact that mixing
eventsarerelatively infrequentin our modelcomparedo realistic
oceanconditions(seealsoSection5).

Theeffective horizontaldiffusivity diagnosedrom modeltracer
in the directionwas m s (Figureb). This
wastwo ordersof magnituddargerthantheexplicit horizontaldif-
fusivity setin the model,andwasclearly the resultof lateralstir-
ring, notsubgridscald@iffusive processealone(seealsoFigure4).
Comparingthis valueto the scalingpredictionsof Section2a, we
foundthatthe actualhorizontaldiffusivity in the modelwasabout
360timeslargerthanthatpredictedby (7) and(9), andaboutsesen
timeslargerthan(10) and(11). Thisis animportantresultof this
study;it suggestshatthe effective horizontaldiffusivity predicted
by Sundermger et al. (in press)holdsto within anunknavn con-
stantscalefactor andthatfor the parameterangeexaminedhere,
thevalueof thatfactorin (10) and(11) is approximately7. As we
shallshallnow shaw, thisfactorwasapproximatelythesamefor all
therunsexaminedhere.

e. ParameterDependence:, , , , ,

To determinghedependencef onrelevantforcing param-
eterswe next variedthedifferentparametersntheright handside
of (10)and(11),andexaminectheir effectontheeffective horizon-
tal diffusivity in the model. In choosingwhat parametecombina-
tions to examine,numeroudactorsweretaken into consideration
including the complity and high order of the parametedepen-
dencein (10) and(11), theinterdependencef mary of theparam-
eterson theright handsideof (11), andcomputationalimitations
(domainsizetradedoff with integrationtime).

Event Frequency( ): We beganwith thesimplestparam-
eterdependencéoundin (10), the frequeny of diapycnal mixing
events, . To determinethe dependencef on , aseriesof
runswasperformedstartingwith thebaserun describedabore, and
varying to be eitherlarger or smaller Therangeof spanned
oneorderof magnitudewith the baserun falling approximatelyin
the middle. A limiting factorin hov smallwe could malke was
themodelintegrationtime; for example to obtainarobustestimate
of diffusivity for we hadto integratefor ap-
proximately250,000time stepswhich onadual1 GHz processor
linux stationtook approximately2.5 days. While this integration
time is not prohibitive for ary individual run, for the mary differ-
entparametedependenciewe examined plusthe numerouson-
trol simulationg(e.g.,realisticf/N runs,higherresolution etc.),the
total numberof runsandhencethetotal numberof CPUhourswas
well overanorderof magnituddargerthanthis. Moreimportantly
however, is thatthelower theeventfrequenyg and/orthehigherthe
viscosity thefurtherour simulationgyetfrom reality in termsof the
obsered valuesof theseparametersMeanwhile,at the otherend,
i.e., high event frequeng and/orlow viscosity we encounterec
differentlimitation, namelythat simulationsceasedo equilibrate
to a statisticallystationarystatein which a meaningfulestimateof
diffusivity couldbe made(seebelow).

Resultsfor vs. areshawvn in Figure6. For small
variedapproximatelylinearlywith , consistentvith (10)and(11).
For larger , however, we obseredarapidincreasen , possi-
bly indicatinga transitionto a more enegetic, strongly nonlinear
parameteregime. One symptomof this transitionwasthe failure
of modelKE to equilibrateto a statisticallystationarystate.Since
in thosecasesthe rate of tracerdispersaldependedn whenthe
tracerwasreleasedfor large valuesof , the meaningof was
ill de ned. We returnto this moreenegeticregimein Section4f.
Neverthelessan importantconclusionwe drav from Figure 6 is
thatatleastin theregimeof interest(i.e.,low ),

Viscosity( ): Wenext examinedthedependencef  on
viscosity . Again a seriesof runswas performedstartingwith



the baserun, but this time varying . Again the rangespanned
approximatelyanorderof magnitudewith the baserunfalling ap-
proximatelyin themiddle. Analogougto thecaseof low , alimit-
ing factorfor high valuesof viscositywasmodelintegrationtime,
while for low viscosityit wasthefailure of themodelto equilibrate
to a statisticallystationarystate.

