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Abstract The interaction of surface tidal currents and baroclinic geostrophic eddies
is considered to determine whether energy can be transferred to baroclinic tides by
this process. Theoretical and numerical analyses reveals that when the surface tide
is uniform in the horizontal, the interaction is identically zero, even under resonant
conditions. The resonant interaction results in maximum internal wave excitation
when the horizontal scale of the tide is comparable to that of the eddies. Thus, this
process is not an efficient mechanism for internal wave excitation in the deep ocean
where barotropic tides vary over much larger scales than the eddies, but it may
provide an additional wave source at low latitudes and in coastal regions where tidal
horizontal modulation by topography can be significant.

1 Introduction

A series of surface-drifter observations in the western boundary current of the
subpolar North Pacific found intense near-inertial/near-diurnal frequency motions
trapped within anticyclonic warm-core rings (Rogachev et al., 1992; Rogachev
et al., 1996; Rogachev and Carmack, 2002). The authors speculated that the lower
bound of the internal wave frequency band had been locally decreased by the rings’
negative vorticity (Kunze, 1985), thereby trapping near-inertial waves within the
rings. The proximity of near-inertial and near-diurnal frequencies led them to con-
jecture that the observed waves might have resulted from a diurnal-tide/eddy in-
teraction. However, given their limited data, they could not rule out the role of
wind-forcing or subinertial instability, and the evidence for the suspected role of
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the barotropic tide was circumstantial. Nor was the interpretation of these observa-
tions substantiated by any rigorous theoretical arguments.

Research into tidal generation of linear internal waves in the deep ocean has
largely focused on the interaction of surface tidal currents with topography (e.g.
Cox and Sandstrom, 1962; Wunsch, 1975; Simmons et al., 2004; Garrett and Kunze,
2007), but the mechanism of tide/eddy interaction has not, to our knowledge, been
previously considered. The objective of our combined theoretical and numerical
study is to assess conditions under which internal waves can be generated following
interaction of an oscillating tidal current with a baroclinic geostrophic eddy field.

A summary of the weakly nonlinear theory, first presented in Lelong and Kunze
(2009), is given in Section 2. Numerical results are presented in section 3. Section
4 includes a discussion of results and concluding remarks.

2 Problem definition

This section provides a mathematical description of the problem. Equations of mo-
tion are given in Sec. 2.1. The analogy between resonant wave triads and tide/eddy
interactions is explained in Sec. 2.2, followed by a summary of the multiple-scale
analysis in Sec. 2.3.

2.1 Governing equations

Because of their barotropic structure, tidal flow studies are typically formulated with
the rotating shallow-water equations. Here, the focus on internal wave generation
and the baroclinicity of the eddy field suggests instead that we use a 3D Boussinesq
model with f -plane rotation,
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where uh = {u,v} is the horizontal velocity, w the vertical velocity, b =−gρ/ρ0 the
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constant buoyancy frequency, defined in terms of the mean density profile ρ(z). ê1
and ê3 are unit vectors in the x and z directions.

The effect of the barotropic tide is incorporated as a time-dependent forcing term

F(x,y, t) = U(x,y)
ω2

1 − f 2

ω1
cosω1t

on the right-hand-side of the x-momentum equation. This forcing represents a pa-
rameterization of the variation of sea-surface slope with the tidal cycle and is chosen
to elicit a response of the form u = U(x,y)sinω1t where ω1 denotes the tidal fre-
quency. In the following analysis, we will assume that U is a function of y only,
U = U(y).

The eddy field, consisting of an array of 3D Taylor-Green vortices, is introduced
as an initial condition in geostrophic and hydrostatic balance,

u(t = 0) = Ue(t = 0)cosk2xsin l2ycosm2z (2a)

v(t = 0) = −
∫

∂u
∂x
|t=0dy (2b)

w(t = 0) = 0 (2c)

b(t = 0) =
∫

∂v
∂ z
|t=0dx (2d)

p(t = 0) =
∫

v(t = 0)dx. (2e)

2.2 Wave-triad interactions

The interaction between a barotropic tide and an eddy field bears similarities with
internal wave-triad interactions where the resonant interaction of two waves leads
to the excitation of a third (McComas and Bretherton, 1977; Müller et al., 1986),
and with the resonant interaction between wind-forced pure inertial oscillations and
a turbulent mesoscale eddy field that results in the excitation of a propagating near-
inertial internal wave (Danioux and Klein, 2008).

To illustrate the analogy, we consider a barotropic semidiurnal tide with wavevec-
tor κ1 = {0, l1,0} and frequency ω1 in the presence of an eddy field characterized by
wavevector κ2 = {k2, l2,m2} and advective time-scale 1/(κ2 ·Ue) >> 2π/ω1 where
Ue is a typical eddy velocity. The nonlinear quadratic interaction of the tide with the
eddies excites motions with functional form

eı[k2x± (l1 ± l2)y± m2z± ω1t].

