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The interaction of barotropic currents and baroclinic geostrophic eddies is considered
theoretically and numerically to determine whether energy can be transferred to an
internal wave field by this process. The interaction is identically zero when the current is
uniform in the horizontal. Maximum internal wave generation occurs when the current
horizontal scale is comparable to that of the eddies. Thus, this process is not an effective
mechanism for internal wave excitation in the deep ocean where barotropic tidal scales
current are much larger than eddies’, but it may provide an additional source of internal
waves in coastal areas where horizontal modulation of the tide by topography can be
significant.

1. Introduction
The motivation for this study comes from a series of surface-drifter observations in

the western boundary current of the subpolar North Pacific which showed intense near-
inertial/near-diurnal frequency motions trapped within anticyclonic warm-core rings (Ro-
gachev et al., 1992; Rogachev et al., 1996; Rogachev and Carmack, 2002). The authors
speculated that the lower bound of the internal wave frequency band had been locally
decreased by the rings’ negative vorticity (Kunze, 1985), trapping the near-inertial waves
within the rings. The proximity of the near-inertial and near-diurnal frequencies led them
to speculate that the waves might have resulted from a diurnal-tide/eddy interaction.
However, given their limited data, they could not rule out the role of wind-forcing or
subinertial instability: the evidence for the suspected role of the barotropic tide was, by
and large, circumstancial and not substantiated by any theoretical arguments. Nor does
this mechanism appear to have been considered rigorously in previous work. The objec-
tive of this paper is to examine theoretically and numerically this overlooked mechanism
for internal tide generation.

Research into tidal generation of linear internal waves in the deep ocean has largely
focused on the interaction of surface tidal currents with topography (Cox and Sandstrom,
1962; Wunsch, 1975; Simmons et al., 2004; Garrett and Kunze, 2007). Bell (1975) devel-
oped a complete theory for the case of small-amplitude (topographic height h� bottom
depth H), gently sloped (bottom slope α < ray slope s) two-dimensional topography
h(x, y), including the case of finite excursions relative to the topographic length-scale.
This approach has been extended to 1D cases where α/s→ 1 by St. Laurent and Garrett
(2002), Balmforth et al.(2002) and Llewellyn Smith and Young (2002). Thorpe (1992)
and MacCready and Pawlak (2001) examined the case of bottom roughness on a slope.
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The case of finite amplitude and finite slope has proven more challenging though topo-
graphic features of these characteristics are clearly important to transfer of energy from
barotropic to baroclinic tides (Morozov, 1995; Egbert and Ray, 2001; Ray and Mitchum,
1997) . Insight has largely been gained by examining idealized 1-D topographies (Khati-
wala, 2003; Llewellyn Smith and Young, 2003; St. Laurent et al., 2003; Petrelis et al.,
2006) or from observations (e.g., Pingree and New, 1989; Althaus et al., 2003; Rudnick
et et al., 2003; Nash et al., 2006; Lee et al., 2006). Generation by general 2-D topography
has required numerical simulation (Holloway and Merrifield, 1999; Merrifield and Hol-
loway, 2002; Simmons et al., 2004 ). A monograph (Vlasenko et al., 2005) and a recent
review (Garrett and Kunze, 2007) discuss mostly theoretical aspects of tide/topography
interaction.

Here, we consider the interaction of an oscillating tidal current with a baroclinic
geostrophic eddy field. The geostrophic eddy field time scale is an advective time scale,
much longer than the tidal period. In a multiple-scale formulation, the eddy field varies
on a slow time scale compared to the fast time scale which describes tidal motions. If
the characteristic length-scales of the eddy field and tide combine to match those of an
internal wave of tidal frequency, a resonant interaction might occur similar to the wave-
wave triad resonant interactions which transfer energy efficiently between internal waves
(McComas and Bretherton, 1977).

The general mathematical framework for delineating eddy motions, barotropic and
internal tides is presented in the following section. In section 3, we examine a simple
prototype flow and establish conditions under which resonance between the eddy field
and barotropic tide might occur. Section 4 presents numerical results. Discussion of our
results is provided in Section 5. Concluding remarks are given in Section 6.