Resultsfor vs. areshawn in Figure?. For larger , we
found aninverselylinear dependencef , consistentith (10)
and(11). Forlow (high ), however, againtherewasatran-
sition to more enegetic regime with muchhigher . As in the
caseof high , thistransitioncorrespondedb the failure of KE to
equilibrateto a statisticallystationarystate. Neverthelessat least
for largervaluesof , we againconcludethatthe scalinggivenby
(10)and(11) appeargo bevalid, i.e.,

Coriolis frequencyand horizontal event scale( and
):  As notedabore, theremainingparametedependencef
is somaevhatmoredif cult to verify for avarietyof reasonsRather
thanexaminingeachof the remainingparameterindividually, we
thereforeexaminedthemin concert,but still by comparingthere-
sultsfor to the predictionsgiven by (10) and(11). Noting that
appearasanon-dimensiongbarametem (11), we beganby
examining and togethersoasto hold , or alternatvely the
BurgerandRossbynumbersx ed.

As our rst run, we decreased by afactorof two, and
increased by a factorof two comparedo our baserun. If (10)
holds, we would expect  to increaseby a factor of two, since
— . Indeedourresultsshavedthat  increasedy
afactorof 1.8.

As a secondcheckof , we againdecreased by afactor
of two, andincreased by a factorof two. However, this time,
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Figure6. (a) Growth of tracervarianceand(b) effective lateraldif-
fusivity, , causeddy vortical modestirring for a seriesof runs
with varying frequeng of mixing events, . In (a), steepeslopes
correspondo higher . In (b), thesolid curveswith circlesindicate
modelresults while dashedine indicatesalineardependence.
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we alsodecreasediscosity , by afactorof two. In additionto
the BurgerandRossbynumbersthis alsoheld the Ekmannumber
x ed.If (10) holds,we now would expect  toincreaseby afac-
tor of four, since . Againwe foundthatour
resultswere consistentvith (10), speci cally, increasedy of
afactorof 4.3.

As a nal checkof the dependencen , we performeda
third runwith  decreasedly afactorof two,and increasedy a
factorof two. Thistime, however, we additionallydecreasedtoth
viscosity , andthe frequeng of anomalies, , eachby a factor
of two, i.e.,in additionto the Burger, RossbyandEkmannumbers,
we heldthefrequeng of mixing eventsrelative to theinertial time
scale x ed. Here(10) would thuspredictthat ~ shouldincrease
by a factor of two, which it did. More importantly however, as
expectedfrom the non-dimensionaform of the momentumequa-
tion, (4), this run wasnearlyidenticalto the baserun in termsof
the enepy, dye variance,andeven the detailsof the vorticity and
dye elds. (Notethatin this casewe alsousedthe samerandom
numberseedfor theanomaliesasin the baserun.) In otherwords,
the two runsweredynamicallysimilar after scalingthe horizontal
extent of anomalieswith the deformationradius,andthe viscous
andanomalyrecurrencdime scalesof eventswith theinertialtime
scale.Thisis consistentvith similar ndings for theadjustmenbf
a singleanomalyby Lelong and Sundermger (this issue),except
thatin thatcasethefrequeng of anomaliesvasnotafactor

Buoyancy frequencyand vertical event scale( and

): To understandhe dependencef on and , we note
thatthesetwo parameterplus vertical viscosityanddiffusion are
the only parametersffecting vertical scalesn themodel. Further
more,notethatbyvarying and in concert{andindirectly, ,
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Figure7. (a) Growth of tracervarianceand(b) effective lateraldif-
fusivity, , causeddy vortical modestirring for a seriesof runs
with varying Newtonianviscosity . In (a), steeperslopescor-
respondo lower . In (b), the solid curveswith circlesindicate
modelresults while dashedine indicatesalineardependence.



sincewe hold x ed),we canagainhold thedeformation
radius, , andthusthe Burger and Rossbynumbersx ed. As a
rst testof thedependencen and , we thereforeincreased
by afactorof two, anddecreased by afactorof two. According
to (10), this shouldleadto anincreasan by a factor of four.
Instead however, the modelshaved anunboundedyrowth in KE,
similarto thatdescribedabore for high andlow

We next repeatedhe samerun, but this time we alsoincreased
theviscosityby afactorof four. Basedon (10), this shouldhave re-
sultedinthesame asin thebaseun,whichit did. Moreover, we
foundthattheresultsof this run wereagaindynamicallysimilar to
ourbaserun. Thiswasagainasexpectedrom (4), sincethis choice
of parameterpreseresthe Burger, Rossbyand Ekmannumbers,
aswell asthe frequeny of anomaliegelative to the inertial time
scale.