As in the wave-wave interaction problem, the resulting signal is weak under most
conditions. However, if the scales of the barotropic tide and eddy field are such that
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resonance conditions,

κ1±κ2 = κ3 (3a)
ω1 = ω(κ1±κ2). (3b)

where ω is the internal wave dispersion relation

ω(κ3) =

√
N2(k2

3 + l2
3)+ f 2m2

3

k2
3 + l2

3 +m2
3

, (4)

then resonance conditions are satisfied and stronger interaction possible, exciting
an inertia-gravity wave (IGW) whose frequency ω3 matches that of the tide ω1 and
wavevector κ3 = {k3, l3,m3} = {k2, l1 + l2,m2}. In this case, the resonant triad is
comprised of the barotropic tide, eddy field and IGW components with characteris-
tic scales given above.

2.3 Multiple-scale analysis

The interaction has been examined with a weakly nonlinear multiple-scale pertur-
bation method based on a fast wavelike timescale T0 ∼ 1/ f , and a much longer,
advective eddy timescale T1 ∼Ue/L where L is a typical eddy radius (Lelong and
Kunze, 2009). The ratio of the two timescales defines a small parameter, U/ f L = ε ,
known as the Rossby number. In the usual fashion, all variables are expressed as
power series expansions in ε (Kevorkian and Cole, 1981), e.g. for velocity,

u(x; t0, t1) = u(0)(x; t0, t1)+ εu(1)(x; t0, t1)+O(ε2)

where t0 and t1 denote nondimensionalized fast and slow times respectively such
that ∂/∂ t = ∂/∂ t0 + ε∂/∂ t1.

The next step consists in delineating the triad components. To lowest order in ε ,
we assume that both tide and eddy velocities are entirely horizontal.

The barotropic tide velocity is defined to be the vertically averaged horizontal
velocity over the domain depth H

uBT = uh(x; t0, t1) =
1
H

∫ H

0
uh(x; t0, t1)dz. (5)

The tide oscillates on the fast timescale but its amplitude may be modulated on the
slower timescale. Tidal equations are obtained by vertically averaging Eqs. 1a-d.
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The eddy velocity is independent of the fast timescale and defined as the tempo-
rally averaged horizontal velocity

ue(x, t1) = uh(x; t0, t1) =
1
τ

∫ t0+τ

t0
uh(x;τ0, t1)dτ0 (6)

where T0 � τ � T1. Eddy field equations are obtained by temporally averaging
Eqs. 1a-d.
The residual horizontal velocity which is ascribed to internal waves possesses ver-
tical structure and is a function of both timescales. To lowest order, the vertical
velocity is also assigned to the wave component,

uwave = {uh−uBT −ue,w}. (7)

The internal wave evolution is best described by a forced wave equation, derived
from Eqs. 1a-d through algebraic manipulation. In nondimensional form, it is

ε
2 ∂ 2

∂ t2
0

∇
2
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∂ 2

∂ t2
0
(

∂ 2w
∂ z2 )+∇

2
hw+

∂ 2w
∂ z2 = ε(F1 +F2 +F3 +F4 +F5)+ ε

3F6 (8)

where the right-hand-side forcing terms

F1 =
∂ 2

∂ t∂ z
∇h · [(uh ·∇h)uh] (9a)

F2 =
∂ 2

∂ t∂ z
∇h · [w

∂uh

∂ z
] (9b)

F3 = −∇
2
h[uh ·∇hb] (9c)
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2
h[w

∂b
∂ z

] (9d)

F5 =
∂

∂ z
{e3 · [∇× (u ·∇)uh)]} (9e)

F6 = − ∂

∂ t
∇

2
h[uh ·∇hw]. (9f)

There are no non-trivial solutions to Eq. 8 at O(1) and O(ε). At O(ε2), the forcing
terms each contain contributions from eddy/eddy, tide/eddy and tide/tide interac-
tions. Homogeneous solutions of Eq. 8 are of the form exp[±ı(kx+ ly+mz±ωt)]
where ω2 = 1+(k2 + l2)/m2 is the nondimensional form of Eq. 4 when m >
> (k2 + l2). When forcing terms satisfy the homogeneous equation, resonance
occurs, similar to the resonant response of a harmonic oscillator forced at its
natural frequency. Not all solutions of Eq. 8 represent propagating IGWs, but
our present focus is on forced solutions that exhibit propagating internal-wave
exp[±ı(k2x+(l1± l2)y+m2z±ω1t)] behaviour described in Sec. 2.2. Resonant so-
lutions can only be excited if the Fi terms project onto matching frequency and
wavenumber ranges (Ford et al., 2000). This implies that eddy/eddy interactions,
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which occur on very long time-scales, cannot excite an internal tide since their pro-
jection onto the IGW-frequency band is zero. Similarly, tide/tide interactions cannot
project onto IGW vertical scales. Therefore, we need only consider tide/eddy con-
tributions and, more specifically, ones that trigger a resonant response, of the form
sinθ and cosθ where

θ = k2x± (l1 + l2)y±m2z−ω1t0 = k3x± l3y±m3z±ω3t0.