2. Problem Definition
2.1. Wave-triad interactions

The envisioned interaction between a barotropic tide and an eddy field bears similari-
ties with internal wave-triad interactions (McComas and Bretherton, 1977; Müller et al.,
1986) and with the resonant interaction between wind-forced, near-inertial motions and
a turbulent mesoscale eddy field recently studied by Danioux and Klein (2008). To il-
lustrate, we consider a barotropic semidiurnal tide of frequency ω1 and wavenumbers
~κ1 = {k1, l1, 0} and an eddy field with characteristic wavenumbers ~κ2 = {k2, l2,m2}
and time scale

1
k2U

. Typical eddy timescales are much longer than the tidal period and

the nonlinear quadratic interaction of the tide and eddy components therefore excites
motions with functional form proportional to

eı[(k1±k2)x ± (l1 ± l2)y ± m2z ± ω1t].

Under most conditions, the interaction is weak. However, if the scales of the barotropic
tide and eddy field are such that

~κ1 ± ~κ2 = ~κ3 (2.1a)
ω1 = ω(~κ1 + ~κ2) (2.1b)

are satisfied for either the two ”+” or ”-” relations, then a stronger resonant interac-
tion is possible, exciting an inertia-gravity wave (IGW) of frequency ω3 = ω( ~κ3) and
wavenumber ~κ3 = {k3, l3,m3} = {k1 + k2, l1 + l2,m2}, where
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Figure 1. barotropic tide, eddy and BC locations in (a) vertical wavenumber - frequency space,
(b) horizontal wavenumber-vertical wavenumber space and (c) horizontal wavenumber-frequency
space

ω(κ3) =

√
N2(k2

3 + l23) + f2m2
3

k2
3 + l23 +m2

3

(2.2)

is the dispersion relation for IGWs. The resonant triad is comprised of barotropic tide,
eddy field and IGW components with characteristic scales given above. In our case,
the time scale over which the eddy field evolves is much longer than the tidal period.
Therefore, ω1 ≈ ω3. The relative locations of the barotropic tide, eddy and baroclinic
tide components in wavenumber-frequency space are illustrated schematically in Figure
1. Substituting l1, k2, l2 and m2 into ( 2.2), and introducing θ as the angle between the
eddy wavevector ~κ2 and the horizontal axis yields an expression for (normalized) l1 as a
function of θ,

l1
‖κ2‖

= − cos θ ±
√
ω2

1 sin2 θ − 1 (2.3)

The locus of resonant l1 values is shown in Figure 2. l1 = 0, corresponding to the
largest tidal scales, occurs when θ =

π

3

2.2. Mathematical formulation

Model equations are the f -plane Boussinesq equations,

∂uh

∂t
+ (uh ·∇h)uh + w

∂uh

∂z
+ ∇hp+ fê3 × uh = ê1F (y, t) (2.4a)

∂w

∂t
+ (uh ·∇h)w + w

∂w

∂z
+
∂p

∂z
− b = 0 (2.4b)

∂b

∂t
+ (uh ·∇h)b+ w

∂b

∂z
+N2w = 0 (2.4c)

∇h · uh +
∂w

∂z
= 0 (2.4d)
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Figure 2. Locus of resonant tidal wavenumbers l1 as a function of θ where
tan θ = m2/

p
(k2

2 + l22). l1 has been normalized by ‖κ2‖. The 2 branches refer to the ±
branches of Eq. 2.3 .

where uh = {u, v} is the horizontal velocity, w the vertical velocity, b = −gρ/ρ0 the

buoyancy and p the pressure. N =

√
− g

ρ0

dρ(z)
dz

is the constant buoyancy frequency,

defined in terms of the mean density profile ρ(z), and f the Coriolis frequency. ê1 and
ê3 are unit vectors in the x and z directions.

The effect of the barotropic tide is incorporated as a time-dependent forcing term

F (y, t) = U(y)
ω2

1 − f2

ω1
cosω1t

on the right-hand-side (right-hand-side) of the x-momentum equation. This forcing rep-
resents a parameterization of the variation of sea-surface slope with the tidal cycle and
is chosen to elicit a response of the form u = U(y) sinω1t where ω1 denotes the tidal
frequency.
The eddy field is introduced as an initial condition in geostrophic and hydrostatic balance.