f. Weakly Nonlinear vs. Stongly Nonlinear Turbulent
Regimes

Thusfar, for low valuesof , the numericalresultsare con-
sistentwith the parametedependencgivenby (10). However, for
larger resulting, for example, from eitherhigh or low
we foundthatthe modeltransitionedo a moreenepgeticregimein
which becamevery large. Closerinspectionof thesesimula-
tions suggesthatin thesecasesstronglynonlinearvortical mode
interactiondedto acascadef enegy to largerscalesandhencean
unboundedyrowth of KE. To betterunderstandhis moreenepgetic
regime, we now brie y examinea simulationsimilar to our base
run, exceptthatwe have increasedhe frequeng of mixing events,

, by afactorof 10. Theresultingrunis typical of whatwe found
in this stronglynonlinearturbulentregime.

PE andKE time seriesfor the strongly nonlinearturbulent run
areshavn in Figure 8. In contrastto the baserun (seeFigure 2),
modelKE in the stronglynonlinearrun did not equilibrate;rather
it continuedto increasethroughoutthe integration. Corresponding
to thisincreasen total KE wasa particularlylargeincreasen the
amountof enegy at large scales. The latter wasin turn accom-
paniedby anincreasdn spectralslopeat low wavenumberdrom
nearlyzeroin the baserun to about in the stronglynonlinear
caseandadecreasén spectraklopeatintermediatevavenumbers
from of order in the baserunto in the stronglynonlin-
earcase(Figure9, comparealsowith Figure3). Noteworthy is the
similarity of theseslopesto thosereportedby previous investiga-
torsin the contet of two-dimensionaturbulencewithout andwith
coherenstructuresrespectiely (e.g.,Basdeantetal., 1981;Ben-
nettandHaidwogel,1983;Babiancetal., 1985;Maltrud andVallis,
1991. Suchsimilarity is consistentvith the quasitwo-dimensional
(i.e.,dominantlyhorizontal)natureof thevelocity elds associated
with thevortical mode(e.g.,LelongandSundermeger, thisissue).

Basedon the abose runsaswell as othersnot reportedin de-
tail here we have foundthatthetransitionto the stronglynonlinear
turbulentregime canbe broughtaboutby varyinga numberof dif-
ferentparameters A conditionwhich apparentlyprecipitateshis
transitionis thatanomaliesredenselypopulatedn spaceandtime,
eitherby occurringvery frequently or by lastinga long time, or
both. Assumingthatthe transitionthresholdis relatedto the like-
lihood of encounterdetweenindividual vortices,we canestimate
theapproximatalensityof anomaliesequiredto enablesuchinter-
actions. At a minimum, we expectstronglynonlinearinteractions
to occurif theratio of theviscoustime scaleto therecurrenceime
scaleof eventsis greaterthanor equalto 1, i.e., if anomaliesre-
cur at a given location beforeprecedinganomalieshave hadtime
to dissipate,

(20)
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Here  representshe backgroundviscosity which we presume
is ultimately responsibldor dissipatingthe anomalieswhile is
the netdiapycnal diffusivity dueto episodicmixing (seealsoSun-
dermeger etal., in press). Assuming—— , this occurswhen
episodicmixing events contribute signi cantly to the overall di-
apycnalmixing, i.e.,when . Notethatthis conditiondoes
notimply thatlateralstirring by small-scalevorticescausedy the
relaxationof mixed patchesis insigni cant, as evidencedby the
resultsof the previous section.

Re ning (20) somevhat, it canbe shavn on simple geometric
groundsthatstronglynonlinearinteractionamayoccurevenbefore
theabove thresholds reachedsincesuchinteractionscanalsooc-
curif anomaliesaremerelyproximateto oneanother In practice,
we nd from theabore runsaswell asothersnot describedn de-
tail here thatstronglynonlinearinteractiongyenerallyoccurin our
modelfor valuesof
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Figure 8. Time seriesof a) PEanomaly andb) KE for the strongly
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bulentmodelrun shaving a spectralslopeassociatedvith an
inverseenegy cascadgcomparewith Figure 3). The rapid de-
creaseof enepgy at large wavenumber(small scales)s dueto the
wavenumbeitruncationdescribedabore.



