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We examinednumericalsimulationsof lateral dispersionby small-scale
geostrophicmotions,or vortical modes,generatedby the adjustmentof mixed patches
following diapycnal mixing events.A three-dimensionalmodel was usedto solve the
Navier-Stokes equationsand an advection/diffusion equationfor a passive tracer. Model
resultswere comparedwith theoreticalpredictionsfor vortical modestirring by Sunder-
meyer et al. (in press),and with resultsfrom dye releaseexperimentsconductedover
the New Englandcontinentalshelf by Sundermeyer and Ledwell (2001) and Ledwell et
al. (in press).For “weakly nonlinear” casesin which adjustmenteventswere isolated
in spaceand time, lateral dispersionin the model was consistentto within a constant

scalefactor with the parameterdependence•’‘”“–•�—
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by Sundermeyer et al. (in press),where ¬ and ­ , respectively, are the vertical and hor-
izontal scalesof the mixed patches,®P¯

˜

is the changein strati�cation associatedwith
the mixed patches,° is the Coriolis parameter,

§

is the frequency of diapycnal mixing
events,and ±�² is the backgroundviscosity. For mixed patcheswith horizontalscalesof
order the deformationradius,the associatedscalefactor, which Sundermeyer et al. (in
press)assumedto be of order 1, had an actualvalue of about7. A secondmore en-
ergetic parameterregime was also identi�ed in which vortical modestirring became
strongly nonlinear, and the effective lateral dispersionwas even larger. Estimatesof the
relevant parametersover the New Englandshelf suggestthat this strongly nonlinear
regime is more relevant to the real oceanthan the weakly nonlinearregime, at least
under late summerconditions.This suggeststhat stirring by small-scalegeostrophic
motionsmay, undercertainconditions,contribute signi�cantly to lateral dispersionon
scalesof 1–10 km in the ocean.
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Analysisby Sundermeyer(1998)andSundermeyerandLedwell
(2001)of a seriesof tracer-releaseexperimentsconductedduring
late summerstrati�cation over theNew Englandcontinentalshelf
hasshown that isopycnaldispersionon scalesof 1–10km andpe-
riodsof 1–5dayscannotbeexplainedby existingmodelsof lateral
dispersion,namelysheardispersionanddispersionby interleaving
watermasses.A similar resultwasfoundby Ledwell et al. (1998)
andSundermeyerandPrice(1998)in relationto theNorthAtlantic
TracerReleaseExperimentin thepycnoclineof theopenocean;in
thatcase,internalwave sheardispersioncouldnot accountfor dis-
persionon scalesof a few tensof kilometersandperiodsof a few
weeks.Oneexplanationfor this discrepancy, proposedby Sunder-
meyer (1998)andSundermeyer et al. (in press)in relationto dye
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releaseexperimentsperformedover theNew Englandshelf,andby
PolzinandFerrari(2004)in relationto theopenocean,is that the
observedlateraldispersiononscalesof 1–10km maybeexplained
by thepresenceof sub-mesoscalegeostrophicmotions,or vortical
modes,generatedby theadjustmentof mixedpatchesfollowing di-
apycnal mixing events(e.g.,Kunze,2001). In the coastalocean,
Sundermeyer et al. (in press)hypothesizedthat a random�eld of
vortical modescouldcausesuf�cient stirring on thesescalesto ef-
�ciently dispersea dyepatch.In theopenoceanit is possiblethat
verticalsheardispersionassociatedwith theverticalstructureof the
vorticalmodesmayalsobeimportant,althoughSundermeyeretal.
(in press)suggestthis is unlikely.

In thepresentstudy, we usea numericalmodelto simulatethe
adjustmentof mixed patchesof �uid following diapycnal mixing
events,andtestthehypothesisthatlateraldispersioncausedby the
resultingsmall-scalegeostrophicmotions,or vortical modes,may
leadto signi�cant dispersiononscalesof 1–10km in theocean.In
particular, we focuson testingtheparameterdependenceproposed
by Sundermeyer et al. (in press)for scalesrelevant to the coastal
ocean.
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Figure 1. Schematicof theadjustmentof diapycnalmixing events
andthe formationof small-scalegeostrophicmotions,or vortical
modes.Horizontallines representisopycnals,with lensesof well-
mixed �uid superimposed.Lower panels(b & c) show a single
mixing event andthe ensuinglateralspreadingduring the adjust-
ment.

a. Overview of Vortical ModeStirring

Theprocessof lateraldispersionby small-scalevorticescaused
by patchymixing relieson the fact that diapycnal mixing in the
oceanis not uniform in spaceandtime. Rather, it is episodic,con-
sistingof isolatedeventswhich arethe resultof breakinginternal
waves(e.g.,Phillips, 1966; GarrettandMunk, 1972). The result
of episodicmixing is that localizedregionsof weakstrati�cation
are generatedpreferentiallyin regions of intensemixing. These
low strati�cation regionsresult in local horizontalpressuregradi-
entswhich causethe well-mixed �uid to adjustlaterally, forming
“blini,” or “pancakes” (Figure1; Phillips, 1966). The processof
adjustmentmayleadto two typesof motions:a slumpingvelocity
which is directedradially outward,andin thecaseof geostrophic
adjustment,an azimuthalvelocity which is geostrophicallybal-
anced.For both typesof motions,theneteffect of theadjustment
is thesame;�uid will bedisplacedlaterally. However, of particular
interestherearethegeostrophicallybalancedmotions,sincethose
canpersistfor much longer times. For a singleevent, the lateral
displacementis appropriatelydescribedas an advective process.
However, for a large numberof events,the sum of the displace-
mentscanbethoughtof asa randomwalk with rmsstepsizeequal
to thermshorizontaldisplacementaveragedover theevents,i.e,an
effective lateraldiffusivity.

Thehypothesisthatvortical modestirring maybe importantin
thecoastaloceanis basedon resultsfrom dye-releaseexperiments
andmicrostructureobservationsmadeduring the CoastalMixing
andOpticsExperiment(CMO; Sundermeyer andLedwell, 2001;
Ledwell et al. in press;Oakey andGreenan,in press). Analysis
by Sundermeyer andLedwell (2001)of the lateraldispersiondur-
ing theseexperimentsshowed that the observed dispersioncould
not be explainedby sheardispersionor lateral intrusions. In ad-
dition, in all of the experimentsthey observed patchinessin the
dye distributions6–12hoursafter injection. Horizontalandverti-
cal transectsthroughthe dye suggestthat thepatchinessoccurred
on scalesof 0.5–10m vertically and a few hundredmetersto a
few kilometershorizontally. This combinedwith theshorttime it
took thedyeto evolve from asinglecoherentstreakto amorecon-
voluted/patchydistribution suggestthe presenceof somestirring
mechanismat thesescales.

In additionto thedyeobservations,concurrenttemperatureand
velocitymicrostructureobservationsduringCMO alsoshowedsig-
ni�cant patchiness(Oakey andGreenan,in press;Sundermeyer et

al., in press).Speci�cally, microstructuretransectsshowed local-
izedregionsof intensemixing superimposedon a relatively quies-
centbackgroundof low diapycnal diffusivities. Theseregionsof
highmixing, whichwereubiquitousthroughoutthedata,hadverti-
calscalesrangingfrom 2–10m,andhorizontalscalesrangingfrom
a few hundredmetersto a few kilometers.Furthermore,asshown
by Sundermeyeretal. (in press),at leastsomeof themicrostructure
patcheswerestrongenoughandlong-livedenoughto induceorder
1 changesin strati�cation. Both thedyeandmicrostructureobser-
vationswerethusconsistentwith thehypothesisthat theobserved
stirring of the tracerpatchmay have beencausedby small-scale
motionsfollowing diapycnalmixing events.

b. ScopeandOutline

While the adjustmentof mixed patchesmay not be the only
sourceof vortical modeenergy in the ocean,in the presentstudy,
we focuson this mechanismasa pathway to lateralstirring. The
scalingresultsof Sundermeyer (1998)andSundermeyer et al. (in
press)provideorder-of-magnitudeestimatesof theeffectivenessof
stirring by this process. However, thesescalingresultshave not
yet beenquantitatively tested;a moreprecisepredictionwhich in-
cludesa fuller descriptionof the physicsis needed.The present
studyattemptsto provide sucha descriptionby examiningnumer-
ically the adjustmentof mixed patchesandthe effectsof vortical
modestirring ona passive tracer.