2.3. Scaling
The scaling is based on the requirements that:
• Coriolis and pressure-gradient terms be of the same order and present in the lowest-

order equations.
[P ] = ρ0fUL

.
• buoyancy and pressure fields be in hydrostatic balance, leading to

[B] =
[P ]
ρ0H

=
fU

δ

where aspect ratio δ = H/L = W/U . Here, L and H are horizontal and vertical length-
scales, U and W horizontal and vertical velocity scales. The Rossby number

ε ≡ U

fL

is introduced as a small parameter.
We make the additional reasonable assumptions that H ∼ εL and W ∼ εU which

sets δ = O(ε). Typical oceanic values for f/N are O(10−2), of the same order as ε
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based on a midlatitude f = 10−4 s−1, geostrophic eddy velocity-scale of O(0.1ms−1)
and length-scale O(105m) . Therefore, the assumption that the aspect ratio δ is O(ε)
is justified. This implies that the Burger number Bu = (NH/fL) ∼ O(1). With this
scaling, nondimensional equations are

∂u∗

∂t∗
+ εu∗h · ∇∗hu∗ + εw∗

∂u∗

∂z∗
+
∂p∗

∂x∗
− v∗ = U∗(y)

ω∗1
2 − 1
ω∗1

cosω∗1t
∗ (2.5a)

∂v∗

∂t∗
+ εu∗h · ∇∗hv∗ + εw∗

∂v∗

∂z∗
+
∂p∗

∂y∗
+ u∗ = 0 (2.5b)

ε2
∂w∗

∂t∗
+ ε3u∗h · ∇∗hw∗ + ε3w∗

∂w∗

∂z∗
+
∂p∗

∂z∗
− b∗ = 0 (2.5c)

∂b∗

∂t∗
+ w∗ + εu∗h · ∇∗hb∗ + εw∗

∂b∗

∂z∗
= 0 (2.5d)

∇∗h · u∗h +
∂w∗

∂z∗
= 0. (2.5e)

( 2.5a-e), along with suitable initial conditions, provide the starting point for the delin-
eation of the barotropic tide, eddy field and IGW fields. From now on, all variables will
be nondimensional but asterisks will be omitted for simplicity.

2.4. Multiple-scale formalism

The problem may be formulated in terms of multiple time scales, a fast time scale T0 =
1/f (with which the equations were nondimensionalized) characterizing the barotropic
tide and IGWs, and a slow advective time scale T1 = L/U which better describes the
evolution of the eddy field. The Rossby number ε is the ratio of these two time scales.
The choice of fast time scales is not unique: the tidal period could also have been used.
However, our choice results in simpler equations since inertial motions are natural modes
of the rotating Boussinesq equations.

In terms of these two variables, the partial time derivative becomes

∂

∂t
=

∂

∂t0
+ ε

∂

∂t1

where t0 = t/T0 and t1 = t/T1.
The next step consists of delineating barotropic tidal, internal wave and eddy flow

components. There are several, somewhat equivalent, ways to proceed. We may define
the eddy field as the potential-vorticity-carrying part of the flow. Waves, in contrast,
do not possess potential vorticity. This approach has the drawback that it does not
distinguish between barotropic and internal tides. An alternate decomposition, which
we have chosen, relies on fast and slow time scales but differs in the definition of the
various flow components, and allows for the delineation of the two tidal components.
Here, we define the eddy field as the temporally averaged (over the fast time scale)
component of the horizontal flow, the barotropic tide as the vertically averaged part of
the horizontal flow field, and the internal tide as the residual flow which represents the
tidal flow’s projection onto the higher (nonzero) vertical modes. Since lowest-order eddy
and barotropic tide velocities are horizontal, the internal tide accounts for all the vertical
velocity at higher vertical modes. This decomposition is exact only for times less than
1/ε. For longer times, temporal averaging over the fast time can still be done, but the
relationship between eddy and time-averaged fields is no longer exact.
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3. Weakly nonlinear theory
At this point, each variable is expanded in powers of the Rossby number ε. For instance,

the velocity is,

u(x; t0, t1) = u(0)(x; t0, t1) + εu(1)(x; t0, t1) +O(ε2). (3.1)

This power series is unique provided that each u(i) remains O(1) for all time (e.g.,
Kevorkian and Cole, 1981).