As nal checksof the predictedparametedependencandscal-
ing, additionalruns were performedto verify both the numerics
andthe scalingdescribedabore. The rst of thesecheckswasto
examinethe effect of our reduced scaling,i.e., theuseof an
arti cially increased in our model. To this end, we compared
our baserun to its unscaled(i.e., realistic , , and ) analog;
i.e., we decreased by afactorof 10 backto a realisticvalue of

s ,increased by afactorof 10to 500m, decreased
viscosityby afactorof 10to m s ,anddecreasethe
frequeng of anomaliedy afactorof 10. As describedn theprevi-
oussectionsthis combinationof parametewariationsmaintained
x ed Burger, Rossby and Ekmannumbersandthe frequeng of
eventsrelative to the inertial frequeng. As predictedby (4), the
model elds weredynamicallysimilarto thebaserun,i.e., thetwo
runswerenearlyidenticalafterscaling with only minordifferences
attributableto theinternalwave eld, providedwe usednumberof
inertial periodsasthetime metricfor comparisorratherthansome
absolutemeasuresuchassecondsor days.Moreover, aspredicted
by (10) and(11), the effective horizontaldiffusivity,  , increased
ten-foldcomparedo our baserun.

As aseconccheck,we veri ed thatour choiceof modelresolu-
tion did not effect the modeldynamics. To this end, we repeated
our baserun, but with doublethe vertical and horizontalgrid res-
olution. As expected,the resultswereagainidenticalto our base
run, suggestinghat modelresolutionindeeddid not affect our nu-
mericalsolutions.

a. Comparisonwith PredictedScaling

The mostsigni cant nding of the presentstudyis that model
resultswere consistentwith the theoreticalscalinggiven by (10)
and(11). Speci cally, we found that for a wide rangeof forcing
and viscosity/difusion parametersthe effective horizontaldiffu-
sivity in the model agreedwith the predictedscalingto within a
constantcalefactor Basedon the resultsof our numericalsimu-
lations, the value of this scalefactor which in the original scaling
by Sundermger etal. (in press)wasassumedo be of orderl, is
actuallyabout?7. Ourresultsaresummarizedn Figure 10, which
shaws the predictedversusmodeledeffective diffusivities for all
runsdescribedn Section4. The gure shavs an approximately
linearrelationshipbetweerthe predictecandmodeledeffective dif-
fusivities that spansalmosttwo ordersof magnitudein . Thus,
basedon our simulationsto date,we nd thatthe scalingproposed
by Sundermger etal. (in pressiappearso berobust,atleastin the
weaklynonlinearregime.

Formally, the above resultsdo not prove the scalinggiven by
(10) and(11), ratherthey merely demonstrateonsistencevith it.
Figures6 and7 in particularmake a strongcasefor the predicted
dependencef onthefrequeny of events,andthe background
viscosity However, analogouplotsshaving thedependencen

, ,and werenotpossiblepartly dueto thecompleity of the
parameteidependencef thesevariables,and partly due to com-
putational/numericadimitations (seeSection4e). As aresult,our
testsusingdifferentvaluesof , , ,and donotunambiguously
shav the dependencef thesevariables.For example,by decreas-
ing andincreasing andobtainingthe expectedincreasen
we have arguedconsisteng with thedependence
in (10). However, thesamechangean couldhave resultedfrom
adifferentparametedependence.g.,if instead
The mostconclusie evidencein supportof the predictedscaling
is that selectcombinationsof the relevant parameteryielded so-
lutions which were dynamicallysimilar. Sincethe conditionsfor
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dynamicalkimilarity areprescribedy (1) — (4), andsincethetheo-
reticalscalinggivenby (10) and(11) is derived directly from these
expressionsthe effective horizontaldiffusivity is constrainedby
thesamedynamics.