We concentratehere on scalesrelevant to the coastalocean,
speci�cally thoserelevant to theCMO studysite. For reasonsthat
will soonbecomeapparent,however, welimit ouranalysisto cases
in which diapycnal mixing events are relatively infrequent,and
hencethevorticalmode�eld is,asweshallargue,considerablyless
energeticthanin therealocean.In addition,to balancethetrade-off
betweennumericaltractabilityandgeophysicalrealism,weemploy
(amongothers)two particularnumericaltechniquesto simplify our
computations.First,we arti�cially increasetheCoriolis frequency
in our model by an order of magnitudeso as to reducethe ratio
of thebuoyancy frequency to theCoriolis frequency, Û=Ü•Ý . Thisal-
lowsusto resolve internalwavemotionswhile still integratingover
themany hundredsof inertial periodsrequiredfor modelspin-up.
Second,weusebothNewtonianandhyper-viscositiesin ourmodel.
The former providesa tunableviscosityparameter, while the lat-
ter ensurescomputationalstability. With thesemodi�cations, (see
Sections3 and4 for moredetails),ourgoalis to providea�rst look
athow theadjustmentof mixedpatchesaffectslateraldispersionin
theocean,andhow thisdispersiondependsonexternalparameters.
In thediscussion,wethenrelateour �ndings backto realisticocean
parameterspace,andcommentontheimplicationsof ourresultsto
thecoastalocean.

Theremainderof thispaperis organizedasfollows. In Section2
we review thegeostrophic/ randomwalk scalingof Sundermeyer
(1998)andSundermeyer et al. (in press).Section3 describesthe
numericalmodel. In Section4 we describetheparametersusedin
a basecasemodel run. Also in Section4, we investigatethe de-
pendenceof Þ£ß on relevant modelparameters.In Section5, we
discussthe implicationsof our results.Section6 providesa brief
summaryandconcludes.
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a. MomentumBalance
As a �rst testto determinewhethersmall-scalevorticescaused

by patchymixing could explain lateraldiffusivities observed dur-
ing CMO, Sundermeyer (1998)andSundermeyer et al. (in press)
usedscaleanalysisappliedto thehorizontalmomentumequations
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combinedwith a simplerandomwalk formulationto obtainorder-
of-magnitudeestimatesof theeffective lateraldispersiondueto the
adjustmentof mixed patchesfollowing diapycnal mixing events.
Speci�cally, they consideredtermbalancesin the � componentof
thehorizontalmomentumequation,
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whereall variableshave their traditional meanings,and &0( rep-
resentssomeambientbackgroundviscosity, which may be either
molecularor eddyviscosityrepresentingprocessesoutsidethemix-
ing eventsthemselves.Scalingthis equation,it follows that,
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where
2

, and
5

, representhorizontalvelocity and lengthscales,
respectively,

3

is a characteristictime scale,
:

is theverticalscale
of the mixing events, <�>

*

is the changein strati�cation associ-
atedwith theevents,andthescalingfor thepressuregradientterm
hasbeenobtainedfrom thehydrostaticequation.Thelatterderives
from taking ?
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of thehydrostaticequation,
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equivalentnon-dimensionalform,
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where the Burger number, Bu
�IHGJLKNMOJ

P

J,QDJ

, the Rossbynumber,
Ro

�SR

P

Q

, andtheEkmannumber, Ek
�UTWV

H

J

P .
The above expressionsrepresentthe basicmomentumbalance

associatedwith the relaxationandadjustmentfollowing episodic
diapycnal mixing events. Assumingpatchesof mixed �uid adjust
geostrophically, which basedon therelevanttime andspacescales
estimatedby Sundermeyer et al. (in press)appearedto have been
the caseduring CMO, we envision a classicRossbyadjustment
problem.Thebuoyancy anomalyinducedby diapycnalmixing re-
sults in a horizontalpressuregradientas representedby the �rst
termon therhsof (1). If theanomalyis rotationallysymmetricin
thehorizontal,andif thein�uence of friction is small,thispressure
gradientleadsto aninitial radialspreadingof thewell-mixed�uid
of orderthedeformationradius.As this initial adjustmentoccurs,a
geostrophic�o w is establishedin theazimuthaldirectionsuchthat
themixedregion rotatesanti-cyclonically. Geostrophicadjustment
is not theonly possiblescenario;ageostrophicadjustmentmayalso
occur(Sundermeyer et al., in press). However, herewe focuson
thegeostrophicadjustmentregime.

b. Geostrophic/ RandomWalk Scaling

The theoreticalscaling of Sundermeyer et al. (in press)pro-
videsa �rst estimateof how theeffective diffusivity by small-scale
vorticescausedby patchymixing might vary with key parame-
ters. They showed that for a seriesof mixing events,and for a
given vertical diffusivity, thereexists an optimal scaleof mixing
eventsfor whichamaximumeffectivehorizontaldiffusivity results.
Thismaximumdiffusivity is predictedto occurwhenthehorizontal

scalesof mixing eventsarecomparableto theinternaldeformation
radius, X

�YH�KNM

P , and the vertical scalesare large enoughthat
eventsadjustgeostrophically. In thatcase,thehorizontalvelocity,

2

, associatedwith theadjustmentof thewell-mixed�uid scalesas
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where
5

is thehorizontalscaleof themixing event. Assumingthe
displacementassociatedwith this adjustmentrepresentsa stepin a
horizontalrandomwalk, andthat the stepsize, [ , is given by the
geostrophicvelocity timestheadjustmenttime scale,
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proposedthatthestepsizecanbeexpressedas
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Writing theeffective horizontaldiffusivity asthestepsizesquared
times the frequency of events, a , (i.e., the frequency of taking a
step),it follows thattheeffective horizontaldiffusivity scalesas
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Finally, assumingthatthebuoyancy �ux associatedwith anensem-
ble of mixing eventscanbeexpressedin termsof a diapycnaldif-
fusivity, b

@

(e.g.,GarrettandMunk, 1972),
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andsubstitutingfor <�>
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, andfor the deforma-
tion radius,X
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, they showedthattheeffectivehorizontal
diffusivity in (7) canbeequivalentlyexpressedas
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As discussedby Sundermeyer et al. (in press),the above ex-
pressionfor b

c representsa lower-boundestimateof theeffective
lateraldispersionby small-scalevortices,or vorticalmodes,caused
by patchymixing. Onereasonfor this is thattheabovescalinguses
aninertial time scale,

3

�
\

P , to estimatethedisplacementassoci-
atedwith anindividualevent.However, it is likely thatlongerlived
vorticeswill continueto displace�uid and contribute to stirring
for many inertialperiods,until they areeventuallydissipatedaway.
Although thestirring ef�ciency of any individual vortex likely di-
minishesaftermany eddyrotationperiods(asnearby�uid becomes
mixed),for Ekmannumbersof order10or less,Sundermeyeretal.
(in press)arguedthat the contribution of a given vortex to lateral
stirring shouldstill scaleasthediffusiontime scaledividedby the
inertial period, 7

HGJ
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F

\

P

8

. In the above randomwalk formulation,
oneway of interpretingthis is that it effectively increasesthe fre-
quency of takinga step,hence(7) and(9) become
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and
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If the diffusion time scaleis equalto one inertial period, then
7

HGJ

TWV

F

\

P

8

�

! , and(10) and(11) revert to (7) and(9). However, if

7

HGJ

TWV

F
\

P

89j

! , then b
c will increaseproportionally, aseachaddi-

tional inertial periodthata givenanomalycontributesto stirring is
akin to takinganadditionalstep.While successive “steps”dueto a
givenanomalymaybecomeprogressively lesseffective compared
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to theinitial displacements(sinceno new �uid is beingadvected),
asweshallshow in ournumericalsimulations,thiseffect is limited,
at leastfor Ekmannumberof order10or less.

A secondreasonthat theabove expressionsfor „%… mayrepre-
sentlower boundsis that they do not explicitly accountfor non-
linear interactionsbetweenvortices;rather, they assumethateach
stepoccursin isolation. Theabove formulationthereforedoesnot
entirely accountfor strongly nonlinearinteractionsbetweenvor-
ticesor for vortex merging,bothof which cancanhave signi�cant
effectson theenergy containingscales,andhencecanalter theef-
fective horizontaldiffusivity, „%… . Neitheris this effect accounted
for by the additionof the diffusive time scale, †�‡Gˆ

‰WŠŒ‹;•

Ž%• , although
the latterat leasttakesinto accountthe lifetime of individual vor-
tices.•�‘“’•”o–|—/˜š™�—/›Dœž•�Ÿ¡ r¢£Ÿ¡”;¤

Themajorgoalof thispaperis to testtheabove theoreticalideas
for vortical modestirring asthey mayapply to theocean.To this
end,we have incorporatedinto a numericalmodeltherelevantdy-
namicsof the adjustmentof mixed patchesfollowing diapycnal
mixing events,andtheresultinglateraldispersion.

a. GoverningEquations

We used a fully optimized and parallelizedcode developed
by Winters et al. (2003) to solve the three-dimensional¥ -plane
Boussinesqequationsand an advection/diffusion equationfor a
passive tracer, whoseconcentrationis denotedby ¦ . The model
equationsweresolvedspectrallyona triply periodicdomain:
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whereall variableshave their traditionalmeanings.
Noteworthy in our modelis our useof bothNewtonianviscos-

ity anddiffusivity, representedby »)¼ and „�¼ , andhyper-viscosity
and -diffusion, representedby »

½ and „
½ . While the former are

physicallymotivated,the latter arestrictly numericalinasmuchas
they weredesignedto affect the smallestscalesin both horizon-
tal andvertical directionsin a mannerthat is independentof grid
resolution.The latter is achievedby normalizingthehyperviscos-
ity by themaximumnon-dimensionalwavenumberin therelevant
coordinatedirection,i.e., »¾½