3.1. Eddy field
The eddy velocity is defined as the temporally averaged velocity

ue(x, t1) = u(x, t0, t1) =
1
T

∫ t0+T

t0

u(x; τ0, t1) dτ0 (3.2)

where T0 � T � T1. Eddy-field equations are obtained by temporally averaging 2.5
(a-e)

0 = ε
∂

∂t1
(u(0 + εu(1)) + ε(u(0) + εu(1)) · ∇(u(0) + εu(1)) +∇(p(0) + εp(1))

+î3 × (u(0) + εu(1)) + (b(0) + εb(1))î3 (3.3a)

0 = ε
∂

∂t1
(b(0) + εb(1)) + w(0) + εw(1) + ε(u(0) + εu(1)) · ∇(b(0) + εb(1)) (3.3b)

0 = ∇ · (u(0) + εu(1)) (3.3c)

where temporally averaged fields are denoted by an overbar. More realistic, surface-
confined representations of the eddy field will be considered in the numerical simulations
but, to illustrate the theory, we first consider simple initial conditions consisting of an
array of three-dimensional Taylor-Green vortices

u(t = 0) = Ue(t = 0) cos k2x sin l2y cosm2z (3.4a)

v(t = 0) = −
∫
∂u

∂x
|t=0dy (3.4b)

w(t = 0) = 0 (3.4c)

b(t = 0) =
∫
∂v

∂z
|t=0dx (3.4d)

p(t = 0) =
∫
v(t = 0)dx. (3.4e)

Eddy parameters are chosen to satisfy resonant conditions 2.1(a-b) with the + sign.
Lowest-order eddy equations are

∇p(0) + î3 × u(0) + b(0)̂i3 = 0 (3.5a)

w(0) = 0 (3.5b)

∇ · u(0) = 0 (3.5c)

or, written more succinctly in terms of a linear operator L ,

L(0) = 0

with solutions

u(0)
e = Ue(t1) cos k2x sin l2y cosm2z (3.6a)
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v(0)
e = −Ue(t1)k2 sin k2x cos l2y cosm2z

l2
(3.6b)

b(0)e = −Ue(t1)m2 cos k2x cos l2y sinm2z

l2
(3.6c)

Lowest-order eddy solutions do not deviate from their initial state on the fast time scale.
Slow-time behaviour remains undetermined at this order.

3.2. Barotropic tide
The barotropic tide velocity, defined as the vertically averaged velocity over the domain
depth H

uBT = u(x, y, t0, t1) =
1
H

∫ H

0

u(x; t0, t1) dz, (3.7)

obeys the vertically averaged equations

(
∂

∂t0
+ ε

∂

∂t1
)(u(0) + εu(1)) + ε(u(0) + εu(1)) · ∇(u(0) + εu(1)) + î3 × (u(0) + εu(1))

= î1U(y)
(ω2

1 − 1)
ω1

cosω1t0 (3.8)

with homogeneous initial conditions. Vertically averaged fields are denoted by two over-
bars. In all cases considered here, the horizontal variability of the barotropic tide is
limited to the y-direction and the tidal forcing amplitude is of the form,

U(y) = UT cos l1y

where UT is allowed to vary in time, albeit slowly. To lowest order,

∂u(0)

∂t0
− v0 = UT

(ω2
1 − 1)
ω1

cos l1y cosω1t0 (3.9)

∂v(0)

∂t0
+ u(0) = 0 (3.10)

which can be combined into a single equation

∂2u(0)

∂t20
+ u(0) = −UT (ω2

1 − 1) cos l1y sinω1t0

with initial conditions

u(0)(t = 0) = 0
and

∂u(0)

∂t0
|t=0 = UT

(ω2
1 − 1)
ω1

cos l1y,

leading to linear combinations of tidal-frequency and inertial wave responses,

u(0) = u
(0)
BT = UT (cos l1y sinω1t0 −

cos l1y
ω1

sin t0)

v(0) = v
(0)
BT = −

∫
u(0)dt0 = UT

cos l1y
ω1

(cosω1t0 − cos t0)

The sin t0 and cos t0 terms are homogeneous solutions of the linear equations of motion
and represent free oscillations of the fluid at the Coriolis natural frequency f .
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3.3. Baroclinic tide
The evolution of the internal tide is best described by a forced wave equation, derived
from ( 2.5a-e) through algebraic manipulation,