Anotherimportantpoint regardingour modelresultsis the im-
plicationof thereduced scaling,i.e.,our useof anarti cially
increasedialueof . Asnotedin Section3e, in all of ourincreased

runs,wealsoreduced , andincreased and bythesamefac-
tor, i.e.,tenfold. Thepurposeof thiswasto hold theBurger, Rossby
andEkmannumbersx ed. Oneconsequencef this, however, was
thatthe effective lateraldiffusivity by vortical modestirringin our
modelwasalsoreducedby afactorof 10, sinceaccordingto (10),
— . While this reductionin is consistent
with the scaling(10) and(11), it alsomeanghatin orderto com-
pareour modelresultswith realisticocearvalueswe mustre-scale
the model by multiplying by 10 (or 5, in casesvherewe de-
creased by afactorof 2 comparedo our baserun). Doing this,
we nd thatthevaluesin Figures6, 7 and10 correspondo realistic
valuesof rangingfrom - m s

The above valuesof , even afterre-scaling,arestill consid-
erably smallerthanthoseobsered during CMO. This is despite
our useof realisticparametevalueswherever possibleto forcethe
model. The reasonfor this is becausesven after re-scaling,all
of our modelsimulationshad a muchlower frequeng of mixing
events, , and/ora (slightly) higherbackgroundriscosity , than
occursin therealocean.Thelargerculprit hereby farwas . Sun-
dermger etal. (in press)estimatedor CMO thatthefrequeng of
eventsat ary given locationwas on the order of at leastonceper
threedays, or aboutone per four inertial periods(this assumes
vertical scaleof m). In contrastthe baserun described
in the previous sectionuseda valueof approximatelyoneper3000
inertial periods.Thereasorfor this choiceof wasthatfor values
larger than this, the model becamestrongly nonlinearand hence
effective horizontaldiffusivities could not be unambiguouslyde-
termined. This, admittedly is a limitation of the simulationsand
scalingpresentedhere.

Aside from , andin somecases , all other parametewal-
uesin themodelwerecomparabléo realisticvalueseitherdirectly
obseredor estimatedluringCMO. Neverthelessgiventheunreal-
istically smallvalueof , theexactrelationshipbetweerthe simu-
lationsperformedhereandthereal ocearremainsspeculatre. Ex-
trapolatingthe predictedinearrelationshipbetweerthe frequeny
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Figure 10. Predictedversusmodeledeffective horizontaldiffusiv-
ities for all modelruns describedin Section4. The dashedine
indicatesl:1 correspondencketweerpredictedand modeledval-
ues,while the solid line is basedon equation(10) timesa constant
scalefactorof 7.



of eventsandthe effective diffusivity, (10) and (11) suggesthat
the useof a realisticvalueof in our modelwould increase
by threeordersof magnitude.This would be morethanenoughto
explain the obsered during CMO. However, asdescribedn
Sectiord4f, thescalinggivenby (10)and(11) breaksdown for large
and/orsmall . Speci cally, we have found thatfor valuesof
, the dynamicsin the modeltransitionto a
moreenepgeticregime characterizedby stronglynonlinearvortical
modeinteractionsanda cascadef enegy to large scales.While
theweaklynonlinearscalingmay offer someinsight,acomparable
scalingfor the stronglynonlinearturbulentregimeis thusneeded.

b. Weakly Nonlinear vs. Stongly Nonlinear Turbulent
Regimes

As notedabove, in the absencef otherfactors,the cascadef
enepy to large scalesand the concomitantunboundedyrowth of
KE in our modelleadto a muchlarger effective horizontaldiffu-
sivity than(10)— (11) predict.However, in thereal ocearwe spec-
ulatethat suchan enegy cascadeould not continueinde nitely,
ratherat somescaleit musteventually be arrested. In the open
ocean,the Rhinesarrestscale, determinedby planetary (e.g.,
Rhines1975)limits the inverseenegy cascadef geostrophic -
planeturhulence. This scaleis likely too large to be of relevance
over the continentakhelf, sinceit is comparabldo the cross-shelf
scaleitself. However, in the coastaloceanother processesuch
asshearingor strainingby large-scaleénternalwavesor tidesmay
arrestthe cascadevy limiting the effective horizontalandvertical
scalesof the vortical mode eld andmakingit more proneto vis-
cousdissipation. Preliminarymodel simulationsof a single vor-
tex superimpose@n a low modebackgroundnternalwave eld
suggestshatfor sufciently strongbackgroundshearsjndividual
vorticesareindeedeffected. However, exactly how this effectsthe
lateraldiffusivity in the caseof multiple vorticeshasnot beenex-
amined.A possiblescenaridor how theweaklyandstronglynon-
linearregimesmayberelatedto oneanothermndto anenepgy arrest
is shavn schematicallyin Figure11l. Herethe transitionbetween
thetwo regimesis shawvn by asharpincreasen the effective lateral
diffusivity atlarge . However, mary aspectof this picture
have yet to be veri ed. Among these future numericalstudiesin
the stronglynonlinearregime will needto addresgheissueof en-
emgy build-up at large scales;speci cally whetherto allow or re-
move suchenegy, andtherealismof doingso.