±

»£Ã

½

‹�Ä

½

max, where »£Ã

½

is the morefa-
miliar hyperviscosity. (For grid resolutionsof Å%Æ

±

Å+Ç

±ÉÈ�Ê ,
for example,the horizontalandvertical normalizationfactorsare

Ä

½

max
±ÌË�Á¾Í and ÎDÏ

Ê

°

´

Á

•

® , respectively.) This approachis used
in conjunctionwith the wavenumbertruncationmethodof Patter-
sonandOrszag(1971) to dissipateenergy and tracervarianceat
thesmallestscales.In practice,we usethe

¸

½ viscosityanddiffu-
sion to ensurecomputationalstability. Meanwhile,the

¸

¼ viscos-
ity anddiffusionrepresentthebackgroundviscosityanddiffusivity,

»)Ð and „�Ð , respectively, which areadjustedbasedon dynamical
considerations.Note that For mostof the runsreportedhere,the
Newtonianviscoustime scaleis muchshorterin thevertical than
in thehorizontaldueto thesmallaspectratioof themodeldomain.
Furthermore,hyperviscosityis only importantat thevery smallest
scalesin boththeverticalandhorizontaldirections.

b. ModelSetup

Exceptwhereotherwisenoted,the simulationsdescribedhere
used 64 grid points in the vertical, and either †

ÈÑÊ

°

È�Ê

• or
†

´

ËÑÍ

°

´

ËÑÍ

• grid points in the horizontal. A numberof higher
resolutionrunswerealsoconductedusing †
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Ë�Í

• and
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Ë
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• grid points.Typicalhorizontalandverticaldo-
main sizeswere ÒOÓ
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ÒOÔ

±

Î

ÁÑÁ m (equivalently ÒOÓ

±

ÒOÔ

±

Î

Á¾Á¾Á m after Õ

‹

¥ scaling;seebelow), and Ò~Ö

±

´

Ë

Ï Î m, respec-
tively. Thesescaleswere chosenbasedon observational results,
aswell asconsiderationsof computationalstability andtractabil-
ity. Speci�cally, Sundermeyer et al. (in press)estimatedthedefor-
mation radiusassociatedwith mixed patchesover the New Eng-
land shelf to be approximately×

±UØ)Ë

Î m. A horizontaldo-
mainof 5000m thuscanaccommodatemultiple anomaliesacross
the domain,while avoiding self-interactionof individual anoma-
lies acrossthemodel's periodicboundaries.The latterconditions
arenecessarysothatmultiple anomalieswithin themodeldomain
behave as a (quasi) random�eld of eddiesrather than as an ar-
ray of regularly spacededdiesacrossthe modelsperiodicbound-
ary conditions.Meanwhile,in thevertical,Sundermeyer et al. (in
press)estimatedthatthescalesof mixing eventsrangedfrom about
1–10m. In mostof our simulationswe thususedmixing events
of vertical scale Ù

±

´

Ï

Ë

Î m, sincelarger vertical scaleswould
have necessitatedeven shorterintegrationtime steps. Analogous
to the horizontal,this alsoallowed multiple anomaliesin the ver-
tical, without self-interactionacrossthe model's periodicvertical
boundaries.

c. Initial ConditionsandForcing

To simulatelateralstirring by vortical motions,the modelwas
spunup from a stateof restanduniform strati�cation by injecting
potentialenergy (PE) in the form of randomlyplacedGaussian-
shapedstrati�cation anomalies.This wasdoneby periodicallyim-
posinga short-livedGaussiandiffusivity pro�le of theform
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at randomlocationsin the model in the mannerdescribedby Le-
long andSundermeyer (this issue).Herewe choosethevariances,

æ

Ó , æ

Ô , and æ

Ö to beat least1/20of theoverall modeldomain,so
that, for example,in a 64 gridpoint domain,a Gaussiananomaly
pro�le of width Ê

æ would berepresentedby at least13 gridpoints
in any coordinatedirection(Table1). The imposeddiapycnal dif-
fusivity wasappliedto all dynamicalvariables,namely, ç

¿äè�¿Üé�¿Ü¶ ,
and ¦ . The resultingstrati�cation anomalieswere then allowed
to freely adjustto form small-scalevortical motionsplus internal
waves. This forcing was intendedto representepisodicmixing
eventscausedby arandominternalwavebreaking.Wemadenoat-
temptto explicitly simulatetheturbulentmixing eventsthemselves.
Rather, weparameterizedtheireffectasrandomlyplacedstrati�ca-
tion anomalies,or buoyancy �ux events. Using this approach,the
modelwasspunup to a statisticallystationarystatein which the
input of PEandsubsequentconversionto kinetic energy (KE) was
balancedby dissipation.

d. ModelTracer/ Inferred êBë

Passivetracerwasreleasedinto themodeloncethe�o w reached
a statisticalequilibrium. The initial conditionfor the tracerwasa
Gaussianstreakat thecenterof thedomainorientedwith its major
axisin the Û -coordinatedirection,
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This con�guration allowed us to to evaluatelateral dispersionin
the þ and ÿ directions,but not the � direction.Note,however, that
sincethemodelis homogeneousandisotropicin þ and � , thelatter
did not poseany limitation to our analysis,it merelyallowedusto
diagnosehorizontalmixing coef�cients moreef�ciently .

To ensurethat the tracer streak was at least initially well-
resolved in the model, we usedthe same��� and ��� hereas for
theanomalypro�les, namely1/20of themodeldomain.As above,
thereasonfor thiswasto ensurethattheinitial dyestreakwaswell-
resolved by the model. Although this choiceof tracerscalesalso
�x esthescaleof thetracerpatchrelative to theanomalyscale,this
doesnoteffectour resultssinceit is thelongertermdispersionact-
ing over thescaleof thedomainthatdeterminesthelateraldiffusiv-
ity we areinterestedin, andthis long-termdispersionis insensitive
to the initial conditionaftera relatively shorttime. An additional
advantageof maintainingthescaleof thedyepatchrelativeto scale
of theanomaliesis thatin caseswhenweexpecttwo runsto bedy-
namicallysimilar, this similarity is alsoreadilyapparentin thedye
�elds.

Effective verticalandhorizontaldiffusivities in themodelwere
diagnosedby estimatingthetime rateof changeof thesecondmo-
mentof tracerin the ÿ and þ directions,respectively. For example,
in the þ direction,

���	�
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where
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and $!� is the domainsizein the þ -direction. The expressionfor
the vertical diffusivity is similar. In the trivial caseof no diapy-
cnal mixing eventsbeing introducedinto the model, the vertical
andhorizontaldiffusivities would beequalto theexplicit diffusiv-
ity, �




(providedthattheFickiandiffusivity termin (14)wasmuch
larger than the hyper-diffusivity term, which it was). Any diffu-
sivity in excessof this could thereforebe attributedto stirring by
small-scalevortices,or vorticalmodes,causedby patchymixing.

e. %'&�( andViscousScaling

To keepthe simulationscomputationallytractablethe Coriolis
frequency, ) , wasarti�cially increasedby a factorof 10 compared
to realisticvaluesin the majority of our runs. The effect of this
wasto reducethe ratio of the buoyancy frequency to the Coriolis
frequency, *,+-) , from a realisticvalueof approximately200 to a
moretractablevalueof approximately20. This allowedusto cap-
ture the dynamicsassociatedwith both of thesetime scales,i.e.,
internalwavesandgeostrophicadjustment,without having to per-
form prohibitively long numericalintegrationsor useprohibitively
small time steps.As will be discussedin Section4, this arti�cial
increasein ) did not fundamentallyalter the dynamicsof the ad-
justmentof mixed patchesor the resultantvortical modestirring
in our model, provided that two additionalconditionswere met.
First, in theincreased) runs,we alsoreducedthehorizontalscale
of the anomalies,$ , so asto maintainthe ratio of the sizeof the
anomaliesto thegeostrophicdeformationscale.

�0/2143

5 , andthe
importanceof thenonlinearadvectiontermsin thehorizontalmo-
mentumequations.In otherwords,considering(2), we heldboth
the Burger numberand the Rossbynumber�x ed. This ensured
that the geostrophicdisplacementassociatedwith adjustmentoc-
curredon thesamescalerelative to theanomalies,independentof
thevalueof ) . A consequenceof thisreduced*,+-) scalingwasthat
all horizontalscalesin our modelwerealsoeffectively reducedby
afactorof 10. Thus,for example,arealistichorizontaldomainsize
of $

�

�

$76

�'8:9-9;9 m in our modelbecame$
�

�

$!6

�<8;9;9 m.
A secondcondition for dynamicalsimilarity was that we in-

creasedviscosity/diffusion so as to hold the ratio of the diffusive

time scaleof the anomaliesto the inertial time scale,i.e., the Ek-
mannumber�x ed. The purposeof this was to maintainthe rel-
ative level of importance(or unimportance)of frictional forcesin
both the adjustmentand eventualspin down of geostrophicvor-
tices. This meantthat the molecular/subgridscalediffusivities in
our modelwerealsoscaledcomparedto realisticvalues. Specif-
ically, modeldiffusivities wereof order10 timeslarger thantheir
correspondingrealisticvalues(seediscussionof viscosityparame-
terdependencein Section4e).