ε2
∂2

∂t20
∇2

hw +
∂2

∂t20
(
∂2w

∂z2
) +∇2

hw +
∂2w

∂z2
= ε(F1 + F2 + F3 + F4 + F5) + ε3F6 (3.11)

where the right-hand-side forcing terms

F1 =
∂2

∂t∂z
∇h · [(uh · ∇h)uh] (3.12a)

F2 =
∂2

∂t∂z
∇h · [w

∂ uh

∂z
] (3.12b)

F3 = −∇2
h[uh · ∇hb] (3.12c)

F4 = −∇2
h[w

∂b

∂z
] (3.12d)

F5 =
∂

∂z
[~e3 · [∇× (u · ∇)uh)]] (3.12e)

F6 = − ∂

∂t
∇2

h[uh · ∇hw] (3.12f)

each contain contributions from eddy/eddy, tide/eddy and tide/tide interactions. Ho-
mogeneous solutions of ( 3.11) are of the form exp(±ı(kx+ ly +mz ± ωt) where ω2 =
1 + (k2 + l2)/m2 is the nondimensional form of the IGW dispersion relation 2.2. When
forcing terms satisfy the homogeneous equation, resonance occurs, similar to the resonant
response of a harmonic oscillator forced at its natural frequency. Not all solutions of 3.11
represent propagating IGWs, but our present focus is on forced solutions that exhibit
internal-wave exp{±ı[k2x+ (l1 ± l2)y +m2z ± ω1t]} behaviour for which wavenumbers
and frequencies satisfy the IGW dispersion relation. Resonant solutions can only be ex-
cited if the Fi terms project onto matching frequency and wavenumber ranges (Ford,
McIntyre & Norton, 2000). This implies that eddy/eddy interactions, which occur on
very long time scales, cannot excite an internal tide since their projection onto the IGW-
frequency band is zero. Similarly, tide/tide interactions cannot project onto small IGW
vertical scales. Therefore, only eddy/tide interactions need be considered for the problem
at hand since they are the only ones susceptible of producing the desired response.

The lowest-order wave equation is

∂2

∂t20
(
∂2w(0)

∂z2
) +∇2

hw
(0) +

∂2w(0)

∂z2
= 0 (3.13)

with homogeneous initial conditions. Therefore, w(0) ≡ 0.

At the next order, equations yield the fast-time evolution of u(1) and b(1) as well as
the slow-time dependence of u(0) and b(0) . O(ε) eddy equations are

L(1) =


−∂u(0)

∂t1
− (u(0) · ∇)u(0)

−∂b(0)

∂t1
− (u(0) · ∇)b(0)

0.

(3.14)

On the right-hand-side, the first term represents variation of lowest-order solutions on
the slow time scale. The second right-hand-side term describes forcing by nonlinear in-
teractions of the O(1) solutions.
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O(ε) tide equations are,

∂u(1)

∂t0
− v1 = −u(0) · ∇u(0) − ∂u(0)

∂t1
(3.15a)

∂v1
∂t0

+ u(1) = −u(0) · ∇v(0) − ∂v(0)

∂t1
(3.15b)

b(1) = 0 (3.15c)

∂b(1)

∂t0
= −u0h · ∇hb(0) (3.15d)

and the O(ε) IGW equation is,

∂2

∂t20
(
∂2w(1)

∂z2
) +∇2

hw
(1) +

∂2w(1)

∂z2
= F

(0)
1 + F

(0)
3 + F

(0)
5 (3.16)

where the F (0)
i notation indicates dependence on the lowest-order solutions. Note that

Fi terms that contain factors of w do not contribute at this order, since w(0) = 0.
Since our primary objective is to diagnose IGW generation, we first focus on tide/eddy
contributions to the three right-hand-side terms of ( ??) that elicit a resonant response,
i.e. terms of the form sin θ and cos θ where

θ = k2x± (l1 + l2)y ±m2z − ω1t0 = k3x± l3y ±m3z ± ω3t0.

Two resonant terms with coefficients

C±1 (t1) = u(0)
e (t1)u(0)

BT (t1)
k2l1m2

4
(±1± 3l1

4l2
) (3.17)

C±2 (t1) = u(0)
e (t1)u(0)

BT (t1)
l1m2

16ω1
(∓l1 ±

k2
2

l2
∓ l2 ±

2k2
2ω

2
1

l2
). (3.18)

are found. Assuming circularly shaped eddies, k2 = l2, and C±1 and C±2 achieve maxima

when l1 = −2
3
l2 and l1 = −4

3
l2 respectively. This yields l3 = ± l2

3
, which implies that

l1/l2 must be O(1) for resonant behaviour to be most effective.