c. AnEnegyBudgetAppmoac

An interestingimplication of episodic(asopposedo uniform)
diapycnal mixing is the simple fact that someof the PE gener
atedby episodicdiapycnal mixing eventsis corvertedbackto KE
through the processof geostrophicadjustment. In principle, it
shouldthus be possible,with someassumptionsto estimatethe
amountof KE in the vortical mode eld directly from knowledge
of the netbuoyang/ ux, or equialently, the diapycnal diffusiv-
ity. Considerarandom eld of isolateddiapycnal mixing events
asdiscussedn the previous sections. Classicadjustmentheory
suggestghat for a single axisymmetriclens, as much as half of
the availablePE (APE) maybereleasealuringgeostrophiadjust-
ment (e.g. Garrett, 1984; McWilliams, 1988; Arnebog, 2002).
Theexactamountwill depencbnavarietyof factors,includingthe
scaleof theinitial anomalyrelative to the deformationscale,and
thebackgroundlissipatiorrate.For example ,ananomalywhichis
initially smallrelative to thedeformatiorradiuswouldloseamuch
higherpercentagef its APE throughadjustmenthanananomaly
thatwasinitially of deformationscale.Of theenepy releasedpre-
vious studieshave shavn thatbetweerB30% and50%will becon-
vertedto KE in the form of geostrophicallybalancedo w, while
theremaining50%— 70%will go to generatingnternalwaves,or
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be lostto dissipation(e.g.,Ou, 1986, McWilliams, 1988). Indeed,
Lelong and Sundermger (this issue)have found that this balance
bearsout in numericalsimulationsof geostrophiadjustmenbof a
singlevortex.

In total, the above enegy partition implies that up to 15% —
25% of the available PE generatedhroughdiapycnal mixing may
be corvertedbackinto KE in the form of vortical modes. To de-
terminethe total KE of the vortical mode eld at ary giventime,
however, we alsoneedto know therateatwhich this APE is being
supplied,aswell asthedecaytime scaleof thevortical mode eld.
Assumingwe know the vertical scaleof mixing events, , thefre-
gueng of events canbeinferredfrom the netvertical diffusivity
causedy theeventsvia (8). Meanwhile atleastin theweaklynon-
linearregime,thedecaytime scale, — providesameasure
of how longtheindividual geostrophiaorticeswill last. Following
Sundermger etal. (in press)aroughestimateof themagnitudeof
the effective horizontaldiffusivity canthusbe obtainedusingthe
eddydiffusionformulationof Taylor (1921),i.e.,

KE
. (21)
to Productionrateof APE

where to Productiorrateof APE represents
the amountof KE generatedhroughgeostrophicaadjustmentand
thefactor representsheintegral time scaleof the motion. As-
sumingthe productionrate of APE is given by the frequeng of
diapycnalmixing events, , timesthe APE of individual events,

Productiorrateof APE - (22)
thatthe buoyang ux associatedvith a mixing event canbe ex-
pressedn termsof a diapycnal diffusivity per equation(8), and
thatthe integral time scale, , is of orderthe eddyturnover time,
i.e.,afew inertial periods,andsubstitutingnto (21), it follows that
thehorizontaldiffusivity shouldscaleas

to — (23)
Noteworthy is the similarity betweenthis resultand (11), the dif-
ferencebeingthatherethefactor — isimplicitly assumedo be
of order1, andprecisevalueof theconstanscale.