The above scalingspreserve the dynamicsassociatedwith the
generationanddecayof vortical modes.However, asnotedby Le-
long andSundermeyer (this issue)they do notexactly preserve the
internalwave�eld. However, sincetheinternalwavesdonot them-
selves contribute signi�cantly to lateral dispersion,and sincein-
teractionsbetweenthe internalwave andvortical mode�elds are
small,this doesnotsigni�cantly effect theresultspresentedhere.

Last,we notethat in theanalysisthat follows, unlessotherwise
indicated,all resultsare reportedin termsof their scaledvalues
in orderto allow directcomputationof variousquantitiesfrom the
scaling. We shall thenrelatethesevaluesbackto realisticvalues
relevantto thecoastaloceanin thediscussionin Section5.

=?>0@BA�C�D�EGF#C

a. BaseParameters
To illustratethe dynamicsof vortical modestirring andto test

theparameterdependencegivenby (10) – (11), we now presenta
seriesof modelrunsfor a rangeof valuesof externalparameters,
includingthebackgroundstrati�cation, * , thehorizontalandver-
tical scalesof mixing events, $ and H , thechangein strati�cation,

I

*


 , rotation, ) , thefrequency of mixing events, J , andsubgrid-
scaleviscosityanddiffusion, K




and �




. We begin by presentinga
basemodelrun, which is representative of thegeostrophicscaling
regimedescribedin Section2. Wethenexamineavarietyof runsin
which we vary differentparametersin turn andin concertin order
to testthedependenceof �

� on theabove variables.
Model parametersfor a typical run in the geostrophicparam-

eter regime are listed in Table 1. Valuesare basedroughly on
observations madeduring the CMO dye-releaseexperimentsre-
portedby Sundermeyer andLedwell (2001) andSundermeyer et
al. (in press),except that, as describedin Section3, we usean
arti�cially increasedvalueof the Coriolis frequency; namely, we
use )

�
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*\[ . Furthermore,for reasonsthat
will be discussedlater, we setthe frequency of diapycnal mixing
events, J , to besmallcomparedwith ) . (Thecaseof larger J will
be discussedin Sections4f and5.) For realistic valuesof buoy-
ancy frequency, * , andanomalyheight, H , our increasedvalueof

) decreasesthedeformationradiusassociatedwith theanomalies,
.

�
/2143

5 , from 250 m to 25 m. To maintain�x ed Burger and
Rossbynumbers,we thereforealsodecreasedthehorizontalscale
of thestrati�cation anomaliesfrom $

�]8:9-9 m to a scaledvalue
of $

�^8;9 m. We similarly reducedthemodeldomainsizefrom
a nominal realistic value of 8:9-9;9 m to a scaledvalue of 8;9;9 m.
Finally, in orderto maintaintherelative importanceof friction, i.e.,
�x ed Ekmannumber, we increasedthe viscosityapproximatelya
factorof 10from realisticvalues,to K




�

�

Y 8_L




9�`�a m
 s`�b . Note
that in orderto avoid stronglynonlinearinteractionsin our model
(seeSection4f), this is slightly larger than the scaledmolecular
value.However, while this is trueof thevalueusedin thebaserun,
arunwith a(scaled)valuesimilartomolecularviscosityis included
in ouranalysisof the K




parameterdependenceof Section4e.
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Table 1. Modelparametersfor baserun.

VariableName Symbol ModelValue ScaledValue

HorizontalandVerticalDomainSize }V~€••}ƒ‚ , }�„ 500m, 12.5m 5 km, 12.5m
Coriolis Parameter … †-‡ ˆk‰‹Š•Œ•Ž�• sŽ�‘ †-‡ ˆ�‰‹Š•Œ-Ž�’ sŽƒ‘

BackgroundStrati�cation “:”

“

„

0.037kg/m• 0.037kg/m•

Interval betweenAnomalies •—– Œ-‡ Œ˜ˆk‰š™œ›

•

Œ-‡ Œ˜ˆk‰š™œ›

•

AnomalyAmplitude ž2Ÿ7 

Ÿ

 

1.0 1.0
AnomalyHorizontalScale }P••¡˜¢ ~#£ ¡˜¢ ‚ 50m 500m
AnomalyVerticalScale ¤¥••¡˜¢ „ 1.25m 1.25m

¦

™

Viscosity §

™

¡-‡ ˆk‰yŠ•Œ-Ž�’ m
™

sŽ�‘¨¡-‡ ˆ?‰PŠ•Œ-Ž�© m
™

sŽ�‘

¦

™

Diffusivity ª ¡-‡ ˆk‰PŠ•Œ Ž�© m
™

sŽ�‘ ¡-‡ ˆ?‰PŠ•Œ Ž�« m
™

sŽ�‘

¦

© Viscosity(horizontal) §

© ¬®­

m© sŽ�‘ –
¦

© Diffusivity (horizontal) ª

© ¬®­

m© sŽ�‘ –
¦

© Viscosity(vertical) §

©

Š˜‡

­

‰yŠ•Œ Žƒ‘G¯ m© sŽ�‘ –
¦

© Diffusivity (vertical) ª

©

Š˜‡

­

‰yŠ•Œ-Žƒ‘G¯ m© sŽ�‘ –
ModelTimeStep °�± 30s 30s
TotalModelRunTime –

¬

Œ˜Œk‰ ™œ›

•

¬

Œ˜Œ�‰ ™œ›

•

TracerInjectionTime – Š•Œ˜Œk‰ ™œ›

•

Š•Œ˜Œ�‰ ™œ›

•
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Figure 2. Time seriesof a) PE anomaly, and b) KE for a typi-
cal modelrun showing spin-upandequilibrationto a statistically
steadystate. Injection of modeltraceris indicatedby arrows and
backgroundshading.Notethatnegative valuesof PEanomalyare
an artifact of the vertically periodicboundaryconditionsandour
methodof forcinganddonotrepresentarealextractionof PEfrom
thesystem(seetext).

b. SpinupandStatisticalEquilibrium

Time seriesof PE andKE for the baserun areshown in Fig-
ure 2. The PE time seriesshows a quasi-steadylevel of energy
modulatedby theinjectionof anomaliesover thecourseof therun.
Note the negative valuesof PE arean artifact of the z-periodicity
in the model and the methodof forcing, and do not representa
real extraction of PE from the system. This is becausealthough
strati�cation anomaliesstrictly representa positive buoyancy �ux,
anomalieswhich are injectednear the top or bottom boundaries
of thedomain(andhencepartially wraparoundthedomainin the
vertical) appearto contribute a negative buoyancy to the total PE
budget. Unfortunately, this effect masksthe initial spin-upof PE
from ²!³	´ to thestationaryequilibriumstate.

TheKE time seriesshows boththespinup from ²h³µ´ andthe
eventualequilibrationover thecourseof therun. Notethatthetime
scalefor spinup is of thesameorderastheverticaldiffusiontime
scalefor theanomalies,in this case,¶�·¸³º¹

™˜»:¼

™

³¾½˜´;´À¿hÁ:Â
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Figure 3. HorizontalKE spectrumfor a typical modelrun show-
ing a spectralshapeindicative of isolatedvortices. The rapid de-
creaseof energy at largewavenumber(small scales)is dueto the
wavenumbertruncationdescribedin thetext.

This is consistentwith the idea that the numberof anomaliesin
the domainat any given time is determinedby the diffusive time
scaletimesthe frequency of diapycnal mixing events. Closerin-
spectionof the time series(not shown, however seeLelong and
Sundermeyer, this issue)further revealsthat the spin down of in-
dividual anomaliesis of the sameorderasthe viscoustime scale
of the anomalies,¶ƒÄÅ³]¹

™
»;Æ

™

³Ç½�´È¿�Á:Â

»-Ã . This suggeststhat
while the KE of individual anomaliesis governedby the viscous
time scale,thetotal KE in themodelis controlledby thediffusive
time scale.

The horizontalKE spectrumof a fully spun-upmodel run is
shown in Figure 3. Particularly noteworthy is the steepspectral
slope,in excessof É

Ž�‘G¯ for largewavenumbers.A similarspectral
shapewasobtainedfor a singleanomaly, exceptthat in that case
thetotalenergy wasless(seeLelongandSundermeyer, this issue).
This is consistentwith the isolatednatureof the vorticesin this
simulation,i.e., thespectrumis simply thesumof thespectrafrom
individual vorticesandassociatedinternalwaves. Simulationsin
which vorticesarenot isolated,andthereforeinteractnonlinearly,
give shallowerspectralslopes.Thiscaseis discussedin Section4f.

c. Evolutionof Ê?Ë-ÌhË-ÍšË-ÎnËÐÏ
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PV, ãXä�åœæ�ç

èfé

Dye

PV, ãXä�åœê�ç

èfé

Dye

Figure 4. Rows from top to bottom: Planviews of (1) Ertel PV with ãXä�åëæ�ç velocity vectorsoverlaid, (2) density
anomaly, (3) dye concentration;vertical slicesof (4) Ertel PV with ãXä�åëê�ç velocity vectorsoverlaid, (5) density
anomaly, (6) dye concentration.Time increasesfrom left to right in eachrow, andis given in termsof numberof
inertial periodsat the top of the �gure. Domainsize is ì;í;íÅîšì:í-í m in plan view, and ì:í-í\îðï˜ñfò ì m in vertical
cross-section.