When barotropic tidal wavenumber l1 = 0, F (0)
1 ≡ 0 since ∇h · u(0)

e = 0. More-
over, the sum of F (0)

3 and F (0)
5 exactly cancels due to thermal-wind balance since F (0)

3 =
−∇2

h[u(0) ∂b(0)

∂x ] and F (0)
5 = ∂2

∂z∂x [(u(0)·∇)v(0)] = ∂2

∂z∂x [u(0) ∂v(0)

∂x ]. Therefore, if the barotropic
tide velocity is uniform, all tide/eddy forcing terms are identically zero and no waves can
be excited since all tide/eddy forcing terms are identically zero, independently of whether
resonance conditions are satisfied or not. Physically, this situation corresponds to a pe-
riodic advection of the entire water column by the tidal current. Without any horizontal
modulation, this type of motion cannot transfer horizontal energy to vertical motions.

Next, we examine the slow-time behaviour of the lowest-order solutions. This is found
by eliminating secular terms, i.e. terms which can lead to a breakdown of the uniqueness
condition of the perturbation expansions. In this respect, ?? are not helpful since the
left-hand-side operator is time-independent. and ??.
Setting ?? and ?? secular right-hand-side terms to zero leads to,

∂u
(0)
e

∂t1
= −u(0)

e
2{ l2

4
sin 2l2x+

l2
8

sin[2(l2x−m2z)]
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+
l2
8

sin[2(l2x+m2z)] (3.19a)

∂v
(0)
e

∂t1
= −v(0)

e
2{ l2

4
sin 2l2y +

l2
8

sin[2(l2y −m2z)]

+
l2
8

sin[2(l2y +m2z)] (3.19b)

for the eddy amplitude and

∂u
(0)
BT (x, t1)
∂t1

= − l2
4
u(0)

e
2 sin 2l2x−

l1
8ω1

u
(0)
BT

2 cos[2(l1y − ω1t0)] +
l1

8ω1
u

(0)
BT

2 cos[2(l1y + ω1t0)](3.20a)

∂v
(0)
BT (x, t1)
∂t1

= − l2
4
u(0)

e
2 sin 2l2y −

l1
8ω1

u
(0)
BT

2 cos[2(l1y − ω1t0)] +
l1

8ω1
u

(0)
BT

2 cos[2(l1y + ω1t0)](3.20b)

The analysis above has provided a formal framework for delineating eddy from barotropic
tide and baroclinic waves. Beyond yielding low-order solutions to the eddy/tide interac-
tion problem, the weakly nonlinear multiple-scale analysis has been useful in identifying
eddy and barotropic tidal scales for which resonance is possible. Even when resonant
conditions are met, excited wave velocities will remain O(ε), compared to the barotropic
tide velocities. In the following section, a set of numerical simulations designed to validate
and complement the weakly nonlinear theory is presented.

4. Numerical simulations
The numerical model solves the three-dimensional Boussinesq equations on the f -plane

(Winters et al., 2004) in a domain of dimensions Lx×Ly ×Lz. Boundary conditions are
periodic in both horizontal directions and free-slip in the vertical. To assess the role of
the barotropic tide, we compare the evolution of three different simulations that differ
only in the tidal forcing. In all three cases, the initial condition consists of an eddy field
in geostrophic and hydrostatic balance, confined to the upper and middle regions of the
domain (Figure 3). As in the theory, the barotropic tidal forcing is introduced as a body
force. To ensure smooth solutions, the tide is ramped up to full strength ( 0.06ms−1)
over five tidal cycles. Coriolis and buoyancy frequencies are 10−4 s−1 and 5×10−3 s−1 re-
spectively. Thus, N/f = 50, a somewhat smaller value than typically encountered in the
ocean. Using a reduced value of N/f , and correspondingly smaller horizontal scales for
the eddies and tide, enable us to maintain dynamical similarity with oceanographically
relevant parameter regimes in situations such as this one where large ranges of spatial
and temporal scales must be resolved simultaneously. This method has proven useful
in previous studies involving inertia-gravity waves and geostrophic eddies (e.g. Sunder-
meyer and Lelong, 2005). Tidal forcing is turned off in Run A. Runs B and C differ in
the choice of horizontal scale (λ1 = 2π/l1) for the barotropic tide. In Run B, λ1 is much
larger than the scale of the dominant eddies, a case characteristic of deep-ocean condi-
tions. Run C has λ1 comparable to the eddy scale, as might occur on the continental shelf.