Coefficients for sine and cosine terms are

C±s (t1) = u(0)
e (t1)u

(0)
BT (t1)

k2l1m2

4
(±1± 3l1

4l2
) (10)

C±c (t1) = u(0)
e (t1)u

(0)
BT (t1)

l1m2

16ω1
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k2
2

l2
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2k2
2ω2

1
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). (11)

For circularly shaped eddies (k2 = l2), C±s and C±c achieve a maximum when

l1 = −2
3

l2 and l1 = −4
3

l2 respectively. This yields l3 =± l2
3

, which implies that

l1/l2 must be O(1) for resonant forcing to be most effective.

When barotropic tidal wavenumber l1 = 0, F(0)
1 ≡ 0 since ∇h ·u

(0)
e = 0. More-

over, the sum of F(0)
3 and F(0)

5 exactly cancels due to thermal-wind balance since

F(0)
3 =−∇2

h[u
(0) ∂b(0)

∂x ] and F(0)
5 = ∂ 2

∂ z∂x [(u
(0) ·∇)v(0)] = ∂ 2

∂ z∂x [u
(0) ∂v(0)

∂x ]. Therefore, if
the barotropic tide velocity is uniform, no waves can be excited since all tide/eddy
forcing terms vanish. This result is independent of whether resonance conditions are
satisfied or not. Physically, this situation corresponds to a periodic advection of the
entire water column by the tidal current. Without any horizontal modulation, this
type of motion cannot transfer horizontal energy to vertical motions.

Additional details of the weakly nonlinear solutions are given in Lelong and
Kunze (2009).

3 Numerical simulations

Numerical simulations were performed to check the weakly nonlinear theory. The
numerical model solves the three-dimensional Boussinesq equations on the f -plane
(Winters et al., 2004) in a domain of dimension Lx×Ly×Lz. Boundary conditions
are periodic in both horizontal directions and free-slip in the vertical. To assess
the role of the barotropic tide, we compare the evolution of two different simula-
tions (Runs A and B) that differ only in their tidal forcing. In both cases, the initial
condition consists of a field of vortices in geostrophic and hydrostatic equilibrium,
modulated by Gaussian (in x) and exponential (in z) envelope functions to confine
the eddy field to upper and middle regions of the domain. This configuration allows
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generated waves to radiate away from the presumed eddy source region. The initial
vorticity distribution for Run B is shown in Fig. 1.

Fig. 1 vertical (a) and horizontal (b) cross-sections of vorticity field at t = 0 for Run B. Arrows
indicate the direction and spatial variation of the barotropic tidal forcing.

Tidal forcing is ramped up to full strength over five tidal cycles to ensure smooth-
ness of solutions. Principal run parameters are given in Table 1. Coriolis and buoy-

Table 1 Simulation parameters for domain size Lx×Ly×Lz, tidal wavelength λ1 and eddy wave-
length λ2.

Run Tide Ly Lx Lz λ1 λ2

A 0.03m s−1 6.25×104m 2.5×105m 2400m ∞ 3.12×104m
B 0.03m s−1 4×104m 1.6×105m 2400m 1.33×104m 2×104m

ancy frequencies are f = 10−4s−1 and N = 5× 10−3s−1 respectively. This yields
N/ f = 50, somewhat smaller than typical oceanic values. Using a reduced value of
N/ f while simultaneously reducing horizontal scales of eddies and tide preserves
dynamical similarity with oceanographically relevant parameter regimes in situa-
tions such as this one where the large range of spatial and temporal scales that must
be resolved becomes prohibitively expensive (e.g. Lelong and Sundermeyer, 2005).

Runs A and B differ in the horizontal scale, λ1 = 2π/l1, of the tidal forcing. In
Run A, λ1 is much larger than the scale of the dominant eddies λ2 = 2π/l2, a case
characteristic of deep-ocean conditions. In contrast, in Run B, λ1 = O(λ2), as might
occur on the continental shelf or at low latitudes. In both Runs B and C, eddy and
tide parameters are chosen to satisfy resonance conditions Eqs. 3a,b.