Planviews andvertical cross-sectionsof velocity, Ertel poten-
tial vorticity (de�ned as PV óõô÷ö�ø:ù

ø:ú¸û

ø:ü

ø:ý�þ�ÿ��

�����

�

), density,
and dye concentrationare shown in Figure 4. Noteworthy are

the positive andnegative PV anomaliesin the plan views of PV,

correspondingto cyclonic and anti-cyclonic vortices formed by

geostrophicadjustmentfollowing diapycnal mixing events. The

presenceof both positive and negative vorticity anomaliesis re-

quiredby conservationof PV, sincediapycnalmixing cannotcreate
or destroy PV, but merelyredistributeit acrosslayers(e.g.,Haynes
andMcIntyre, 1987). Indeedthis canbe seenin vertical sections
of PV, which show individual anomaliesasanti-cyclonic PV cores
boundedby cyclonic PV counter-vorticesabove andbelow.

Planviews of densityanomalyaresimilar in characterto those
of PV, althoughthe detailsdiffer somewhat. Speci�cally, at the
centerof astrati�cationanomaly, thehorizontaldensityanomalyis
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zerowhile thePV is at its maximumvalue. This structureis best
seenin verticalsections(Figure4),whichshow two-lobestructures
in the densityanomaly, correspondingto three-lobestructuresin
PV (seealsoLelongandSundermeyer, this issue).

Tracerdistributionsshow theevolution of thedye from an ini-
tial Gaussianstreakto onethatnearly�lls thedomainin both the
horizontalandverticalby theendof therun. Notethatthehorizon-
tal deformationsof thedyepatchoccurat thescaleof thestirring
vortices.Also, in thevertical,dyeconcentrationshows signi�cant
patchinesscausedby horizontalstirring at differentdepthlevels.
Finally, note that in this simulation,the rapid homogenizationin
thevertical is dueto theexplicit backgrounddiapycnal diffusivity
in themodel,notdiapycnalmixing of episodicmixing events.This
is becausein thisrun,wespeci�cally chose+ to besmallsothatin-
dividual vorticesdid not interactwith oneanother. A consequence
of this is thatthecontribution of episodicmixing to thetotal verti-
cal mixing is alsosmall. As evidencedby Figure4, however, this
doesnot necessarilyimply that theeffect on ,.- by theanomalies
is small.

d. Estimatesof EffectiveDiffusivities

Effective verticalandhorizontaldiffusivities in themodelwere
diagnosedfrom the growth rate of the secondmomentof tracer
in the horizontal and vertical using (18) and its vertical analog
(Figure5). The resultingvertical diffusivity for the baserun was

,0/2143�5 687:9<;>=@? mA s=CB , which,asexpected,wasthesamevalue
astheexplicit Laplaciandiffusivity setin themodel(seeTable1).
This shows that, asnotedabove, thenet vertical diffusivity in the
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Figure 5. Growth of secondmomentsof model tracerin (a) the
D -directionand(b) the E -direction. Dottedlines representthe2nd
momentsde�ned by (18), while solid lines indicatethemaximum
slope,i.e., themaximumdiffusivity. Theasymptoticbehavior for
largetimesin the F./ is a numericalartifactof modeltracerextend-
ing acrossthemodeldomainin theverticaldirection.

model was setby the explicit backgrounddiffusivity, , / , not by
event mixing. The above is consistentwith the fact that mixing
eventsarerelatively infrequentin our modelcomparedto realistic
oceanconditions(seealsoSection5).

Theeffectivehorizontaldiffusivity diagnosedfrom modeltracer
in the D directionwas , - 1G9H5 IJ7:9<;

=0K mA s=CB (Figure5). This
wastwo ordersof magnitudelargerthantheexplicit horizontaldif-
fusivity setin themodel,andwasclearly the resultof lateralstir-
ring, notsubgridscalediffusive processesalone(seealsoFigure4).
Comparingthis valueto thescalingpredictionsof Section2a, we
foundthat theactualhorizontaldiffusivity in themodelwasabout
360timeslargerthanthatpredictedby (7) and(9), andaboutseven
timeslarger than(10) and(11). This is an importantresultof this
study;it suggeststhat theeffective horizontaldiffusivity predicted
by Sundermeyer et al. (in press)holdsto within anunknown con-
stantscalefactor, andthat for theparameterrangeexaminedhere,
thevalueof thatfactorin (10) and(11) is approximately7. As we
shallshallnow show, thisfactorwasapproximatelythesamefor all
therunsexaminedhere.

e. ParameterDependence:L , M , N , O , P , QSR

To determinethedependenceof ,
- on relevant forcing param-

eters,wenext variedthedifferentparametersontheright handside
of (10)and(11),andexaminedtheireffectontheeffectivehorizon-
tal diffusivity in themodel. In choosingwhatparametercombina-
tions to examine,numerousfactorsweretaken into consideration
including the complexity andhigh orderof the parameterdepen-
dencein (10) and(11), theinterdependenceof many of theparam-
eterson theright handsideof (11), andcomputationallimitations
(domainsizetradedoff with integrationtime).

Event Frequency( L ): We beganwith thesimplestparam-
eterdependencefound in (10), the frequency of diapycnal mixing
events, + . To determinethe dependenceof ,.- on + , a seriesof
runswasperformedstartingwith thebaserundescribedabove,and
varying + to be either larger or smaller. The rangeof + spanned
oneorderof magnitude,with thebaserun falling approximatelyin
the middle. A limiting factorin how small we couldmake + was
themodelintegrationtime; for example,to obtainarobustestimate
of diffusivity for +T7UAWV

X

149H5 6�7Y9Z;
=0[ wehadto integratefor ap-

proximately250,000time steps,which on a dual1 GHz processor
linux stationtook approximately2.5 days. While this integration
time is not prohibitive for any individual run, for themany differ-
entparameterdependencieswe examined,plusthenumerouscon-
trol simulations(e.g.,realisticf/N runs,higherresolution,etc.),the
totalnumberof runsandhencethetotalnumberof CPUhourswas
well overanorderof magnitudelargerthanthis. Moreimportantly,
however, is thatthelower theeventfrequency and/orthehigherthe
viscosity, thefurtheroursimulationsgetfrom realityin termsof the
observedvaluesof theseparameters.Meanwhile,at theotherend,
i.e., high event frequency and/orlow viscosity, we encountereda
different limitation, namelythat simulationsceasedto equilibrate
to a statisticallystationarystatein which a meaningfulestimateof
diffusivity couldbemade(seebelow).

Resultsfor ,
- vs. + areshown in Figure6. For small + , ,

-

variedapproximatelylinearlywith + , consistentwith (10)and(11).
For larger + , however, we observeda rapid increasein ,

- , possi-
bly indicatinga transitionto a moreenergetic, stronglynonlinear
parameterregime. Onesymptomof this transitionwasthe failure
of modelKE to equilibrateto a statisticallystationarystate.Since
in thosecasesthe rateof tracerdispersaldependedon when the
tracerwasreleased,for largevaluesof + , themeaningof ,

- was
ill de�ned. We returnto this moreenergetic regime in Section4f.
Nevertheless,an importantconclusionwe draw from Figure6 is
thatat leastin theregimeof interest(i.e., low + ), ,

-]\
+ .

Viscosity( Q�R ): Wenext examinedthedependenceof ,
- on

viscosity, ^

A

. Again a seriesof runswasperformedstartingwith
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the baserun, but this time varying sut . Again the rangespanned
approximatelyanorderof magnitude,with thebaserun falling ap-
proximatelyin themiddle.Analogousto thecaseof low v , a limit-
ing factorfor high valuesof viscositywasmodelintegrationtime,
while for low viscosityit wasthefailureof themodelto equilibrate
to astatisticallystationarystate.

Resultsfor w@x vs. s t areshown in Figure7. For larger s t , we
found an inverselylinear dependenceof w x , consistentwith (10)
and(11). For low sut (high w x ), however, againtherewasa tran-
sition to moreenergetic regime with muchhigher w.x . As in the
caseof high v , this transitioncorrespondedto thefailureof KE to
equilibrateto a statisticallystationarystate.Nevertheless,at least
for largervaluesof s t , weagainconcludethatthescalinggivenby
(10)and(11)appearsto bevalid, i.e., w.x]y{z

|~}

.