For all cases discussed below, the Rossby number is defined as ε = (2πU/fL) (note
the factor of 2π which was not included in the previous definition). ε = 0.3, based on
initial eddy velocity U = 0.1ms−1 and length scale L = 2 × 104m. Therefore, the slow
time scale is on the order of 3 inertial periods, or 5 tidal periods.

Eqs. ( 3.2) and ( 3.7) are used to extract tide and eddy components. Horizontal residual
velocities and vertical velocity, obtained by subtracting tide and eddy contributions from
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Figure 3. Vertical (a) and horizontal (b) cross-sections of vorticity field at t = 0. Arrows
indicate the direction of the barotropic tidal forcing in Runs B and C.

the total velocity signal, are attributed to excited internal waves. If indeed the residual
velocities describe resonantly forced internal waves, they will satisfy the polarization
relations

uwave = A cosφ (4.1)
vwave = A(f/ω) sinφ (4.2)
wwave = −A(k/m) cosφ (4.3)

where φ = k2x+ (l1 + l2)y+m2z − ω1t. Therefore, vwave is π/2 out of phase with uwave

and differs in amplitude by a factor of f/ω1, and wwave = (k2/m2)uwave with phase
shift of π. To verify whether the residual horizontal velocities and the vertical velocity
describe internal wave motion in each of the three runs, uresidual, (ω1/f)vresidual and
−(m2/k2)w are plotted together in (Figs. ??, ??, ??).

4.1. RUN A

All three runs, including Run A, exhibit some degree of low-level internal wave radiation.
In the unforced Run A, weak radiation occurs at the onset of the simulation because the
degree of balance of the initial eddy field is inherently limited by finite numerical reso-
lution. This was confirmed by noting a decrease in initial wave radiation with increasing
numerical resolution (not shown). Another source of waves arises from the fact that the
array of localized vortices is not an exact solution of the nonlinear equations (in contrast
to the periodic array of Taylor-Green vortices used in Sec. ??). Consequently, over time,
nonlinear effects act to distort the initial state, resulting in wave radiation. This was ver-
ified numerically by performing a linear simulation in which nonlinear terms were set to
zero. In this scenario, the vortices retained their initial balanced state and the resulting
wave radiation dropped by several orders of magnitude compared to the nonlinear case.
The temporal evolution of tide and internal wave velocities at a fixed point away from
the eddy field (Fig. ??) reveals no coherent wave signal. Large spikes in the vertical
velocity occur sporadically, but they do not exhibit any discernible growth over time.

4.2. RUN B

In Run B, the tidal forcing is constant throughout the domain. The tidal flow is spun
up rather quickly (Figure 5a) and retains constant amplitude and phase. This implies
negligible energy exchange with the eddy field. This is confirmed in Figure 5b. The



12 M.-P. Lelong and E. Kunze

Figure 4. Run A (no tidal forcing), time evolution of (a) tidal velocities and (b) u, (ω1/f)v,
−(k3/m3)w are shown, with v.

residual velocities do not display any coherent pattern in the behavior of uwave,vwave or
w.

4.3. RUN C
In this simulation, eddy and tidal scales are chosen to (i) satisfy the resonance conditions
given in ?? and (ii) maximize the strength of the right-hand-side forcing terms given by
??. Ly, the domain dimension in y encompasses exactly two λ2 and 3 λ1. To allow for
horizontal and vertical propagation of any generated waves, the x-dimension Lx = 4∗Ly,
and in the vertical Lz is exactly 6λz2 .