In this study we examined lateral stirring by small-scale
geostrophiamotions, or vortical modes,generatedy the adjust-
mentof mixed patchedollowing diapycnal mixing events. A ma-
jor nding of thiswork is thatthe parametedependencpredicted
by Sundermger et al. (in press)appeardo be robustto within a
constanscalefactorfor whatwe have termedtheweaklynonlinear
geostrophiaegime. Speci cally, the effective lateraldiffusivity by
vortical modestirring is generallyabout7 times larger than pre-
dictedby (10) and(11). We have con rmed a linear dependence
of on the frequeng of mixing events,and an inverselinear
dependencen the backgroundviscosity . In addition, based
on a seriesof runswith varying , , , and , we have also
foundthemodelresultsto be consistentvith the predictedparame-
terdependencéor thesevariables We furtherpresenteddditional
argumentsfor how similar scalingcan be obtaineddirectly from
enepgeticsconsiderations Noteworthy, is thatthe latter provide a
meansof relatingthe amountof enegy, andhencethe amountof
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Figure 11. Predictedeffective horizontaldiffusivity asa functionof
Predictedralueshave beerre-scaledo realisticvaluesbasedn

for all modelrunsdescribedn Sectione.
scaling.Thetransitionto the stronglynonlinear

regime describedn thetext is shavn schematicallyalongwith the hypothesize@negy arrest. Approximatevalues
of inferredfrom the CMO dye releasesxperiments(seeSundermger et al., in press)are alsoshavn, along

with therespectie diffusivities.

stirring by thevortical mode eld, directly to buoyang/ production
by turbulentkinetic enegy.

A secondmajor nding of this studyis that thereis an addi-
tional parameteregimewhich is not well describedy the scaling
of Sundermeger (1998)andSundermger etal. (in press)jn which
vorticalmodestirring becomegvenmoreenegetic. Thisregimeis
characterizedby stronglynonlinearvortical modeinteractionsand
anenegy cascaddo large scaleswhich signi cantly enhancehe
effective lateralstirring by vortical modes.A key signatureof this
cascades a characteristic  to horizontalKE spectrumat
low andintermediatevavenumbersimilarto thosereportedoy nu-
merousinvestigatordn the context of two-dimensionaturbulence
withoutandwith coherenstructuresBasedon this andtheoverall
agreemenbetweenthe presentresultsand the quasi-two dimen-
sional geostrophicandomwalk modelof Sundermger et al. (in
press),we believe that vortical modestirring in strati ed waters
may sharemary characteristicsvith two-dimensionaturbulence.

Thetransitionbetweernthe weakly nonlinearandstronglynon-
linearturbulentregime in our modelappeargo be correlatedwith
thelevel of nonlineaiinteractiondetweerindividual vortices.This
transitioncanbe broughtaboutin a numberof ways. We hypoth-
esizethat a necessarycondition for the transitionis that mixed
patchesmust be denselypopulatedin spaceandtime, either by
occurringvery frequently or by lastinga long time, or both. As
a rough approximation,we expect that strongly nonlinearinter-
actionswill occurif theratio of the viscoustime scaleto the re-
currencetime scaleof eventsis greaterthan or equalto 1, i.e.,
if anomaliegecurat a given locationbeforeprecedinganomalies
have hadtime to dissipate Basedon simplegeometriogroundswe
anticipatethat strongly nonlinearinteractionsmay occureven be-
foretheabove thresholds reachedIn practice we have foundthat
nonlinearvortical modeinteractionsoccurin our modelfor values
of .

As notedin our discussionthe strongly nonlinearparameter
regime, reportedon only brie y here,is believed to be quite rel-
evantto thereal ocean.An interestingaspecif this stronglynon-
linearregimeis its inverseenegy cascadewhichin our numerical
modelleadsto anunboundeduild-up of enegy atlargescaleslin

therealoceanwe hypothesizéhattheremustbe somemechanism
thatlimits / arreststhis cascade.However, whetheror not this is
actuallythe casenot yet beenthoroughlyinvestigatedandis the
subjectof ongoingstudy

The existenceof a stronglynonlinearturbulentregimefor large
valuesof , andthefactthatthe CMO obsenationsfell within
that regime meansthat we still cannotsay conclusvely whether
vortical modestirring canexplain the dispersionobsered during
CMO. The mostwe canassertis that extrapolationof the weakly
nonlinearscalinginto the stronglynonlinearregime impliesthatit
can(seeFigure1l). However, we have alreadyshavn thatthese
two regimesbehae quite differently Understandinghe strongly
nonlinearregime and ary possibleenegy arrestis thusa critical
next steptoward understandinghe dynamicsof vortical modestir-
ring, and how the vortical mode eld is maintainedin the real
ocean. The presentresultsfor the weakly nonlinearregime area
rst steptowardthatgoal.
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