Coriolis fr equencyand horizontal event scale( • and
€

): As notedabove, theremainingparameterdependenceof w.x

is somewhatmoredif�cult to verify for avarietyof reasons.Rather
thanexaminingeachof theremainingparametersindividually, we
thereforeexaminedthemin concert,but still by comparingthere-
sultsfor w@x to thepredictionsgivenby (10) and(11). Noting that

•ƒ‚H„

appearsasanon-dimensionalparameterin (11),webeganby
examining … and

„

togethersoasto hold
•ƒ‚†„

, or alternatively the
BurgerandRossbynumbers�x ed.

As our �rst ‡ˆ…Š‰

„(‹

run, we decreased… by a factorof two, and
increased

„

by a factorof two comparedto our baserun. If (10)
holds,we would expect w

x to increaseby a factorof two, since
w@x�yŒ‡

z

•

}

‹

‡
z

ŽZ•

‹

. Indeedour resultsshowedthat w.x increasedby
a factorof 1.8.

As a secondcheckof ‡ˆ…Š‰

„�‹

, we againdecreased… by a factor
of two, and increased

„

by a factorof two. However, this time,
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Figure6. (a)Growth of tracervarianceand(b) effective lateraldif-
fusivity, w

x , causedby vortical modestirring for a seriesof runs
with varying frequency of mixing events, v . In (a), steeperslopes
correspondto higher v . In (b), thesolidcurveswith circlesindicate
modelresults,while dashedline indicatesa lineardependence.

we alsodecreasedviscosity, smt , by a factorof two. In additionto
theBurgerandRossbynumbers,this alsoheldtheEkmannumber
�x ed. If (10)holds,wenow would expect w.x to increaseby a fac-
tor of four, since w@x•y‘‡’z

•

}

‹

‡�z

Ž •

‹

‡
z

|~}

‹

. Again we foundthatour
resultswereconsistentwith (10), speci�cally, w x increasedby of
a factorof 4.3.

As a �nal checkof the dependenceon ‡ˆ…0‰

„(‹

, we performeda
third runwith … decreasedby a factorof two, and

„

increasedby a
factorof two. This time, however, we additionallydecreasedboth
viscosity, sut , andthe frequency of anomalies,v , eachby a factor
of two, i.e., in additionto theBurger, Rossby, andEkmannumbers,
we heldthefrequency of mixing eventsrelative to theinertial time
scale�x ed. Here(10) would thuspredictthat w x shouldincrease
by a factor of two, which it did. More importantly, however, as
expectedfrom thenon-dimensionalform of themomentumequa-
tion, (4), this run wasnearly identicalto the baserun in termsof
the energy, dye variance,andeven the detailsof the vorticity and
dye �elds. (Note that in this casewe alsousedthe samerandom
numberseedfor theanomaliesasin thebaserun.) In otherwords,
the two runsweredynamicallysimilar afterscalingthehorizontal
extent of anomalieswith the deformationradius,andthe viscous
andanomalyrecurrencetimescalesof eventswith theinertial time
scale.This is consistentwith similar �ndings for theadjustmentof
a singleanomalyby Lelong andSundermeyer (this issue),except
thatin thatcasethefrequency of anomalieswasnota factor.

Buoyancy fr equencyand vertical event scale( “ and
”

): To understandthe dependenceof w.x on • and – , we note
that thesetwo parametersplus vertical viscosityanddiffusion are
theonly parametersaffectingverticalscalesin themodel.Further-
more,notethatby varying • and – in concert(andindirectly, —˜• ,
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sincewehold ­˜®Y¯Z°±®Y¯ �x ed),we canagainhold thedeformation
radius, ² , and thus the Burger andRossbynumbers�x ed. As a
�rst testof thedependenceon ® and ³ , we thereforeincreased³

by a factorof two, anddecreased® by a factorof two. According
to (10), this shouldleadto an increasein ´@µ by a factorof four.
Instead,however, themodelshowedanunboundedgrowth in KE,
similar to thatdescribedabove for high ¶ andlow ·

¯

.
We next repeatedthesamerun, but this time we alsoincreased

theviscosityby afactorof four. Basedon(10),thisshouldhavere-
sultedin thesamé µ asin thebaserun,whichit did. Moreover, we
foundthattheresultsof this runwereagaindynamicallysimilar to
ourbaserun. Thiswasagainasexpectedfrom (4), sincethischoice
of parameterspreservesthe Burger, RossbyandEkmannumbers,
aswell asthe frequency of anomaliesrelative to the inertial time
scale.

f. Weakly Nonlinear vs. Strongly Nonlinear Turbulent
Regimes

Thusfar, for low valuesof ´.µ , the numericalresultsarecon-
sistentwith theparameterdependencegivenby (10). However, for
larger ´@µ resulting, for example, from either high ¶ or low ·

¯

,
we foundthatthemodeltransitionedto a moreenergeticregimein
which ´

µ becamevery large. Closerinspectionof thesesimula-
tionssuggestthat in thesecases,stronglynonlinearvortical mode
interactionsledto acascadeof energy to largerscalesandhencean
unboundedgrowth of KE. To betterunderstandthismoreenergetic
regime, we now brie�y examinea simulationsimilar to our base
run,exceptthatwe have increasedthefrequency of mixing events,

¶ , by a factorof 10. Theresultingrun is typical of whatwe found
in this stronglynonlinearturbulentregime.

PEandKE time seriesfor thestronglynonlinearturbulent run
areshown in Figure8. In contrastto the baserun (seeFigure2),
modelKE in thestronglynonlinearrun did not equilibrate;rather
it continuedto increasethroughouttheintegration.Corresponding
to this increasein total KE wasa particularlylargeincreasein the
amountof energy at large scales. The latter was in turn accom-
paniedby an increasein spectralslopeat low wavenumbersfrom
nearlyzeroin thebaserun to about ¸.¹@º in thestronglynonlinear
case,andadecreasein spectralslopeat intermediatewavenumbers
from of order ´

¹¼»ˆ½
in thebaserun to ´

¹.¾
in thestronglynonlin-

earcase(Figure9, comparealsowith Figure3). Noteworthy is the
similarity of theseslopesto thosereportedby previous investiga-
torsin thecontext of two-dimensionalturbulencewithoutandwith
coherentstructures,respectively (e.g.,Basdevantet al., 1981;Ben-
nettandHaidvogel,1983;Babianoetal.,1985;MaltrudandVallis,
1991.Suchsimilarity is consistentwith thequasitwo-dimensional
(i.e.,dominantlyhorizontal)natureof thevelocity �elds associated
with thevorticalmode(e.g.,LelongandSundermeyer, this issue).

Basedon the above runsaswell asothersnot reportedin de-
tail here,wehave foundthatthetransitionto thestronglynonlinear
turbulentregimecanbebroughtaboutby varyinga numberof dif-
ferentparameters.A conditionwhich apparentlyprecipitatesthis
transitionis thatanomaliesaredenselypopulatedin spaceandtime,
eitherby occurringvery frequently, or by lastinga long time, or
both. Assumingthat the transitionthresholdis relatedto the like-
lihood of encountersbetweenindividual vortices,we canestimate
theapproximatedensityof anomaliesrequiredto enablesuchinter-
actions.At a minimum,we expectstronglynonlinearinteractions
to occurif theratioof theviscoustimescaleto therecurrencetime
scaleof eventsis greaterthanor equalto 1, i.e., if anomaliesre-
cur at a given locationbeforeprecedinganomalieshave hadtime
to dissipate,¿¼ÀÂÁ

Ã

°†¶)ÄÆÅ

³

¯

·uÇƒÈ4ÅÊÉ

®

¯

­˜®

¯

´ŠË

³

¯
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®
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(20)

Here · Ç representsthe backgroundviscosity, which we presume
is ultimatelyresponsiblefor dissipatingtheanomalies,while ´ Ë is
thenetdiapycnaldiffusivity dueto episodicmixing (seealsoSun-
dermeyer et al., in press).Assuming Ï�Ð

Ñ

Ï

Ð8Ò

Ã

, this occurswhen
episodicmixing eventscontribute signi�cantly to the overall di-
apycnalmixing, i.e.,when ´0Ë

Í

·uÇ . Notethatthis conditiondoes
not imply thatlateralstirring by small-scalevorticescausedby the
relaxationof mixed patchesis insigni�cant, as evidencedby the
resultsof theprevioussection.

Re�ning (20) somewhat, it canbe shown on simplegeometric
groundsthatstronglynonlinearinteractionsmayoccurevenbefore
theabove thresholdis reached,sincesuchinteractionscanalsooc-
cur if anomaliesaremerelyproximateto oneanother. In practice,
we �nd from theabove runsaswell asothersnot describedin de-
tail here,thatstronglynonlinearinteractionsgenerallyoccurin our
modelfor valuesof ¶
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As �nal checksof thepredictedparameterdependenceandscal-
ing, additional runs were performedto verify both the numerics
andthe scalingdescribedabove. The �rst of thesecheckswasto
examinetheeffect of our reducedí8î›ï scaling,i.e., theuseof an
arti�cially increasedï in our model. To this end, we compared
our baserun to its unscaled(i.e., realistic ï , ð , and ñuò ) analog;
i.e., we decreasedï by a factorof 10 backto a realisticvalueof

ó>ô õ’öø÷Zù�ú@û

s
úCü

, increasedð by a factorof 10 to 500m, decreased
viscosityby afactorof 10to ý

ô õ�ö˜÷Zù>ú@þ

mò s
ú¼ü

, anddecreasedthe
frequency of anomaliesby afactorof 10. As describedin theprevi-
oussections,this combinationof parametervariationsmaintained
�x ed Burger, Rossby, andEkmannumbers,andthe frequency of
eventsrelative to the inertial frequency. As predictedby (4), the
model�elds weredynamicallysimilar to thebaserun, i.e., thetwo
runswerenearlyidenticalafterscaling,with onlyminordifferences
attributableto theinternalwave �eld, providedwe usednumberof
inertialperiodsasthetimemetricfor comparisonratherthansome
absolutemeasuresuchasseconds,or days.Moreover, aspredicted
by (10)and(11), theeffective horizontaldiffusivity, ÿ�� , increased
ten-foldcomparedto ourbaserun.