All runs, including one in which the tide was turned off (not shown), exhibit
some degree of low-level internal wave radiation initially. Some weak radiation oc-
curs because the balance of the initial flow is inherently limited by finite numerical
resolution. This was confirmed by noting a decrease in initial wave radiation with
increasing numerical resolution (not shown). Another source of waves arises from
the initial array of localized vortices not being an exact solution of the nonlinear
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equations (in contrast to the periodic array of vortices used in Sec. 2.3). Over time,
nonlinear effects act to distort the initial state, resulting in some wave radiation. This
was verified numerically by performing a linear simulation in which nonlinear terms
and tidal forcing were set to zero. In this case (not shown), the vortices retained their
initial balanced state and the resulting wave radiation dropped by several orders of
magnitude compared to the nonlinear case.

In Run B, eddy and tidal scales are chosen to maximize the strength of the forc-
ing terms in Eq. 10. Ly encompasses exactly two λ2 and three λ1. To allow for
horizontal and vertical wave propagation, Lx = 4Ly, and in the vertical Lz = 6λz2
where λz2 = 2π/m2.

If residual u and v (defined by Eq. 7) and w represent linear internal waves of fre-
quency ω1 and wavevector κ3, then u and v components should be π/2 out of phase
and their amplitudes should differ by a factor of ω1/ f . Similarly, w will be π out of
phase with residual u and scale as (κh3/m3)u. Residual u, (ω1/ f )v and−(m3/κh3)w
are plotted for each simulation in Fig. 3. In Run A, corresponding to the case where
l1 = 0 in the theory, residual horizontal velocities are inertial oscillations (Lelong
and Kunze, 2009). The residual velocities in Run B, for which resonant forcing is
maximum, are an order of magnitude larger than in Run A and have phase behavior
consistent with propagating internal waves. The velocities, which are initially zero,
begin to grow in response to the strong interaction between tidal and eddy fields.
(Fig. 3c). They oscillate with the tidal frequency and their amplitudes grow on the
slow time scale.

Fig. 2 Time evolution of u, (ω1/ f )v and −(m3/κh3 )w for Runs A (λ1 >> λ2) and B (λ1 ≈ λ2), at
a point away from the eddy field.
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Fig. 3 Cross-sections of w in Run B at t=3.5 T (a,d), t=7 T (b,e) and 10 T (c,f); T is the tidal
period. Left panels represent vertical cross-sections (only top half of domain is shown), right panels
horizontal cross-sections; dotted lines indicate corresponding positions of horizontal and vertical
planes. Displayed data spans ±2×10−4m s−1.

Cross-sections of w at three different times for Run B are shown in Fig. 3. The
first emitted waves, visible on the outer edges of Fig. 3 (a,d) are barotropic and lack
horizontal structure. These weak waves radiate in response to the initial adjustment
discussed above. The next set of emitted waves, visible on the flanks of the eddy
region by t = 3T [Fig. 3 (a,d)], are much stronger and exhibit well defined vertical
and horizontal structure. By t = 7T , definite mode-1 horizontal wavelength in y and
mode-6 vertical wavelength are evident (Fig. 3(b,e)], corresponding to l3 = l1− l2
and m3 = m2, as predicted by the theory for resonantly forced waves. Analysis shows
that the energy source for the waves is the eddy field rather than the tide (Lelong and
Kunze, 2009). This is quite different from the resonant forcing of internal waves by
interaction of near-inertial oscillations and geostrophic eddies (Danioux and Klein,
2008), in which the eddy field acts as a catalyst in transferring near-inertial energy
to waves.
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4 Conclusions

The interaction of a barotropic tide with a geostrophic eddy field as a potential in-
ternal wave source has been examined theoretically and numerically. As predicted
by the theory, interaction is negligible when the tidal wavelength is much larger
than the eddies’ even when resonance conditions are met. When the tide varies
on lengthscales comparable to the eddy field’s, resonant interaction is maximized.
This is unlikely to occur in the mid- and high-latitude open ocean where barotropic
tidal lengths are O(1000 km) while dominant eddy lengthscales are at the Rossby
lengthscale U/ f ∼ O(100 km). These two lengthscales become more compara-
ble on the continental shelf and at low latitudes. We conclude that the mechanism
of eddy/tide interaction, conjectured by Rogachev et al. (1992) to explain the in-
tense near-inertial waves observed in western North Pacific anticyclonic vortices, is
unlikely. The observed oscillations were more likely wind-generated near-inertial
waves.

In the deep ocean, shallow-water waves can exist for f << ω <<
√

g/H (∼ 5×
10−2rad s−1 for water depth H = 400m) with horizontal wavelengths much greater
than H. Though there is little barotropic variance outside of tidal frequencies, higher
frequencies with lengthscales matching those of the eddy field will more efficiently
transfer energy to internal waves than tidal frequencies (Lelong and Kunze, 2009).
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