Tide and internal wave components, defined as in Section 2, are shown in Fig. ??.
The velocity components of an internal wave with wavevector {k, l,m} and frequency ω
are,

uwave = A cosφ (4.4a)

vwave = A
f

ω
sinφ (4.4b)

w = −Aκh

m
cosφ (4.4c)

where A is the amplitude, κh =
√
k2 + l2 and φ = kx+ ly+mz−ωt. These relations were

used in Fig. ??b to confirm that the developing signal in Fig. ?? has frequency ω1 and
wavevector {k2, (l1 − l2),m2}, as predicted by theory. The wave frequency matches the
tidal frequency and the wave amplitude grows on the slow time scale, reaching its peak
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Figure 5. Run B (uniform tidal forcing), time evolution of (a) tidal velocities and (b) u,
(ω1/f)v, −(k3/m3)w are shown, with v

value as a coherent signal in 10− 12 tidal periods. The linear wave present up to 10 tidal
periods becomes decorrelated at later times, presumably a result of interactions with re-
entrant waves due to periodicity at the boundaries. Another noteworthy observation is the
non-existence of a tidal elllipse: In contrast to RUN B, where tidal u and v components
are elliptically polarized, v in RUN C is negligible and the amplitude of u is smaller than
in Run B by roughly a factor of two. This suggests that an interaction has taken place.

Cross-sections of the vertical velocity are shown in Fig. ??. At early times, the signal
is barotropic (Fig. ??(a-b)). At later times, the signal develops mode 1 structure in y
and mode 6 in z (Fig. ??(c-f)).

4.4. Tidal forcing of a more general eddy field
The final simulation considers the impact of tidal forcing on an eddy field containing a
range of spatial scales. The initial condition is constructed by seeding a field of regularly
distributed Taylor-Green vortices with a randomly phased higher mode perturbation,
and allowing it to evolve until a statistically quasi-stationary state is achieved. For ease
of interpretation, the unperturbed Taylor-Green vortices (prior to spin-up) have the same
spatial scales as in RUN C. The initial potential vorticity field thus constructed is shown
in Fig. ??. Once the flow has spun up, the same barotropic forcing as in Run C is ramped
up progressively over 5 tidal periods.
Potential vorticity, which has no signature on the (non-breaking) internal wave field, is
used to characterize the eddy field and horizontal divergence provides a good description
of the wave field (Figure 8).
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Figure 6. Cross-sections of w at (a,d) t=3.5 T, (b,e) t=7 T, (c,f) 10 T where T is the tidal
period; Left panels represent vertical cross-sections (only top half of domain is shown), right
panels horizontal cross-sections; dotted lines indicate corresponding positions of horizontal and
vertical planes. Displayed data spans ±2× 10−4ms−1

Prior to the onset of forcing, the wave field is weak (Figs. 8a). Ver Waves tend to
concentrate in the highly strained regions between eddies. Over time, wave generation
intensifies and anticyclones become deeper.

Potential enstrophy and divergence variance y-spectra are shown in Fig. ??. The di-
vergence exhibits a peak at ky = 7.81e− 4m−1 which corresponds to mode 5.

The

5. Conclusions
We have examined interaction between barotropic shallow-water wave currents and a

field of baroclinic geostrophic eddies both theoretically and numerically as a potential
mechanism for generating internal gravity waves. If the oscillating flow has infinite hor-
izontal wavelength, that is no convergences, it simply sloshes the eddy field back and
forth with no energy transfer to the internal wave band.

The larger transfer rates occur if the horizontal wavelengths of the eddies and oscilla-
tions are similar. This suggests that this mechanism will not be effective at transferring
energy from the surface tides to internal waves in the deep ocean since the Rossby ra-
dius ∼ O(NH/f) ∼ 100 km is an order of magnitude shorter than the wavelengths of
barotropic tides. The ocean circulation does offer larger scales because of the upscale
energy cascade but the resulting length scales would be too large for internal waves of
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Figure 7. Run C (tidal forcing modulated on eddy spatial scale), time evolution of (a) tidal
velocities and (b) u, (ω1/f)v, −(k3/m3)w are shown, with v.

tidal frequencies. Atmospheric forcing generates shallow-water waves over a range of fre-
quencies. Higher frequencies and wavelengths could interact with geostrophic eddies but
these appear to have far less energy associated with them than the tides. Finally, eddy
and surface tide lengthscales become more comparable in shallow water but even on con-
tinental shelves, they remeian widely separated. Thus, this interaction likely plays a role
in the ocean but a small one because of a mismatch in the lengthscales of geostrophic
eddies and barotropic tides, which are the most energetic signals that might contribute.
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Figure 8. Horizontal cross-sections of potential vorticity (left panels) and horizontal
divergence magnitude (right panels) as a function of time. Top panels represent initial

conditions.
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