As a secondcheck,we veri�ed thatour choiceof modelresolu-
tion did not effect the modeldynamics.To this end,we repeated
our baserun, but with doublethevertical andhorizontalgrid res-
olution. As expected,the resultswereagainidenticalto our base
run,suggestingthatmodelresolutionindeeddid not affect our nu-
mericalsolutions.

�������
	���
�	�	������

a. Comparisonwith PredictedScaling

The mostsigni�cant �nding of the presentstudyis that model
resultswereconsistentwith the theoreticalscalinggiven by (10)
and(11). Speci�cally, we found that for a wide rangeof forcing
andviscosity/diffusion parameters,the effective horizontaldiffu-
sivity in the model agreedwith the predictedscalingto within a
constantscalefactor. Basedon theresultsof our numericalsimu-
lations,thevalueof this scalefactor, which in theoriginal scaling
by Sundermeyer et al. (in press)wasassumedto beof order1, is
actuallyabout7. Our resultsaresummarizedin Figure10, which
shows the predictedversusmodeledeffective diffusivities for all
runsdescribedin Section4. The �gure shows an approximately
linearrelationshipbetweenthepredictedandmodeledeffectivedif-
fusivities thatspansalmosttwo ordersof magnitudein ÿ

� . Thus,
basedon oursimulationsto date,we �nd thatthescalingproposed
by Sundermeyeretal. (in press)appearsto berobust,at leastin the
weaklynonlinearregime.

Formally, the above resultsdo not prove the scalinggiven by
(10) and(11), ratherthey merelydemonstrateconsistencewith it.
Figures6 and7 in particularmake a strongcasefor thepredicted
dependenceof ÿ�� on thefrequency of events,andthebackground
viscosity. However, analogousplotsshowing thedependenceon ï ,

ð , � , and í werenot possible,partly dueto thecomplexity of the
parameterdependenceof thesevariables,andpartly due to com-
putational/numericallimitations (seeSection4e). As a result,our
testsusingdifferentvaluesof ï , ð , � , and í donotunambiguously
show thedependenceof thesevariables.For example,by decreas-
ing ï andincreasingð andobtainingtheexpectedincreasein ÿ

� ,
we have arguedconsistency with thedependenceÿ �����

ü

�����

�

ü

 "!

�

in (10). However, thesamechangein ÿ�� couldhaveresultedfrom
adifferentparameterdependence,e.g.,if insteadÿ#�

���

ü

�%$
�

�

ü

 "&

� .
The mostconclusive evidencein supportof the predictedscaling
is that selectcombinationsof the relevant parametersyieldedso-
lutions which weredynamicallysimilar. Sincethe conditionsfor

dynamicalsimilarity areprescribedby (1) – (4), andsincethetheo-
reticalscalinggivenby (10)and(11) is deriveddirectly from these
expressions,the effective horizontaldiffusivity is constrainedby
thesamedynamics.

Anotherimportantpoint regardingour modelresultsis the im-
plicationof thereducedí8îHï scaling,i.e.,our useof anarti�cially
increasedvalueof ï . As notedin Section3e, in all of our increased

ï runs,wealsoreducedð , andincreased' and ñmò by thesamefac-
tor, i.e.,tenfold.Thepurposeof thiswasto holdtheBurger, Rossby
andEkmannumbers�x ed.Oneconsequenceof this,however, was
thattheeffective lateraldiffusivity by vortical modestirring in our
modelwasalsoreducedby a factorof 10, sinceaccordingto (10),

ÿ�� �(�

ü

��� �

�

ü

 "!

�

�*)

+-,

� . While this reductionin ÿ�� is consistent
with thescaling(10) and(11), it alsomeansthat in orderto com-
pareourmodelresultswith realisticoceanvalues,wemustre-scale
the model ÿ � by multiplying by 10 (or 5, in caseswherewe de-
creasedï by a factorof 2 comparedto our baserun). Doing this,
we�nd thatthevaluesin Figures6, 7 and10correspondto realistic
valuesof ÿ � rangingfrom

÷Zù>ú

ò –
÷Zù�úCü

mò s
úCü

.
Theabove valuesof ÿ�� , evenafter re-scaling,arestill consid-

erably smallerthan thoseobserved during CMO. This is despite
ouruseof realisticparametervalueswherever possibleto forcethe
model. The reasonfor this is becauseeven after re-scaling,all
of our modelsimulationshada muchlower frequency of mixing
events, ' , and/ora (slightly) higherbackgroundviscosity, ñ

ò , than
occursin therealocean.Thelargerculprit hereby farwas ' . Sun-
dermeyer et al. (in press)estimatedfor CMO thatthefrequency of
eventsat any given locationwason the orderof at leastonceper
threedays,or aboutoneper four inertial periods(this assumesa
vertical scaleof �/.

÷›ô

ý

õ

m). In contrast,thebaserun described
in theprevioussectionusedavalueof approximatelyoneper3000
inertialperiods.Thereasonfor thischoiceof ' wasthatfor values
larger than this, the model becamestronglynonlinearandhence
effective horizontaldiffusivities could not be unambiguouslyde-
termined. This, admittedly, is a limitation of the simulationsand
scalingpresentedhere.

Aside from ' , and in somecasesñ
ò , all other parameterval-

uesin themodelwerecomparableto realisticvalueseitherdirectly
observedor estimatedduringCMO.Nevertheless,giventheunreal-
istically smallvalueof ' , theexactrelationshipbetweenthesimu-
lationsperformedhereandtherealoceanremainsspeculative. Ex-
trapolatingthepredictedlinearrelationshipbetweenthefrequency
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Figure 10. Predictedversusmodeledeffective horizontaldiffusiv-
ities for all model runs describedin Section4. The dashedline
indicates1:1 correspondencebetweenpredictedandmodeledval-
ues,while thesolid line is basedon equation(10) timesa constant
scalefactorof 7.
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of eventsand the effective diffusivity, (10) and (11) suggestthat
the useof a realisticvalueof N in our modelwould increaseO�P

by threeordersof magnitude.This would bemorethanenoughto
explain the observed O�P during CMO. However, asdescribedin
Section4f, thescalinggivenby (10)and(11)breaksdown for large

N and/orsmall QSR . Speci�cally, we have found that for valuesof
TVUXW

Y�Z-[(\^]`_�a _�bdce_�afbhg , the dynamicsin the model transitionto a
moreenergeticregimecharacterizedby stronglynonlinearvortical
modeinteractions,anda cascadeof energy to largescales.While
theweaklynonlinearscalingmayoffer someinsight,acomparable
scalingfor thestronglynonlinearturbulentregimeis thusneeded.

b. Weakly Nonlinear vs. Strongly Nonlinear Turbulent
Regimes

As notedabove, in theabsenceof otherfactors,thecascadeof
energy to large scalesand the concomitantunboundedgrowth of
KE in our model leadto a muchlarger effective horizontaldiffu-
sivity than(10)– (11)predict.However, in therealoceanwespec-
ulatethat suchan energy cascadecould not continueinde�nitely,
ratherat somescaleit must eventually be arrested. In the open
ocean,the Rhinesarrestscale,determinedby planetary i (e.g.,
Rhines1975) limits the inverseenergy cascadeof geostrophici -
planeturbulence. This scaleis likely too large to be of relevance
over thecontinentalshelf,sinceit is comparableto thecross-shelf
scaleitself. However, in the coastaloceanother processessuch
asshearingor strainingby large-scaleinternalwavesor tidesmay
arrestthe cascadeby limiting theeffective horizontalandvertical
scalesof thevortical mode�eld andmakingit moreproneto vis-
cousdissipation. Preliminarymodelsimulationsof a singlevor-
tex superimposedon a low modebackgroundinternalwave �eld
suggeststhat for suf�ciently strongbackgroundshears,individual
vorticesareindeedeffected.However, exactly how this effectsthe
lateraldiffusivity in thecaseof multiple vorticeshasnot beenex-
amined.A possiblescenariofor how theweaklyandstronglynon-
linearregimesmayberelatedto oneanotherandto anenergy arrest
is shown schematicallyin Figure11. Herethe transitionbetween
thetwo regimesis shown by asharpincreasein theeffective lateral
diffusivity at large Nkj�l

W . However, many aspectsof this picture
have yet to be veri�ed. Among these,futurenumericalstudiesin
thestronglynonlinearregimewill needto addresstheissueof en-
ergy build-up at large scales;speci�cally whetherto allow or re-
move suchenergy, andtherealismof doingso.

c. AnEnergyBudgetApproach

An interestingimplicationof episodic(asopposedto uniform)
diapycnal mixing is the simple fact that someof the PE gener-
atedby episodicdiapycnalmixing eventsis convertedbackto KE
through the processof geostrophicadjustment. In principle, it
shouldthus be possible,with someassumptions,to estimatethe
amountof KE in the vortical mode�eld directly from knowledge
of the net buoyancy �ux, or equivalently, the diapycnal diffusiv-
ity. Considera random�eld of isolateddiapycnal mixing events
as discussedin the previous sections. Classicadjustmenttheory
suggeststhat for a single axisymmetriclens, as much as half of
theavailablePE(APE) maybereleasedduringgeostrophicadjust-
ment (e.g. Garrett,1984; McWilliams, 1988; Arneborg, 2002).
Theexactamountwill dependonavarietyof factors,includingthe
scaleof the initial anomalyrelative to the deformationscale,and
thebackgrounddissipationrate.For example,ananomalywhich is
initially smallrelative to thedeformationradiuswould loseamuch
higherpercentageof its APE throughadjustmentthanananomaly
thatwasinitially of deformationscale.Of theenergy released,pre-
viousstudieshave shown thatbetween30%and50%will becon-
vertedto KE in the form of geostrophicallybalanced�o w, while
theremaining50%– 70%will go to generatinginternalwaves,or

be lost to dissipation(e.g.,Ou, 1986,McWilliams, 1988). Indeed,
Lelong andSundermeyer (this issue)have found that this balance
bearsout in numericalsimulationsof geostrophicadjustmentof a
singlevortex.

In total, the above energy partition implies that up to 15% –
25%of theavailablePEgeneratedthroughdiapycnal mixing may
be convertedbackinto KE in the form of vortical modes.To de-
terminethe total KE of the vortical mode�eld at any given time,
however, we alsoneedto know therateat which this APE is being
supplied,aswell asthedecaytimescaleof thevorticalmode�eld.
Assumingwe know theverticalscaleof mixing events, m , thefre-
quency of events N canbeinferredfrom thenetverticaldiffusivity
causedby theeventsvia (8). Meanwhile,at leastin theweaklynon-
linearregime,thedecaytimescale,j l

Won^p"q

l

W providesameasure
of how longtheindividualgeostrophicvorticeswill last.Following
Sundermeyeretal. (in press),a roughestimateof themagnitudeof
the effective horizontaldiffusivity canthusbe obtainedusingthe
eddydiffusionformulationof Taylor (1921),i.e.,

O Per j#s KE

r
j

s

]`_�atb"u to _�a vSuVg�wx] Productionrateof APEg

jyl

W�z

(21)

where ]`_�afbhu to _�a vSuSg{w Productionrateof APE w

j�l

W represents
the amountof KE generatedthroughgeostrophicadjustment,and
the factor jys representsthe integral time scaleof themotion. As-
sumingthe productionrate of APE is given by the frequency of
diapycnalmixing events,N , timestheAPEof individualevents,

Productionrateof APE n

N

w

|

c

v

}�~�•h€‚•

R

m�ƒ…„

z (22)

that the buoyancy �ux associatedwith a mixing event canbe ex-
pressedin termsof a diapycnal diffusivity per equation(8), and
that the integral time scale,j#s , is of ordertheeddyturnover time,
i.e.,a few inertialperiods,andsubstitutinginto (21), it follows that
thehorizontaldiffusivity shouldscaleas
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Noteworthy is the similarity betweenthis resultand(11), the dif-
ferencebeingthatherethefactor Š�‹

q

Œ

qk•

is implicitly assumedto be
of order1, andprecisevalueof theconstantscale.

Ž�•‘•/’K“8”y•—–8˜�™
’K“8˜

In this study we examined lateral stirring by small-scale
geostrophicmotions,or vortical modes,generatedby the adjust-
mentof mixedpatchesfollowing diapycnal mixing events.A ma-
jor �nding of this work is thattheparameterdependencepredicted
by Sundermeyer et al. (in press)appearsto be robust to within a
constantscalefactorfor whatwehavetermedtheweaklynonlinear
geostrophicregime.Speci�cally, theeffective lateraldiffusivity by
vortical modestirring is generallyabout7 times larger than pre-
dictedby (10) and(11). We have con�rmed a linear dependence
of O

P on the frequency of mixing events,and an inverselinear
dependenceon the backgroundviscosity, Q%š . In addition,based
on a seriesof runs with varying › , m ,

‡

, and
•

, we have also
foundthemodelresultsto beconsistentwith thepredictedparame-
terdependencefor thesevariables.Wefurtherpresentedadditional
argumentsfor how similar scalingcan be obtaineddirectly from
energeticsconsiderations.Noteworthy, is that the latter provide a
meansof relatingtheamountof energy, andhencethe amountof
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Figure11. Predictedeffective horizontaldiffusivity asa functionof °k±C²´³ for all modelrunsdescribedin Sectione.
Predictedvalueshavebeenre-scaledto realisticvaluesbasedon µ·¶V¸ scaling.Thetransitionto thestronglynonlinear
regimedescribedin thetext is shown schematicallyalongwith thehypothesizedenergy arrest.Approximatevalues
of °�±y²

³ inferredfrom the CMO dye releaseexperiments(seeSundermeyer et al., in press)arealsoshown, along
with therespective diffusivities.

stirringby thevortical mode�eld, directly to buoyancy production
by turbulentkineticenergy.

A secondmajor �nding of this study is that thereis an addi-
tional parameterregimewhich is not well describedby thescaling
of Sundermeyer (1998)andSundermeyeretal. (in press),in which
vorticalmodestirringbecomesevenmoreenergetic.Thisregimeis
characterizedby stronglynonlinearvortical modeinteractionsand
anenergy cascadeto largescales,which signi�cantly enhancethe
effective lateralstirring by vortical modes.A key signatureof this
cascadeis a characteristic¹�ºk» to ¹�º�¼ horizontalKE spectrumat
low andintermediatewavenumberssimilar to thosereportedby nu-
merousinvestigatorsin thecontext of two-dimensionalturbulence
withoutandwith coherentstructures.Basedon thisandtheoverall
agreementbetweenthe presentresultsand the quasi-two dimen-
sionalgeostrophicrandomwalk modelof Sundermeyer et al. (in
press),we believe that vortical modestirring in strati�ed waters
maysharemany characteristicswith two-dimensionalturbulence.

Thetransitionbetweentheweaklynonlinearandstronglynon-
linear turbulent regime in our modelappearsto becorrelatedwith
thelevel of nonlinearinteractionsbetweenindividualvortices.This
transitioncanbebroughtaboutin a numberof ways. We hypoth-
esizethat a necessarycondition for the transition is that mixed
patchesmust be denselypopulatedin spaceand time, either by
occurringvery frequently, or by lastinga long time, or both. As
a rough approximation,we expect that strongly nonlinearinter-
actionswill occur if the ratio of the viscoustime scaleto the re-
currencetime scaleof events is greaterthan or equal to 1, i.e.,
if anomaliesrecurat a given locationbeforeprecedinganomalies
have hadtime to dissipate.Basedonsimplegeometricgroundswe
anticipatethat stronglynonlinearinteractionsmay occureven be-
foretheabove thresholdis reached.In practice,wehave foundthat
nonlinearvortical modeinteractionsoccurin our modelfor values
of °k±

²
³¾½L¿`À�Á À�Â�Ã/À�ÁfÂ"Ä .

As noted in our discussion,the strongly nonlinearparameter
regime, reportedon only brie�y here,is believed to be quite rel-
evant to therealocean.An interestingaspectof this stronglynon-
linearregimeis its inverseenergy cascade,which in our numerical
modelleadsto anunboundedbuild-up of energy at largescales.In

therealoceanwe hypothesizethattheremustbesomemechanism
that limits / arreststhis cascade.However, whetheror not this is
actually the casenot yet beenthoroughlyinvestigated,andis the
subjectof ongoingstudy.

Theexistenceof a stronglynonlinearturbulentregimefor large
valuesof °k±y²-³ , andthefactthattheCMO observationsfell within
that regime meansthat we still cannotsay conclusively whether
vortical modestirring canexplain the dispersionobserved during
CMO. The mostwe canassertis thatextrapolationof the weakly
nonlinearscalinginto thestronglynonlinearregimeimpliesthat it
can(seeFigure11). However, we have alreadyshown that these
two regimesbehave quite differently. Understandingthe strongly
nonlinearregime andany possibleenergy arrestis thusa critical
next steptowardunderstandingthedynamicsof vorticalmodestir-
ring, and how the vortical mode �eld is maintainedin the real
ocean. The presentresultsfor the weakly nonlinearregime area
�rst steptowardthatgoal.
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